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Abstract 

A theoretical study has been performed to analyze the mass transfer and shear stress 

in  co‐current  annular,  two  phase  gas‐liquid  (air‐water),  turbulent  flow  conditions  in  a 

horizontal  pipe  using  eddy  diffusivity  concept.  The  mass  transfer  coefficient  has  been 

predicted and discussed for a wide range of  liquid superficial Reynolds number (ResL=2000 

to 40000), gas superficial Reynolds number (Resg=10000 to 80000),  liquid Schmidt number 

(ScL=100  to 3000), and  liquid  temperatures  (25  oC  ‐ 60  oC). For  the same  ranges,  the wall 

and  interfacial  shear  stresses  and  friction  factors  are  estimated  using  experimental  and 

theoretical  correlations proposed  for  two phase  flow.  The  variation of  eddy diffusivity  is 

divided  into  two main  regions, one  in  the  liquid phase and  the other  in  the gas phase. A 

new expression for eddy diffusivity is developed using three resistances in series. Using this 

expression an equation for calculating the mass transfer coefficient for a wide range of Re, 

Sc, and void fractions (or  liquid  layer thickness)  is derived. Numerous previously proposed 

correlations are used to calculate the void fraction from fluids (air and water) velocities and 

their physical properties.  

 The influence of liquid Resg, gas Resg, liquid Sc, and void fraction on the mass transfer 

coefficient,  shear  stresses,  and  friction  factors  is  studied  and  discussed.  In  addition,  the 

theoretical analysis included the estimation of shear stress and friction factor for stratified 

flow.    The  analytical  results  are  verified by  comparison with  the  empirical mass  transfer 

correlations  obtained  from  diffusion  controlled  corrosion  studies  under  two  phase  flow 

conditions by other workers.   The  results  showed  that  the eddy diffusivity  is an efficient 

way to predict the mass transfer coefficient under annular two phase flow conditions. Also 

increasing ResL and Resg  leads to  increase of mass transfer coefficient but the  influence of 

ResL is higher than that of Resg. The liquid Sc has a major effect on mass transfer coefficient 

while gas Sc has a minor effect. 
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The  ResL,  Resg,  and  temperature  affect  the  wall  and  interfacial  shear  stress  and 

friction factor. Applying statistical analysis to the results, a correlation is obtained to predict 

mass transfer coefficient for the investigated range of Re and Sc.  
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Chapter One 

Introduction 

In oil and gas industry, various flow regimes in two-phase flow pipeline are 

encountered depending upon pipeline diameter, the composition of phases, and their 

velocities [Wang 2005]. Because of the complex nature of two phase flow, the problem was 

first approached by through empirical models. The trend has shifted to the modeling 

approach. The fundamental postulate of the modeling approach is the existence of flow 

patterns or flow configuration [Ansari et al 1994].  

Eddy diffusion plays important role in the momentum and mass transfer from one 

phase to another or between phase and pipe wall. Practically all engineering processes 

involving fluid depend on the interaction of a fluid with a phase boundary. Fluid friction 

over extended surfaces, heat and mass transfer to fluids in evaporation, distillation and gas 

absorption are some of the processes involving the transport of momentum, heat, and mass 

from a phase boundary to a fluid in turbulent flow. Also in many industrial processes mass, 

heat, and momentum transfer occurs from one phase to another. In two phase mass transfer 

the solute may diffuse through a gas phase and then diffuse through and be absorbed in an 

adjacent and immiscible liquid phase [Welty et. al. 2001]. The understanding of turbulent 

transport mechanism and the subsequent ability to predict the relevant transport rates are 

essential to the development of rational design procedures for various processes [Slaiman 

et.al, 2007]. 

In mass transfer the two phases are usually in direct contact and the interfacial area 

is not well defined. In mass transfer there will exist a concentration gradient in each phase 

causing diffusion to occur [Geancoplis 1984]. Despite many years of intensive research in 

turbulent diffusion it is 
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 still poorly understood and can only be rather crudely predicted in many cases 

[Robert and Webester, 2003]. Because of highly complex turbulent flow mechanism, the 

prediction of the transport rates necessarily involves the formulation of conceptual models 

which embody many simplifying assumptions.Various models proposed in literature 

constitute the framework predictive theory and may be broadly divided into  three general 

classes [Gulfinger 1975], a)  models based on film theory , b) models based on eddy or 

turbulent diffusivity, and c)  models based on the surface renewal concept [Danckwerts, 

1951] . 

 The development of the theory of transfer of mass between a solid surface and a 

turbulent fluid has been handicapped by the lack of data on the manner in which the eddy 

diffusivities vary with distance from the surface. Data on eddy diffusivity very close to the 

surface are particularly important in order to understand the mechanism of transfer at high 

Prandtl and Schmidt numbers [Slaiman et al 2007]. 

The eddy diffusivity for mass may be obtained from concentration profiles and 

measured mass fluxes. Data very near the wall are difficult to obtain by either of these 

procedures, since the pitot tubes and thermocouples employed affect the nature of the flow 

being studied [Sherwood et. al. 1968]. Interferometric techniques have been used giving 

values of eddy diffusivity at y+ as low as 0.5 – 1. The various empirical constants introduced 

in the formulation of the turbulence models must be evaluated through comparison with 

experimental data [Gutfinger 1975, Gurniki et.al. 2000]. The eddy diffusivity behavior in the 

viscous sub-layer, damped turbulence layer, and turbulent core affect greatly the rate of mass 

transport between the wall and bulk. Over the years there were many models proposed for 

eddy diffusivity. Most of these models need to be examined against the experimental or 

theoretical results. 
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Many of the two phase flow transportation processes found in industrial applications 

occur in the annular flow regimes. Annular two – phase flow is one of the most important 

flow regimes and is characterized by a phase interface separating a thin liquid film form the 

gas flow in the core region. Two – phase annular flow occurs widely in film heating and 

cooling processes, particularly in power generation and especially in nuclear power reactors. 

The configuration or flow pattern taken up by mixing gas and liquid streams depends up on 

the flow rates of the two phases, on the physical properties, and on pipe geometry. Annular 

flow is one of the most important flow patterns, because it occurs frequently in industrial 

equipment. Despite its apparent simplicity with respect to other flow regimes, the annular 

configuration is very complicated in detail, which is reflected in great uncertainties in the 

prediction of the performances of annular two-phase systems [Wongwises and Naphon, 

2000]. 

In present study it is aimed to predict the mass transfer coefficient between solid wall 

and two phase fluid (gas –liquid) flowing turbulently in annular flow using eddy diffusivity 

concept for wide range of liquid superficial Reynolds number (ResL), gas superficial 

Reynolds number (Resg), liquid Schmidt number (Sc), and void fraction (or liquid holdup). 

Also it is aimed to investigate the effect of liquid and gas Re, void fraction (or liquid 

holdup), and liquid Schmidt number (ScL)on the two phase mass transfer coefficient.   
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Chapter Two 

Turbulent Diffusion and Eddy Diffusivity 

 

2.1 Introduction 

The understanding of turbulent transport mechanism and the subsequent ability to 

predict the relevant transport rates are essential to the development of rational design 

procedures for various processes. Despite many years of intensive research in turbulent 

diffusion, it is still poorly understood and can only be rather crudely predicted in many cases  

[Robert and Webester, 2003]. Because of highly complex turbulent flow mechanism, the 

prediction of the transport rates necessarily involves the formulation of conceptual models 

which embody many simplifying assumptions [Gutfinger, 1975]. A quantitative knowledge 

of turbulence is necessary for the study of turbulent mass transfer. Attempts have been made, 

since the time of Reynold's classical experiment on flow visualization, and the consequent 

classification of laminar and turbulent regime of flow behavior, to quantitatively describe the 

turbulence. The chaotic nature of fluid motion during turbulent flow has made the exact 

quantitative description of it difficult. This chaotic behavior arises out of irregular 

momentum exchange [Lin et. al. 1951]. 

The flow of a fluid in a tube can be conceived as a unit composed of several parallel 

layers of fluid, Fig. (2.1) , each layer will be traveling with different velocity. A lump of 

fluid in a slow moving layer will be dragged by an adjacent fast moving lump in the nearby 

layer, or the slow moving fluid will hinder the movement of the fast moving fluid. In this 

process the bigger eddy becomes smaller and smaller, breaking into two or more smaller 

eddies. This creates a chaotic momentum exchange, which in turn gives rise to resistance to 

flow. The net result is 
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 the creation of a disturbed situation which is called turbulence [Lin et.al. 1951]. 

 

 

 

 

 

 

Because of the very nature of this irregular creation, one finds it   difficult to give a 

quantitative and measurable explanation to this phenomena.  Interphase transfer of material 

is a process of considerable engineering importance, as illustrated by the unit operations of 

drying, gas absorption, and humidification. In some cases of mass transfer between a solid or 

liquid and a fluid moving in turbulent motion much of the resistance to diffusion is 

encountered in a region very near the boundary between phases. According to the simple 

film concept the entire resistance to inter phase transfer of material is represented by a 

stagnant fluid film at the inter-face, through which the diffusing substance must pass the 

slow process of molecular diffusion [Sherwood and Woertz, 1939]. 

It is generally recognized that the concept of a single stagnant film constituting the 

entire resistance is an over-simplification of the situation and that much of the resistance may 

be in the eddy zone or "core" of turbulent stream. Any analytical treatment of the whole 

process may be subject to serious error if it does not allow for the resistance to eddy 

diffusion which is a process fundamentally different in character from molecular diffusion 

[Sherwood and Woertz ,1939]. 
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fast moven eddy

slow moven eddy

Fig. 2.1. Fluid Movement as Thin Layer 



 

Sherwood and Woertz [1939] reported a study of eddy diffusion of carbon dioxide and 

hydrogen in a turbulent air stream. The results showed that the rate of eddy diffusion is 

proportional to the concentration gradient, and that the proportionality constant, or "eddy 

diffusivity", is independent of the nature of the diffusing gas. The study was made in the 

central third of a large round duel, and shed no light on the nature of eddy diffusion in the 

vicinity of the wall.  

 

 

2.2 Turbulence and Eddy Diffusion 

   Turbulent diffusion is a complex process and despite many years of research it is 

still poorly understood and can only be predicted in many cases [Philip et.al. 2002]. In a 

majority of practical applications the flow in the main stream is turbulent rather than laminar. 

Although many investigators contributed considerably to the understanding of turbulent 

flow, so far no one has succeeded in predicting convective transfer coefficient or friction 

factors by direct analysis. This is not too surprising because the flow of any point is subject 

to irregular fluctuations in direction and velocity. The science of fluid mechanics has been 

developed very materially in recent years.The nature of turbulence has received special 

attention and many of the concepts and theories proposed near directly or indirectly on the 

question of mass transfer in a turbulent fluid [Sherwood and Woertz, 1939]. 

Turbulent motion is characterized by the random motion of the particles constituting 

the fluid stream. Individual particles move irregularly in all directions with respect to mean 

flow, and it is convenient to think of a fluid in turbulent flow as having a mean velocity u in 

a direction x, with a superimposed random motion resulting in instantaneous deviations from 

u at any point. The irregular motion of the turbulent stream results in swirls or eddies, which 

are small masses of  
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fluid moving temporarily as units . An eddy has a short life, soon breaking up in to 

fragments which then form new eddies. Mixing and diffusion within an eddy may be quite 

slow, but material may diffuse rapidly by the process of eddy transfer and disintegration. 

Turbulence is difficult to define exactly, nevertheless, there are several important 

characteristics that all turbulence flow posses. These characteristics include unpredictability, 

rapid diffusivity, high levels of fluctuating vorticity, and dissipation of kinetic energy. The 

velocity fluctuations act to efficiently transport momentum, mass and heat. This turbulent 

transport is significantly more effective than molecular diffusion. At any instant eddies are 

present in the flow and these eddies range in site from the largest scales of the flow down to 

small scales where molecular diffusion dominates.  

A particle of the fluid undergoes a series of random movements, superimposed on the 

main flow. These eddy movements bring about mixing throughout the turbulent core. This 

process is often referred to as "eddy diffusivity". The value of the eddy mass diffusivity will 

be very much larger than the molecular diffusivity in the turbulent core. In an effort to 

characterize this type of motion, Prandtl proposed mixing length velocity fluctuation 

hypothesis, that any velocity fluctuation xu,  is due to the y-directional motion of an eddy 

through a distance equals to the mixing length, L. 

The Prandtl mixing length theory finds wide application in turbulent transfer processes 

where only the temporal mean of the flow quantities are known . In an attempt to understand 

quantitatively this turbulence phenomena , different types of velocities are now considered 

which would occur when a fluid flows through a circular tube or any other geometry 

[Ibrahim 1984 ].When velocity in one direction (ݑ௫) is plotted  
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against time (t) , on gets Fig . (2.2) , which shows the time – smoothed velocity , (ݑ௫തതത) . This 

time – smoothed velocity is comprised of a fluctuating velocity (ݑ௫́) and an instantaneous 

velocity (ݑ௫) [Ibrahim, 1984] , i.e. , 

′+= xxx uuu                                                                              (2-1) 

 

 

2.2.1  Prandtl – Mixing Length Theory 

Prandtl conceived the velocity fluctuation as being due to the y – directional 

movement of an eddy , a lump of fluid , transverse to the direction of flow , through a 

distance (L) [Ibrahim, 1984 ]. 

To explain this distance (L), consider a portion of the momentum boundary layer as show in 

Fig. (2.3). The distance (L) , as conceived by Prandtl, is the mixing length, which he 

described physically as a distance travelled by an eddy, transverse to the direction of flow . 

When this eddy  
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reaches its destination, it loses its identity and mingles with the bulk fluid. In undergoing this 

transformation the lump of fluid retains its mean velocity from its point of origin. Upon 

reaching its destination, i.e., a distance of (L) from the point of origin .This lump of fluid 

will differ in mean velocity from that of an adjacent fluid by an amount equivalent to the 

fluctuating velocity [Welty et. al. 2001]. 

Where 

′=−+ xxx ulyuLlyu                                                                 (2-2) 

Since the mixing length itself is small, one can write  

dy
ud

xx
xLlyuLlyu =−+                                                            (2-3) 

From which it can be deduced that 

   dy
ud

x
xLu ±=/

                                                                         (2-4)   

Hence    

dy
ud

xxx
xLlyuLlyuu ±=−+=′                                               (2-5) 

Thus, the fluctuating velocity can be expressed in terms of mixing length 
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2.2.2 Laminar Sub-Layer 

The viscous (laminar) sub-layer is the region which is of most importance in heat and 

mass transfer calculations since it constitutes the major part of the resistance to transfer 

[Gufinger, 1975]. In the laminar sub-layer, turbulence has died out and momentum transfer is 

attributable solely to viscous shear. Because the layer is thin, the velocity gradient is 

approximately linear and equal to uδ / δb where uδ is the velocity at the outer edge of a 

laminar sub-layer of thickness δb. Hence 

 
b

w δ
uµτ δ=                                                                                                                 (2-6) 

then,            
ρy
µu

ρ
τ)(u w2* ==                                                                 (2-7) 

hence,  
µ
ρyu

u
u *

*
X =                                                                         (2-8) 

or  u+ = y+                                                                              (2-9)  

This relation holds reasonably well for values of y+ up to about 5 and it applies to both rough 

and smooth surfaces [Coulson and Richardson 1998]. 

The thickness of laminar sub-layer can be estimated from the universal velocity 

profile, since the laminar sub-layer extends from y+ = 0 to y+ = 5. From the definition of y+    

  += y
µ
yρ*u                                                                     (2-10) 

thus 
ρ*u

µyy +=                                                                     (2-11) 
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since, 
f
2

u
u

* =                                                                          (2-12)  

and at the outer edge y = δb, hence 

f
2

Re
5

d
δb =                                                                                   (2-13 ) 

Since the buffer layer extends to y+ = 30, therefore the thickness of buffer layer (δf) is 

[Coulson and Richardson 1998, Hinze 1975], 

 
f
2

Re
30

d
δf =                                                                            (2-14) 

The velocity of the fluid at the edge of the laminar sub-layer can be calculated from 

Eq.(2.16) at u+ = 5 [Knudsen and Katz,1958], i.e., 

5
u
uu *

δ ==+                                                                     (2-15) 

hence, 
2

5u5uu *
δ

f
==                                                         (2-16) 

According to Eqs. (2.13) and (2.16) the increase in surface roughness or friction factor 

decreases the thickness of viscous sub-layer and increases the velocity at its outer edge. The 

results indicated that for turbulent flow in tubes δb is less than 1 percent of the tube diameter 

at Reynolds number of 10,000 and decreases rapidly as the Reynolds number increases. The 

actual thickness of the viscous sub-layer is very small except for very large pipes and low 

Reynolds numbers, and it is extremely difficult to measure a detailed velocity profile in this 

small distance. It is reasonable to expect that the thickness of the viscous sub-layer would in 

some instances be nearly zero (y+ < 1) or relatively larger (y+ up to 10). The instantaneous 

thickness is probably a function of time in the same way that turbulent velocity fluctuations 

are a function of time. From this point  
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of view, the viscous sub-layer is not an entity apart from the turbulent core but exists in 

conjunction within it, and a continuous transition from one to other occurs [Knudsen and 

Katz, 1958].  

2.2.3 Reynolds Stresses 

Any particle of the fluid undergoes a series of random movements, superimposed on 

the main flow. These eddy movements bring about mixing throughout the turbulent core. 

This process is often referred to as "eddy diffusion". The value of the eddy mass diffusivity 

will be very much larger than the molecular diffusivity in the turbulent core. In an effort to 

characterize this type of motion, Prandtl proposed mixing length hypothesis, that any 

velocity fluctuation xu′  is due to the y-directional motion of an eddy through a distance 

equals to the mixing length, L. Referring  to Fig. (2.3) the fluid eddy possessing a mean 

velocity 
y

u′ is displaced into a stream where adjacent fluid has mean velocity, 
Ly

u
+

′ . The 

velocity fluctuation is related to the mean velocity gradient by 

dy

du
Luuu

yxLyxx m=−=′
+    (2-5) 

The total shear stress in a fluid was defined by the expression 

yx uuρ
dy

xud
µτ ′′−=                                                                        (2-17) 

The substitution of Eq. (2.5) into Eq. (2.17) gives  

dy
ud

)uLρ(ντ x
y′+=    (2-18) 

 

 

12 



 

or,  dy
ud

)ερ(ντ x
M+=          (2-19) 

where εM = Lu' is designated the eddy momentum diffusivity. It is analogous to the 

molecular momentum diffusivity ν [Gutfinger 1975, Brodkey and Hershey 1989].  

Similar analysis can be made for mass transfer in turbulent flow since this transport mechanism is also due to the 

presence of the fluctuation or eddies. The instantaneous rate of transfer of component A in the y‐direction is 

yuACyA,N ′′=    (2-20) 

where AAA CCC ′+= , the temporal average plus the instantaneous fluctuation in the 

concentration of component A. Again the concept of mixing length can be used to define the 

concentration fluctuation by the following relation:   

dy
Cd

LCCC A
yALyAA =−=′ +                                    (2-21) 

Inserting Eq. (2.21) into Eq. (2.20), an expression of turbulent mass transfer by eddy transport is obtained. The total mass transfer normal to the direction of flow 

is:  

    
dy
Cd

Lu
dy
Cd

DN AyA
AByA, ′−−=

                                          (2‐22)

  

or,  

dy
Cd)ε(DN A

DAByA, +−=  (2-23) 

where yuLD ′=ε  is designated as the eddy mass diffusivity. 
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2.2.4 Eddy Diffusivity Theory 

      The concentration profile can be obtained from eddy diffusivity expression . The mass 

flux from the wall can be presented as 

dy
AdC

DA )D(N ε+−=                                                            (2-23) 

By including the kinematic viscosity and defining for Scmhidt number , the above equation 

becomes : 

  
+

ε+−=
dy

AdC
v
D

cS
1*

A )(uN                                                      (2-24) 

+
ε+=−=

dy
AdC

v
D

cS
1*

wbA )(u)CC(KN                               (2-25)   

Equation (2.25) can be intergrated from the wall (y+=o and C=Cw) to the center of turbulent 

core (y+=R+ and C=Cb) . The following equation is obtained: 

∫∫ =−
+

⎟
⎠
⎞

⎜
⎝
⎛ ε

+

+ bC

wC A
*R

0
v
D

Sc
1
dy

wb dCu)CC(K                             (2.26) 

Eq. (2.26) becomes: 

 *R
0

v
D

Sc
1
dy uK =∫

+

⎟
⎠
⎞

⎜
⎝
⎛ ε

+

+
                                                            (2.27) 

∫
+

⎟
⎠
⎞

⎜
⎝
⎛ ε

+

+=
R
0

v
D

Sc
1
dy

1
*u

K
                                                                 (2-28) 

D
KdSh =                                                                                  (2.29) 
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By substituting Eq. (2.29) in to Eq. (2-28): 

∫
+

⎟
⎠
⎞

⎜
⎝
⎛ ε

+

+=
R
0

v
D

Sc
1
dy

1
*u.d
D.sh                                                                     (2-30) 

Since  ܵܿ ൌ ఔ


 , hence 

     
2

* fuu =                                                                              (2-12) 

∫
+

⎟
⎠
⎞

⎜
⎝
⎛ ε

+

+=
R
0

v
D

Sc
1
dy

1

2
f.u.d

D.Sh                                                              (2-31)  

Hence the Sh in single phase flow is obtained from Eq (2.29) by substiuting the expression 

of eddy diffusivity for each value of Re and Sc 

v
dudu == µ

ρRe                                                                            (2-32) 

Rearranging in terms of Sh , the following expression is generated: 

 
∫

+

⎟
⎠
⎞

⎜
⎝
⎛ ε

+

+=
R
0

v
D

Sc
1
dy

1

2
f

d
v.Re.d
D.Sh                                                         (2-33) 

or 

    

∫
+

+

=
+R

Sc

dy

Scf
Sh

0
1

Re2

ν
ε

                                                                           (2-34) 
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2.3 Friction Factor  

The Fanning friction factor is the relation between the wall shear stress and kinatic energy of 

flow and is defined as  

 
2ρu

2

1
wτf =       (2-35) 

Friction factor can be expressed in terms of the pressure drop in pipe (which is easily 

measured) by recalling that in fully developed flow, there is a static force balance between 

the accelerating pressure difference and relating forces at the the wall. Appyling force 

balance over a length of pipe, L, which has a radius R, then,  

(Po- PL)πro
2= τw 2πRo L      (2-36) 

Solving for τw in Eq. (2.36) and substituting into Eq. (2.35) to obtain  

 
Lu

Pdf 22ρ
∆

=      (2-37) 

Eq.(2.37) only applies to a straight, cylindrical pipe or to regular shape (i.e, constant cross 

section area) but non circular ducts [Thomson, 2000]. 

Nikuradse [1932] from experimental data obtained the following equation 

( ) 4.0Relog41
−= f

f
                                                (2‐38) 

This equation is valid to Re up to 3200000 for turbulent flow of fluids in smooth tubes. It 

is superior to any other correlation now in existence, although simpler correlations such 

as Blasius [1913] have been proposed: 

4/1Re079.0 −=f                                                           (2‐39) 
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which is used to predict friction factor for smooth pipe for Re 3000 to 100000 [Brodkey 

and Hershey, 1989 and welty et.al. ,2001]. Also, an empirical equation relating friction 

factor and Re was presented by Drew et. al. [1932],  

0.320.125Re0.0014 −+=f            (2‐40) 

This equation holds for Re of 3000 to 3000000. Similar relationship between Re and f is 

given by Eq.(2.41). This equation is used in heat transfer calculations which makes use of 

the analogy between the transfer of momentum and the transfer of heat [Kundsen and 

Katz, 1958], 

2.0Re046.0 −=f                                                        (2‐41) 

From universal velocity profile, Von Karman [1931] developed the following equation for 

turbulent flow in rough tubes 

16.2log06.41
+=

e
d

f
              (2‐42) 

which compares very well with the equation obtained by Nikuradse from experimental 

data  

28.2log0.41
+=

e
d

f
          (2‐43a) 

For commercial pipes the following correlation is recommended [Knudsen and Katz, 

1958] 

1/ f =3.2 log ((Re f ) +1.2)          (2‐43b) 

Haaland [1983] showed that over the range 4000≤ Re ≤108 and 0≤ e/d ≤0.05, the friction 

factor may be expressed (within ± 1.5%) as 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛+−=

9/10

7.3Re
9.6log6.31

d
e

f
                                                   (2‐44a) 

This expression allows explicit calculation of the friction factor [Welty et al 2001]. 
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Chen [1985] has developed an explicit friction factor equation which is valid for all 

regions of turbulent flow with an accuracy of within about ± 8% 

  
3.0

)(11.083.0Re

1
0791.0 ⎥⎦

⎤
⎢⎣
⎡

+=
d
e

f           (2‐44b) 

It is found experimentally that for commercial steel pipe e=4.572x10‐2mm and for cast 

iron pipe e=0.2591mm [Brodkey and  Hershey 1989].  

2.4 Eddy Diffusivity Models 

The eddy diffusivity of momentum may be calculated from shear stress Eq.(2.19) 

[Brodkey and Hershey, 1989]. The shear stress at any point y is related to the shear stress at 

the wall by   

w
w

τ
r
rτ =                      (2-45) 

and since  yrr w −=                                                                   (2-46) 

Substitution in Eq. (2.19) yields 

dy
du)(ν)

r
y1(

ρ
τ

M

w

w ε+=−     (2-47) 

Solving for 
M
ε  and introducing the relation (u*)2=τw/ρ 

ν
dydu

)y/r-(1u
w

2*

M
ε −=                                                            (2-48a) 

from the relations 

f/2
2

Re
r
y

ν
yuy

o

*

==+             and         
*u

uu =+                 (2-15)              
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one obtains 
ν
dyudy

*

=+  and 
*u

dudu =+                                        

from which 
dy
du

u
ν

dy
du

2*
=

+

+

                                           (2-48b) 

Combining Eqs. (2.48a) and (2.48b) 

1
/dydu

]2f/)2/[(Re/ y1(
ν
Mε −−=

++

+

        (2-49) 

The eddy diffusivity of momentum may be calculated using Eq. (2.49) from universal 

velocity distribution [Brodkey and  Hershey, 1989] 

 

In the viscous sub-layer the viscous effect are significant and a special treatment is 

required to describe the simultaneous action of both viscous and turbulent forces. The exact 

description of this region is of great importance since this region is characterized by very 

steep gradients of velocity, temperature and concentration particularly at high Pr and Sc 

[Gutfinger, 1975]. The concept of eddy diffusivity is a mean for calculating mass or heat 

transfer rates from momentum transfer rate [Notter and Sliecher, 1972]. 

 

Numerous formulas have been proposed to describe the eddy viscosity distribution. 

Predictions of heat and mass transfer rates based on various models exhibit considerable 

agreement at high Pr and Sc. Since the region of interest at high Pr and Sc is very close to the 

wall (i.e., y+ < 1 for Pr or Sc >104), the importance of difference between the various 

expressions restricted to the behavior of the predicted εM as y+ → 0. This is the region where 

the uncertainties associated with experimental measurement are greatest. The expression of 

Van Driest [1956], Deissler [1955], and Son and Hanraty [1967] result in εM ~ (y+)4 as y+→  

while Reichared [1943] expression leads to εM ~(y+)3. The expression of 
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 Spalding [1961] is flexible with εM related either to (y+)3 or ~(y+)4. Several attempts 

have been made to provide theoretical basis for either a (y+)3 or ~(y+)4 variation of εM . 

Townsend [1961] and Wasan et. al. [1964], concluded that εM  varies with (y+)3 as y+ goes to 

zero. This conclusion is supported by many investigators [Hughmark 1969, Shaw and 

Hanratty 1964, Sirker and  Hanratty 1969].  

 

The equations making use of the analogy between momentum and mass (or heat) 

transfer require the relation between εD or εH and εM to be known if the results are to be 

accurate. To simplify the calculations, εD/ εM is taken to be unity. The ratio εM/ εH is called 

turbulent Prandtl number (Prt) and the ratio εM/ εD is called turbulent Schmidt number (Sct). 

These ratios parallel the molecular Prandtl number (ν/α) and molecular Schmidt number 

(ν/D) [Hubbard and Lightfoot 1966]. 

 

Isakoff and Drew [1951], Page et. al. [1932], and Slicher et. al. [1952] determined 

experimentally the values of εH. Their results showed that εH/ εM is function not only of Re 

but also of the position in the cross section.  

Rosén and Tragardh [1993], studied the phenomena of high-Schmidt-number mass 

transfer in the concentration polarization boundary layer during ultrafiltration. Rosén and 

Tragardh [1995], derived the turbulent Schmidt number relationship from spatially resolved 

measurements of the Reynolds stress and measurements of mass transfer coefficients for 

high Schmidt number solutes. 

Aravinth [2000] obtained modified eddy diffusivity expression for the turbulent 

boundary layer near a smooth wall has from earlier models and used this eddy diffusivity 

expression to predict radial temperature or concentration profile. 
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Slaiman et al [2007] examined various previously proposed models of eddy diffusivity 

against experimental data. They found that some models exhibit considerable deviation from 

experimental results and proposed new eddy diffusivity models based on three resistances in 

series concept taking in account the resistance of turbulent core and buffer zone.  Table 1 

summarizes many models for eddy diffusivity.  

2.5 Review of Mass Transfer Models Concerning Single Phase 

           The earliest study is that of Gilliland and Sherwood [1934], who measured the rate of 

vaporization of nine liquids into air flowing in a wetted wall column. Tests were made at 

total pressures from 0.1 to 3 atm. They correlated their results by the following equation for 

0.6 ≤ Sc ≤ 2.26 and 3000 ≤ Re ≤ 38000. 

0.44Sc0.023ReSh 0.83=   (2-50) 

 Lin and Sherwood [1950] studied the effect of Sc on mass transfer in laminar and 

turbulent flow of water over cast tubes, cylinders, plates, and spheres of benzoic acid, 

cinnamic acid, and beta-naphthol. For 1000<Sc<3000 and 230<Re<6500 for tubes. The 

results showed that the mass transfer coefficient becomes constant for L/D of 6 or greater. 

There were appreciable differences of mass transfer coefficient of three solutes. 

Table 2.1: Common Selected Eddy Diffusivity Models  
Author v/ε  y+ range 

Von Karman 

(1939) 
0/ =vmε  

1y2.0v/m −+=ε  

14.0/ −= +yvmε    

50 << +y  

30y5 <+<  

30y >+   

Lin, Moulton, 
and Putnam 
(1953) 

3)5.14/y(v/m
+=ε  

949.0y2.0v/m −+=ε  

50 << +y  

33y5 <+<  
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Deissler (1955) )]exp(1[/ 22 ++++ −= yunyunvmε  

1
78.2

/ −=
+yvmε         124.0=n  

260 << +y  

26>+y  

Van Driest 
(1956) 

 

( )( )[ ]2/126/exp1412/1/ 22 −−−+= + yynvmε

41.0=n  

 

all +y  

Wasan and 
Wilke (1964) 4634

4634

1015.151016.41
1015.151016.4

+−+−

+−+−

−−
−

=
yxyx

yxyx
v
mε  

20<+y  

 

Mizushina et. al. 
[1971] 

 

3/ += ayvmε  

( ) 114.0/ −−= +++ Ryyvmε    
+= Rvm 07.0/ε  

( ) Re8(Re), 5.0fRfa == +   

260 << +y  

++ << Ry 23.026  

+++ << RyR23.0  

Rosen and 
Tragardh (1995) 

3y112.0
cS 0012.0v/m

+−=ε  260 << +y  

 

Aravinth [2000] 
3

3

00405.01
0007.0/ +

+

+
=

y
yνε  

300 << +y  

Slaiman et. al 
[2007] 

ε /ν=0.001Sc -0.0116y+3 

ε /ν=0.5y+     

ε /ν=0.07R+ 

017.0
cS4.22y0 −+ <<  

017.0
cS4.22 −

<y+<0.14R+ 

y+>0.14R+ 

 

Lin et. al. [1953] presented theoretical analysis of mass transfer between turbulent 

fluid stream and wall. In their paper the authors stated that the concept of the existence 

viscous sub-layer of diffusion may not be true according to the ultramicroscopic 

observations of fluid particles adjacent to the wall by Fage and Townend [1932], where they 

noticed that the velocity fluctuations vertical to the wall do not cease to exist until 

they reach the wall, therefore the transfer of matter in region of δd < y < δb is by turbulence, 

although the momentum is transferred by viscous  
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mechanism. They based their analysis on the presence of small amount of eddy in the 

viscous sub-layer and verified this experimentally by means of light interference technique 

[Lin et al 1953]. They recommend the Levich [1962] relation for the ratio of thickness of 

viscous and diffusion sub-layers,  

 1/3Sc
dδ
bδ =     (2-51) 

 Meyereink and Friedlander [1962] reported experimental data for mass transfer from 

the pipe wall made of benzoic acid, cinnamic acid, and asprin dissolving in water or aqueous 

solution of sodium hydroxide. The following correlation was obtained for fully developed 

Sh, 

 Sh=0.070 Re0.94   (2-52) 

  Harriot and Hamlton [1965] measured mass transfer rates for smooth pipe sections of 

benzoic acid dissolving in glycerin-water solutions. They reported experimental data for 

wide range of Schmidt number, Sc=430-100000 and Re=10000-100000. The data were 

correlated with an average deviation of 5.4 per cent by the equation 

 Sh=0.0096 Re0.913 Sc0.346  (2-53) 

The results indicated that the exponent of Sc may vary with Re and the exponent of Re may 

vary with Sc. 

 

Lin et. al. [1951] made a systematic study of the transfer rate of ions and other reacting 

species in electrochemical reactions in several kinds of mixtures and measured the mass 

transfer coefficients in laminar and turbulent flow by this method. Mitchell and Hanratty 

[1966] developed the shear-stress meter and used this for a study of turbulence at a wall. 

 The meter was used to steady the turbulence in the 
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intermediate vicinity of a pipe. The surface shear stress was obtained from measuring the 

current flowing in the circuit. 

Shaw and Hanraty [1964] measured the fully developed mass transfer rate at Sc=2400 

and Re=8000-50000 and found that K+ is independent of Re.  

Hubbard and Lightfoot [1966] studied the turbulent mass transfer in rectangular duct 

using diffusion-controlled reduction. Experiments were made at Sc=1700-30000 and 

Re=7000-60000. They found that the Sh dependence on Sc varies from 0.367 at Re=60000 

to 0.300 at Re=7000; and Sh dependence on f varies from 0.8 at Sc=1700 to 0.3 at 

Sc=30000. 

 Mizushina et. al. [1971] obtained mass transfer data using (LCDT) at a nickel cathode. 

Experimental results showed that Sh varies with 1/3 power of Sc and about 0.9 power of Re 

at Sc=800-15000 and Re=3000-80000 for Sc>1000, they approximated their results to  

3/1Re2/827.0 ScAfSh =                                                              (2-54) 

where A is function of Re .  

      Dawson and Trass [1972] studied the effect of surface roughness on the mass 

transfer rate using electrochemical technique. For smooth surface the following 

correlation was obtained 
32.088.0Re0153.0 ScSh =    (2-55) 

 Shaw and Hanraty [1977] studied the influence of Sc on the rate of mass transfer 

between turbulently flowing fluid and pipe wall using electrochemical method.  

 Berger and Hau [1977], made electrochemical measurements to obtain mass transfer 

data for fluid flowing turbulently in circular pipe. Mass transfer coefficient was measured in 

fully developed and entrance  
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region (developing concentration boundary layer). For Sc < 104 and Re=104-106. The 

following correlation was proposed for fully developed turbulent flow: 

 Sh=0.0165Re0.86Sc0.33      (2-56) 

 Poulson and Robinson [1986] used the corrosion process (weight loss) to 

determine the overall and local mass transfer coefficients for different geometers. The 

method involved corroding copper specimens in dilute hydrochloric acid containing 

ferric ions. Data for fully developed flow in circular pipe, were found to be correlated 

by the following equation 

 Sh=0.026Re0.82Sc0.35        (2-57)       with correlation 

coefficient of 0.982. The authors stated that developing roughness is less than in 

chemical dissolution technique, and it is function to Re and rate of mass transfer. 

 Znad [1996] analyzed the mass transfer coefficient using experimental data of 

other investigators [Eisenberg et al 1954, Jaralla 1984, Samh 1994]. He obtained the 

following relation for mass transfer coefficient by assuming that the eddy diffusivity of 

mass is proportional to the cube of distance from the wall (i.e., εD α y+3), 
33408340Re2380730 .. Scf/.Sh =                           (2-58)      

 

Aravinth [2000] investigated theoretical mass and heat transfer in pipe flow and 

proposed the following correlation: 

)2.1314(
2

1

Re
2

3/2 −+
=

Scf

Scf

Sh

      (2-59) 
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Chapter Three 

Two Phase Flow and Turbulent Diffusion 

 

 3.1 Introduction  

When gas and liquid flow simultaneously in a pipe, various flow regimes may form, 

depending on the flow rate and physical properties of the phases and also on the geometry 

and inclination of the configuration. Determination of the flow pattern is the first step for 

developing two phase flow model. It is well known that the rates of transfer of mass, heat 

and momentum between a solid wall and a fluid in turbulent flow near the wall can under 

suitable conditions, be characterized by an eddy diffusion coefficient (eddy diffusivity for 

mass or heat, eddy viscosity for momentum). In some cases of mass transfer between a solid 

or liquid and a fluid moving in turbulent motion much of the resistance to diffusion is 

encountered in a region very near the boundary between phases [Sherwood and Woertz 

,1939]. 

Two-phase flows are encountered in a wide range of industrial applications, such as 

chemical plants, nuclear reactors, oil wells, pipelines, evaporators and condensers [Kreith 

and Bohem, 1988]. The flow pattern taken up by mixing gas and liquid streams depends 

upon the flow rates of the two phases, on the physical properties and on pipe geometry. 

In the design and analysis of two-phase systems, little attention has been paid to the 

inherent discreteness of the flow field. Analyses have usually considered only the two 

extremes of fully mixed homogeneous flow or fully separated flow. While such analyses are 

important in defining limiting behavior or in qualitatively predicting system performance, 

they usually fall short of general design utility. The  
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heterogeneous nature of two-phase flow could be important, a measurement of the 

flow rates of individual components through an orifice could be calculated from a 

measurement of the fluctuating pressure drop. The inherent unsteadiness of these flows has 

been adequately demonstrated by a number of workers and is readily testified to by an 

experimenter who has tried to measure differential pressures along a duct carrying two-phase 

flow [Sato et al 1981].  

The major problem lies in the fact that in general, two-phase flow is a macroscopic 

conglomeration and may not be treated on the whole as a single fluid. Hence, point 

differentials are not adequate in themselves to completely describe the system behavior 

because, at one instant one phase exists and one set of reations would hold, where as, at the 

next instant the fluid would change and the alternate set of equations would govern [Owen 

and Novak ,1974]. 

3.2 Analysis for Two-Phase Flow 

In accordance with Sato et al [1981] the averaging procedure of Reynolds for single-phase 

flow, to be also applicable to two-phase flows, where the liquid phase is incompressible and 

the gas phase behaves only as avoidage. Hence only the shear stress in the liquid phase will 

be considered. It is further assumed that the turbulent fluctuations can be divided into two 

components, caused by the movement of the liquid and by phase interaction, respectively. 

Thus  

i)ú(m)ú(uu ++=                                                                         (3-1) 

where the indices denote (liquid) momentum and phase interaction, respectively, leading to 

the following expression for the shear stress in two-phase flow: 
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( )ill md
duLz

rz r
)úú()úú()1( zrzr ρρατ µ −−−=                           (3-2) 

with the hypothesis of Boissinesq: 

( )
r

Lzim
d

du
vLvLrz l εεµατ ++−= 1 )1(                                              (3-3) 

where �Æi represents the turbulent viscosity due to phase interaction. The frictional pressure 

drop is given by the following equation 

 wDfrdz
dp τ4=⎟
⎠
⎞⎜

⎝
⎛                                                                            (3-4) 

Where τw is obtained from equation (3.3), for this purpose the following assumptions must 

be made : 

The liquid velocity distribution is similar to that in single phase flow, as was found by Sato 

et. al. [1981] and Serizawa et. al, [1975] the power law of equation (3.5) 

( ) n
D
r

zz uu 12
max  1−=                                                                     (3-5) 

Both εm and εi are almost constant in the core region of the pipe, as validated by Sato et.al 

[1981]. 

Correlations for �Æm and Friction factor are obtained by slightly modifying the single phase 

expressions equations. 

 830
Re fD

v
m =ε                                                                              (3-6) 

and 

( )
µ

Dzup
D =Re                                                                                   (3-7) 

and 
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  22 .0Re
5.00056.0

D
f +=                                                                     (3-8) 

Hence 

830
Re ftpDtp

vL
m =ε                                                                         (3-9) 

And in the same sence 

22 .0Re
5.00056.0

Dtp
ftp +=                                                              (3-10) 

       The definition of ܴ݁௧ in literature appear to vary. Sato et.al. [1981] proposed the 

following Eq. for Re in two phase flow :- 

( )
D
uL

LGG

L
Luu

tp µ
ρααρ

22  1Re −+=                                                     (3-11) 

As ρG«ρL this may further be simplified to 

( )
D
uL

L

L
u

tp µ
ρα 2

L 1Re −=   

( )

L

upGu

tp

DLL
G

µ

ραα −+

=
12

Re                                                   (3-12) 

Till 1981, no correlations for turbulent viscosity in two phase gas-liquid flow exist 

[Welle 1981].  Sato et al [1981] developed the following model for momentum eddy 

diffusivity in two phase flow in the wall vicinity by modifying Van Driest [1956] models for 

single phase: 
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 R+=Ru*/νL, A+=16,  y+=yu*/νL  and u*= L/ρτ W  

For bubble flow they proposed the following model at the liquid-gas interface 

ε m/νL = 0.4(1-exp(-y+ /A+ ))2( 2
dB )UB                                                   (3-14)  

where UB bubble velocity and dB= bubble size. Welle [1981] proposed the following eddy 

diffusivity model in the turbulent core of pipe flow: 

εm / ν= /8f
30

Re
tp

tp
           (3-15) 

They developed the eddy diffusivity expression in the liquid layer   

))1(21)()1(1(
6
4.0/ 22* zzRuLL −+−−=νε                                (3-16) 

where Z=y/R 

At the interface, Sato et. al. [1981] developed the following expression for eddy diffusivity: 

LLgL Du µρανε /0029.0/ =                                                 (3-17) 

Sato et al [1981] stated that better approximation of the values (�Æi/ν) can be obtained by a 

relationship of the form 

LL
i Db

v
µρα

ε /u G+=                                                              (3-18a) 
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In which a and b are constants.  This correlation does not yield a smooth transition to single 

phase liquid flow, as it is clear that (�Æi/ν) should be zero in case of finding a correlation of the 

form :- 

  =
v
iε ⎟

⎠
⎞⎜

⎝
⎛ +

L
LG

D u  µραα ba                                                       (3-18b) 

Sato et al [1981], from experimental data, showed that  

 =
v
iε  ⎟

⎠
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⎝
⎛ +

L
G

D u 0024.0100 µρα L                                               (3-19) 

Sato et al proposed the following expression based on the liquid later over entire cross 
section 
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ε      (3-20)    

3.3 Holdup in Horizontal Two-Phase Gas-liquid Flow 

Butler [1975] surveyed the literature on two-phase holdup and suggested by intuitive 

reasoning that a number of the more commonly used holdup prediction equations may be 

represented by the relation, 

r
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L

G
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⎡
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⎤

⎢⎣
⎡ −

=⎥⎦
⎤
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⎡ −

µ
µ

ρ
ρ

ε
α 1 1                                                (3-21) 

where  is the gas void fraction, x the dryness fraction, ρ the density and µ the absolute 

viscosity, and the subscripts L and G refer to the liquid phase and gas phase respectively. 

The factors A,P,q and r, were shown to assume varying numerical values depending on 

which particular model was under consideration. Thus equation (3.21) provided a link for the 

various suggested holdup relations which, in their original forms, not only appeared 

unrelated, but sometimes gave conflicting results. However, 
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 what was lacking was some theoretical basis for the form of equation given by (3-21), and 

some rational explanation as to why there existed such a wide variation in the numerical 

values of the factors A,P,q and r with the various models that have been proposed. 

Spedding and Chen [1979a and 1979b] in deriving holdup equations for the cases of 

ideal stratified and ideal annular horizontal flow, have shown that the form of equation (3-

21) may in fact be analytically derived for certain situations. In these cases, it was found that 

the values of A,P,q and r varied with the ideal flow patterns considered. The flow regimes, 

namely laminar or turbulent, and also with the range of the holdup values. 
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Ideal equilibrium stratified flow and annular flow are depicted schematically in figures (3.1) 

and (3.2) respectively. For stratified flow, by taking a force balance in the liquid phase and in 

the gas phase separately, it is possible to write [Chen and Spedding, 1982]. 

 - AL 0 WL =+−⎥⎦
⎤

⎢⎣
⎡

iiL
LFdl

dp SS ττ                                               (3-22) 

  -AG  0 =+−⎥⎦
⎤

⎢⎣
⎡

iiGWG
GFdl

dp SS ττ                                                (3-23) 

And for annular flow [Chen and Spedding, 1982], 

-AG 0 =−⎥⎦
⎤

⎢⎣
⎡

ii
GFdl

dp Sτ                                                                  (3-24) 

-AL 0=−+⎥⎦
⎤

⎢⎣
⎡

LWLii
LFdl

dp SS ττ                                                     (3-25) 

where A is the flow area of the particular phase, (dp/dL) the pressure gradient, τ the shear 

stress and S the length in across section where shear forces are experienced. The subscript F 

refers to the frictional component, while G and L refer to the gas and liquid phases, i refers to 

the interface, and W refers to the wall. It is assumed that the pressure gradients in the liquid 

and the gas phases are equal. 

 
GFdl

dp

LFdl
dp

⎥⎦
⎤

⎢⎣
⎡=⎥⎦

⎤
⎢⎣
⎡                                                                          (3-26)       

The shear stresses may be evaluated as in the case of single phase flow,[Tail and Dukler , 

1976, Wongwises et. al. 2000]  

2

2
LL u

LWL f ρτ =                                                                            (3-27) 
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LWG f ρτ =                                                                    (3-28) 

2
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iG

G

uu
ii f −= ρτ                                                                      (3-29) 

where  is the actual average velocity, and f the friction factor which may be expressed in 

the Blasius form for smooth pipes. 

[ ] L
LLL

muD
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G µ
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                                                                (3-30) 

[ ] G
GGG

muD
GG Cf

−
=

G µ
ρ                                                               (3-31) 

By combining equations (3-23) and (3-24) 

L
ii

L
LWL

G
ii

A
S

A
S

A
S τττ

−=                                                                        (3-32) 

where Si=πDi and SL=πD 

where, for a smooth pipe , C is numerical constant, assuming the value of 16 or 0.046 

depending on whether the flow is laminar or turbulent, and m also assuming the values of 1 

or 0.2 correspondingly.  is the hydraulic diameter for the phase, being four times the actual 

flow area over the wetted perimeter. 

However, in the case of annular flow the assumption of fi=fG is well-known to be 

inappropriate. The annular liquid film is supported by a rather complicated system of forces 

and the liquid surface is always covered with various types of waves [Butter Worth, 1972]. 

Various models are proposed to estimate the interfacial friction factor, fi. The interfacial 

friction factor fi results from drag exerted by the gas phase  
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on a rough surface, i.e. the rippling liquid phase, and is given by Eck [1973]. 
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if                                                       (3-33)          

where 

 K/D is the relative sand roughness of the inner tube wall. 

Wallis [1970] has shown that the interfacial friction factor may be approximated by: 

   )751(0050.0 Li Rf +=                                                           (3-34)               

Dukler et. al [1989]  proposed the following relation for annular flow 

)1(1501 2/1ε−+=
g

i

f
f

                                                (3-35) 

Fossa [1995] in his analysis of annular flow used the relation proposed by Whalley and 

Hewitt [1978]: 

D
h

f
fi L

gL
w

5.0)/(241 ρρ+=                                                         (3-36) 

Hart et. al [1989] found that there is a pronounced correlation between the ratio fL/fi , and the 

superficial Reynolds number of the liquid phase ResL  
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                           (3-37) 

In which 108 and -0.726 are empirical constants this equation is much simpler than 

correlations obtained by using the friction factors fL and fi , an approach which is generally 

accepted in the literature [Lockhart and Martinelli, 1949, Taitel and Dukler, 1976, Chen and 

Spedding, 1983 ; Oliemans, 1987]. 

Sripattrapan and Wongwises [2005] adopted: 

)1()/(121( 2/13/1 ερρ −+= gLi fgf                                        (3-38) 

Chun and Kim [1995] carried out experimental work on two phase stratified flow (air-water) 

and determined experimentally the interfacial friction factor and the gas side friction factor 

for different values of flow velocity and wall roughness. They obtained semi- empirical 

correlation for friction factor. 

Butter worth [1975] found that most of the liquid or gas void fraction correlations in the 

literature can be rewritten in to the following equation: 
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where µG and µL are the dynamic viscosities of gas and liquid, respectively. The values of a, 

b, c and d in equation (3-21) appear to be constant for a limiting range of values of the 

superficial velocities uSG and uSL and the transport properties. From the force balance under 

steady-state conditions Hart. et. al. [1989] derived the following equation describing the 

liquid holdup in the stratified, wavy and annular flow regimes: 
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where fL is the firction factor referring to the shear stress between the liquid film and tube 

wall. The value of the liquid holdup in horizontal gas-liquid pipe flow can be obtained from 

equation (3-39), rearranging equation (3-39), we obtain 
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Substitution of equation (3.36) in to equation (3.39) gives the following correlation 

containing two empirical constants: 
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Zivi [1968] proposed the following relation for void fraction 
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This relation is adopted by Sripattapan and Wongwises [2005] in their analysis of separated 

two phase flow. 

Chisholm [1983] presented the following relation to predict void fraction 
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This relation is adopted by Kim and Ghajar [2006] for different two phase flow patterns. 
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3.4 Flow Pattern Mapping 

 In general, tube diameter can be expected to have an effect on the location of the transition 

boundaries in these coordinates of superficial velocity , uSL and uSG . However, in two test 

section diameters are not drastically different. Furthermore, the drop tower data include only 

the patterns of bubbly and slug flow and models show that the transition between bubbly and 

slug flow is relatively insensitive to diameter. At this time there is debate as to whether the 

bubble and slug flow regions should be considered as separate patterns or whether this series 

of runs simply represents a continuum of bubble sizes. Physical models have been developed 

which suggest that the mechanism by which the flow takes place changes drastically between 

these two patterns. However, preliminary analysis for microgravity indicates that these two 

regions may represent a continuum of the same physical process. If that proves to be the case 

only two patterns can be considered to characterize the flow, bubbly and annular. Modeling 

of the flow pattern transitions is in its earliest stages , however it is possible to suggest some 

simple ideas by which the location of transition boundaries can be estimated 

3.4.1 Bubble to slug pattern 

The linear velocities and the superficial velocities are related by 

   α−
=

1
SL

L
uu      and   α

SG
G

uu =                                     (3-44) 

where the superficial velocities are computed as if that phase was flowing alone in the tube. 

The transition from bubble to slug flow is thought to  
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take place when the bubble concentration and size is such that adjacent bubbles come into 

contact. Then coalescence can be expected and surface tension causes the two coalescing 

bubbles to form one larger one characteristic if slug flow. Thus, one need only estimate the 

average voids at this condition to obtain an equation relating the superficial velocities at 

transition. Small bubbles in a cubic array can achieve, at most a void fraction of 0.52. 

However, large bubbles, with diameter approaching that of the tube, will generate a holdup 

before touching which depends on their shape and orientation. For large spherical bubbles 

this can be shown to be approx. є=0.5. Because one observes various alignments, it is 

speculated that the average void fraction at contact -and thus at transition- is approx. є=0.45. 

The resulting equation is then [Welle 1981]. 

SGSL uu   22.1=                                                                                (3-45) 

3.4.2 Slug to annular pattern 

The following mechanism is hypothesized to take place and cause this transition. During 

slug flow there is a large axial variation in void fraction between the slugs and the Taylor 

bubbles. As the gas rate is increased, the lengths of the bubbles increase. When these slugs 

become short enough, slight variation in the local velocity or adjacent film thickness can 

cause the slug to momentarily rupture. Then surface tension forces draw the liquid around 

the wall of the pipe to establish annular flow and the slug can not be reformed. In order to 

estimate the flow conditions at which this change will take place equations are developed 

relating the axial average voids and the superficial flow rates for slug flow. A similar relation 

is developed for annular flow. It is speculated that the transition between slug and annular 

flow takes place when the void fraction, as dictated by the former two models, becomes 

equal. That is, at lower gas velocities, 
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 the slug flow model always predicts higher average voids than does the annular flow model 

at the same flow rates. However, at the transition velocity, the voids predicted by the two 

models are equal. At still higher gas flow rates the slug flow model predicts lower voids than 

does the annular flow model, and thus the flow pattern becomes one of annular flow since 

surface tension will cause the liquid to warp around the wall instead of existing in discrete 

slugs. 

The flow visualization shows that the slug and bubble velocities are equal.  

For annular flow; where all of the liquid flows as a smooth film along the wall and the gas 

flows in the core. A force balance on a control volume bounded by the pipe walls and two 

planes normal to the axis separated by an axial distance ∆Z , gives [Sato et al 1981] 

dz
p wτ4

 
 

=
∆
∆                                                                          (3-4) 

  Figure 3.3 shows typical flow regime map for gas/liquid two-phase flow in horizontal 

pipes. 
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     Fig.3.3: A Typical flow regime map for gas/liquid two-phase flow in horizontal pipes.1 Reproduced 
with permission of The International Society of  Offshore and Polar Engineers [Wang et al 
2004]. 

 

3.5 Two Phase Flow Mass Transfer Models 

 Mass transfer prediction is of great importance, particularly for the transport based models, 

and is also the key for the implementing the two or multiphase flow models. 

Conventional tools for mass transfer predictions in fully developed single-phase pipe flow 

have a dimensionless form: 

                   c
c

b .S Re . aSh =                                                           (3-46) 

Where a,b and c are the constants determined by experiments, Sh is the Sherwood number 

Kd/D, Re is Reynolds number Ud/ν, and Sc is Schmidt number ν/D. A number of empirical 

mass transfer correlations have been developed in the past for single-phase flow starting with 

the well-known Chilton and Colburn [1934] correlation: 
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0.33
c

0.8 .S Re 023.0=Sh                                                                (3-47) 

 The most recent and widely used correlation proposed by Berger and Hau [1977] for mass 

transfer in smooth pipes is given as  

  0.33
c

0.86 .S Re 0165.0=Sh                                                             (2-56) 

However, there are no studies on mass transfer correlations valid in multiphase flow [Wang 

and Nesic 2003]. Langsholt et.al. [1997] and Wang [2001] measured wall stress and mass 

transfer coefficients in a two-phase gas-liquid flow. 

The mass transport of species in the diffusion boundary layer is described locally by using a 

much more detailed method. Thus, the mass flux, , of species A throughout the boundary 

layer can be expressed as: 

( )
dy

dCDN A
DAA ε+−=                                                  (3-23) 

where  is the molecular diffusion coefficient of species A,  is the turbulent diffusion 

coefficient, CA is the concentration of species y and A is the distance from the wall. 

In the model,  is obtained from Davies [1972] correlation, which is based on a semi-

empirical turbulent mass transfer theory. 
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where  is the thickness of the laminar boundary layer and  is the Kinematic viscosity. The 

coefficient 0.18 was derived on the basis of several assumptions. For pipe flow, can be 

expressed as a function of Reynolds number  
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where d is the pipe diameter. Lin et.al. [1953] presented a similar correlation: 
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Yet another semi-empirical correlation was reported by Rosen and Tragardh [1995], which 

contains a Schmidt number dependence: 
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Both methods for calculating mass transfer rates by using Sherwood number or locally by 

using  must yield similar results to be considered as valid. Since all the expressions shown 

above were developed for single-phase pipe flow, applying them to the multiphase flow 

without any modification is uncertain[Wang and Nesic ,2003]. 

The global equation defining a turbulent mass transfer of species A  is [Langsholt et. 

al. 1997, Wang and Nesic 2003]  

)( .. bASAAA CCKN −+=                                                      (3-25) 

Where  is flux of species A,  and  are the concentrations of species A at the 

surface and bulk respectively. Here, k depends markedly on flow conditions, which are 

represented by a dimensionless Reynolds number (Re). Also, it is complicated function of 

fluid properties which is conveniently related to the dimensionless Schmidt number (Sc). 

Sherwood number, which can be determined by equation such as (2-29), 
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 relates the turbulent mass transfer coefficient K to the molecular diffusion rate D, where d is 

to a characteristic dimension such as a pipe diameter. 

In turbulent flow, the mass flux NA of  species A can also be expressed by equation (2.23), 

which describes in more detail the mass transport through the boundary layer and can be 

rewritten as : 

  A
DA

A dCdy
D

N
−=

+ ε
                                           (2-23) 

Integrating equation (2-23) a cross the boundary layer, one has 

∫ −=
+

δ
ε0 .. SAbA

DA
A CC

D
N                                                                 (3-52) 

Substitution of equation (3-25) in to equation (3-52) yields a relationship between the mass 

transfer coefficient and turbulent diffusivity:  

 ∫ =
+

δ
ε0

1

ADA KD
dy                                                                             (3-53) 

Multipying equation (3.53) by the kinematic viscosity ν, one has 

 ∫
+

= δ
ε0 1

v
D

cS
A

dy
K
u                                                                          (3-54) 

Given a mass transfer coefficient correlation, the corresponding turbulent diffusivity 

correlation can be obtained, vice versa. 

3.6 Mass Transfer Coefficient Correlation in Two Phase Flow 

Since no explicit mass transfer correlations for multiphase flow can be found in the open 

literature, Wang and Nesic [2003] used single-phase Berger and Hau [1977] correlation to 

predict mass transfer in two phase flow by replacing the pipe diameter in equation (2.56) 

with a hydraulic  
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diameter [Pots, 1995]. They found that the Berger and Hau [1977] correlation can't be 

directly applied to predict mass transfer in multiphase flow. Wang and Nesic [2003] stated 

that a modified mass transfer coefficient correlation for two phase flow regimes needs to be 

developed. Also they concluded that the use of turbulent diffusivity correlations, such as 

Davies [1972], Lin et.al. [1953], Rosen and Tragardh, [1995], for two or multiphase flow is 

also uncertain. Therefore, a modified turbulent diffusivity correlation for multiphase flow 

regimes is needed. 

The mass transfer coefficient experimentally obtained in a fully developed stratified 

two-phase gas-liquid flow by Langsholt et. al. [1997]. The exponent on the Schmidt number 

remains 0.33, which is based on an assumption that the eddy diffusivity near the pipe wall is 

proportional to (y+)3 as proposed by several researchers [Wang and Nesic 2003].  

Wang and Nesic [2003] carefully analyzed the stratified flow data of Langsholt et.al 

[1997], and obtained a modified mass transfer correlation for stratified flow was identified:  

33.059.064.0 ce SRSh =                                                                (3-55) 

They used the liquid film height to compute Sherwood number and the pipe diameter is used 

to compute Reynolds number. 

 

Wongwises and Naphon [2000] performed experimental and theoretical heat and mass 

transfer characteristics for the counter flow of air and water in vertical circular pipe. They 

used turbulence model (k-ε) characteristics to analyze the high Reynolds number flow and 

solved the momentum equations to determine the turbulence viscosity. They  
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obtained the following mass model to estimate the mass transfer rate of water to air: 

0.33
gScaReSh =                                              (3-56) 

where Reg is the air Reynolds number and a is constant obtained from plot given in their 

study. They found that their results are similar to that proposed by Chilton and Coulburn 

[1934]: 

   
0.330.83

g ScRe023.0Sh =                             (3-57) 

Hu and Zhang [2006] developed a modified k-ε turbulence model to simulate the gas liquid 

two phase flow heat transfer in steam surface condenser. They found that their results agree 

well with the experimental results of other authors. 

For stratified flow, Wang and Nesic [2003] proposed the following eddy diffusivity 

model  

3
06.0 ⎟

⎠
⎞

⎜
⎝
⎛=
δ

ε y
v
D                                                                    (3-58) 

and 

hRed
8725 −=δ                                                                                    (3-49) 

where h is liquid film height, pipe diameter d is used to calculate Reynolds number. 

Since the mass transfer in slug flow is very different from that in full pipe flow, the 

extrapolations of the mass transfer correlation developed in single-phase flow to multiphase 

flow will cause a large error in the corrosion mechanistic modeling [Wang 2005].  
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Wang et al [2002] proposed the following correlation for average mass transfer coefficient in 

a superficial gas velocity of 4.8 m/s, different superficial liquid velocities, and effective pipe 

diameter is used:  

33.061.0Re544.0 ScSh =               (3.59) 
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Chapter Four 

Theoretical Analysis  

 

This  chapter  presents  the  analysis  of  the  problem  variables  and  development  of 

models to estimate the mass transfer coefficient, friction factor, and shear stresses for the 

investigated range of Resg, ResL  , ScL,  liquid  temperature, and void  fraction.  In  the present 

analysis the assumption of unity turbulent Schmidt number  (Sct)  is adopted which  is good 

first approximation for most theoretical studies [Gutfinger 1995]. 

 

4.1 Single Phase  

Various models  of  the  eddy  diffusivity  presented  in  Table  2.1  for  single  phase  are 

used  to  calculate  the mass  transfer  coefficient  for wide  range of Re  and  Sc.  The  various 

models are substituted in Eq. (2.34) to find Sh: 

∫
+

+

=
+R

Sc

dy

Scf
Sh

0
1

Re2

ν
ε

                                                                            

(2‐34) 

4.1.1 Lin et. al. Model  

Lin  et.al.  model  [1953]  is  substituted  in  equation  (2.34)  and  the  integration  is 

performed using MathCAD program   

∫∫
⎟⎟
⎠
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⎜⎜
⎝
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⎠
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+
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1
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1
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y
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dy

y
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Scf
Sh
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(4‐1)                                              



4.1.2 Johansen Model  

Johansen model [1991] is substituted in equation (2.34) and the integration is performed to 

given 

 

∫∫∫
+

+

+

+

+

+

+

+
+

⎟
⎟

⎠

⎞

⎜
⎜

⎝
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⎝

⎛
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⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

=
R

y
Sc

dy

y
Sc

dy

y
Sc

dy

Scf
Sh

30

30

5
2

5

0
3

4.01
1923.0

4.11
1

15.11
1

Re2      (4‐2)      

4.1.3 Rosen and Tragardh Model 

Rosen and Tragardh model  [1995]  is  substituted  in equation  (2.34) and  the  integration  is 

performed to given  

 

∫
+−

+

+

= 26

0 3112.00012.01

Re2

ySc
Sc

dy

Scf
Sh

                                                   

                  (4‐3)  

4.1.4 Slaiman et. al. Model   

Slaiman  et.  al.  model  [2007]  is  substituted  in  equation  (2.34)  and  the  integration  is 

performed to given 

∫∫∫
+

+

+

−

−

+

+

+

+

+−

+

+
+

+
+

=
R

R

R

Sc

Sc

R
dy

y
Sc

dy

ySc
Sc

dy

Scf
Sh

14.0

14.0

36.22

36.22

0 30116.0 07.05.01001.01

Re2

006.0

006.0          (4‐4)      where         

ν

*RuR =+                    (4‐5)                                 

  Since
          2

*u fu=                             (2‐12) 

Substituting equation (2.12) in to equation (4.5), yields  
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ν
2R

R
fu

=+                                  (4‐6)                   

Since         ,duRe
νµ

ρ du
==     or    

d
u νRe
=          (2‐32) 

By substituting for u in Eq. (4.6) 

d

f
νRe

ν
2R

R =+                   (4‐7) 

then 

                                                                             ( 4‐8)    

where friction factor is obtained form Blusuis correlation for smooth pipe: 

f=0.079Re‐0.25                                     (2‐39) 

The shear stress is given by 

2

2
1 ufww ρτ =     (2‐35) 

4.2 Two Phase Flow 

4.2.1 Void fraction 

     The void fraction is calculated using four models for various values of ResL, Resg, and 

temperature.   

Void  fraction  (α)  is  defined  as  [Taitel  and  Dukler  1976,  Ghajar  2004,  Stripnttrapan  and 

Wongwises 2005]: 

Lg

g

VV
V

α
+

=                                                                                    (4‐9)    

4.2.1.1 Zivi  Model [1968] 

Zivi [1968] developed the following relation for void fraction in annular flow: 

13/2 ]))(1(1[ −−
+=

L

g

x
x

ρ
ρ

α                                                                                   (3‐42) 
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4.2.1.2 Chisholm Model [1983] 

 

Chisholm [1983] proposed the following model to predict the void fraction for annular flow: 

15.0 ])())(1(1[ −−
+=

m

L

L

g

x
x

ρ
ρ

ρ
ρ

α                                                                           (3‐43) 

g
xx

L

m

ρρ

ρ
+

−
=

1
1                                                                                  (4‐10) 

And
  sggsgg

sgg

uρuρ
uρ

x
+

=                                                                                (4‐11) 

4.2.1.3 Hart et al Model [1989] 

Hart et al [1989] proposed the following void fraction model 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+=

− − 0.5

g

L0.363
sL

L )
ρ
ρ(10.4Re[1

ug
u

α
α1

                                            (3‐41) 

4.2.1.4 Chen and Spedding [1980] 

Chen and Spedding [1980] analyzed the annular flow and obtained: 
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)1(751(005.01
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f L ρ
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α
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α                                      (4‐12) 

sL

sg

L

g

LL

gg

L

g

u
u

α)A(1u
αAu

Au
Au

Q
Q

=
−

==                                                              (4‐13) 

For particular values of velocity and gas and liquid densities Eq. (4.12) is solved by trial and 

error procedure to obtain α . 
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4.2.2 Friction Factor  

  In two phase  flow three types of  friction  factor are encountered,  liquid side  friction 

factor, gas  side  friction  factor, and  the  friction  factor at gas  liquid  inter phase. The  liquid 

side friction factor is obtained from [ Hart et al 1989, Wongwises et al 1998], as 

2.0
2.0

Re046.0046.0 −
−

=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
= sL

L

sLL du
wL

f
µ

ρ                                         (4‐14)  

while the gas side friction factor 

2.0
2.0

Re046.0046.0g −
−

=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
= sg

g

sggdu
w

f
µ

ρ                                       (4‐15)      

The interfacial friction factor is obtained from 

( )( )2111501 α−+=    wgi ff                                                          (3‐35)    

 which is strongly recommended for annular flow [Dukler et. al. 1989]. 

The liquid side shear stress is calculated via  

2
2
1

LLwLwL uf ρτ =                                                                          (3‐27)      

The gas side 

 
2

2
1

ggwgwg uf ρτ =                                                                          (3‐28) 

The interfacial shear stress 

  ( )22
1

Lggii uuf −= ρτ                                                            (4‐16) 

)1( αταττ −−=
i

g

i
L

S
S

wgS
S

wLi
              

(4‐17)
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4.2.3 Definition of Superficial Velocities 

The gas superficial velocity is given by [Hart et al 1989 Wongwises et al 1998] 

gsg u u α=                                                                             (3‐44) 

and the liquid superficial velocity 

  LsL u u )1( α−=                                                                 (3‐44)     

The gas superficial Reynolds number is therefore                                                                             

  gg
du

sg
sgg ReRe αµ

ρ ==                                                  (4‐18) 

 Hence 

L
du

sL L

sLL Re)1(Re αµ
ρ −==                                       (4‐19)  

 
 

4.2.4.1  Stratified Flow  

 

For Stratified Flow  

RR r
T drA

00 2
2

22 ⎥⎦
⎤
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⎡ == ∫ ππ     

22
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ππ ==       (4.20) 
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( ) 212 2 LLLR
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L hRhhRCosRA L −−−= −−     (4‐21) 
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or  
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                             (4‐23) 

222 DhD L α=−                      

222 DDhL α−=  

)1(22 α−= DhL                

Hence the liquid height is 

( )DhL α−= 1                                                 (4‐24) 

The gas height 

Lg hDh −=                                                        (4‐25) 

To find the interfacial and surface areas 

( )222
LhRXR −+=                                           (4‐26) 

( )222
LhRRX −−=          

( )22
LhRRX −−=                    (4‐27) 

( )2222 LhRRX −−=                   

( )2222 Li hRRLXLS −−==                              ሺ4‐28ሻ 

The liquid side surface area is given by 

LL LhS π=                                                                      (4‐29) 

The gas side surface area is given by 

( )Lgg hDLLhS −== ππ                                             (4‐30) 
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The total surface area is given by 

RLST π2=                                                                          (4‐31) 

Si, SL, Sg are inserted in Eq. (4‐17) to find τi 

 

4.2.4.2 Annular Flow 

 

Fig.4.3 for annular flow, the void fraction α is given by [Taitel and Dukler 1976, Ghajar 

2004]: 

L
VVg

gV
α

+
=                                    (4‐9) 

Vg=π(R‐hL)
2L   and    Vg+VL= πR

2L 

2

2
L

R
)h-(Rα = , Thus 

hL=(1‐ α )R        (4‐32) 

 

The hydraulic diameter for liquid layer 

dhL=4 Flow area/wetted perimeter 

dhL= α)d(1
πd

2d
4
πα)4(1

−=
−

      (4‐33) 

1‐α=liquid holdup 

Wall side liquid surface area SL=πdL                                (4‐34) 

Interfacial area, Si= π(d‐2hL) L                                          (4‐35) 

The calculations are performed for pipe diameter of  ݀ ൌ 10 ܿ݉.  
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4.2.5 Mass Transfer Coefficient in Annular Flow 

For annular flow  in  liquid phase the total flux  is given by [Geankoplis 1995, Brodkey 

and  Harshy 1989, Wang and Nesic 2003] as :‐ 

  
dy

LdC
)dLεL(D)wCb(CLkAN +−=−=        (4‐36) 
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   ∫
+

=
L

h

dLLD
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Lk 0

1

ε
                         (4‐38) 

where hL is the liquid layer height adjacent to the surface.  
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Figure 4.4 shows the diffused species concentration variation from gas bulk to the wall.  In 

gas phase: 

 
dy

gdC
)dgεg(D)bCg(CgkAN +−=−=               (4‐39) 

  ∫
+

=
R

Lh dggD
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gk ε
1                                             (4‐40) 

The total flux at the surface:       
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TR
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or    
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1
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1

1k
+
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Equation  (4.55)  represents  a  two  layer  resistance  separated  by  interface  similar  to  that 

proposed by Hughmark [1969] and Aravinth [2000].   Hence 

∫
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+∫
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=
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Division by νL 
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Since  LLL DSc .=ν  and Sh=kdhL/DL 

∫ ∫
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+
+
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hL )
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(
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Substituting   
R

y
z =  yields            
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  where        zL  =hL 

/R.  

If the Sherwood number (Sh)  is based on the  liquid phase,     Sh=k dhL/DL  , where dhL  is the 

hydraulic (equivalent) pipe diameter of the liquid phase. Since νL=DL. ScL, thus 

 

    
∫ ∫
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==
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1
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/RhLdLSc

LD
hLkd

Sh
         (4‐48) 

Knowing the variation of mass eddy diffusivity with y, Sh can be predicted for each value of 

ReL, Reg, ScL and α. hL and dhL vary with void fraction (or with liquid holdup). The variation of 

eddy diffusivity with y occurs in the two layers, liquid layer and gas layer [Sherwood, 1940]. 
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a‐ Liquid Layer  

1‐ Near Wall Region:  

Most studies  [Wasan and Wilke 1964, Deissler 1955, Hughmark 1969, Shaw and Hanraaty 

1964, Mizushina et al 1971, Rosen and Tragradh 1995, Znad 1996, Aravinth 2000, Slaiman 

et al 2007] showed that in the near wall region the mass eddy diffusivity varies with y3. Thus 

in this region the eddy diffusivity varies as: 

 

εd/ νL =ay
3        0<y< δ                  (4‐49) 

 

where a  is  independent of y and some studies showed that  it  is   function of Re and/or Sc 

[[Mizushina et al 1971, Rosen and Tragradh 1995, Znad 1996, Slaiman et. al. 2007] and δ is 

the  thickness  of  diffusion  sublayer  given  by  Eq.  (3‐49).  For  Annular  flow  it  is  more 

convenient  to  use  the  hydraulic  diameter  instead  of  liquid  layer  thickness  in  Eq.  (3‐49), 

hence      

 

δ=25ResL
‐7/8 dhL                                 (4‐50) 

where dhL the liquid layer hydraulic diameter.     

2‐ Region with Linear Variation of Eddy Diffusivity: 

Levitch [1962] and Sleicher et. al. [1972] showed that beyond the diffusion sublayer 

(δ) the eddy diffusivity varies linearly with y, i.e.:  

εdL /νL =b y      δ < y <hL                         (4‐51) 

where b is independent of y. 
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b‐ Gas Layer 

 

3‐ Eddy Diffusivity at the Interface and Turbulent Core Region 

Murphree  [1932]   determined  the  values of mass  eddy diffusivity  at  the  liquid‐gas 

interface and  found  it  to be  function of  the  gas Reynolds number and  independent of  y 

[Sherwood 1940]. Best  fit of Murphree data obtained  for mass  transfer between gas and 

liquid gives the following relation for mass eddy diffusivity.                                                          

Sato et al [1975] and Welle [1981] stated that the eddy diffusivity is independent of y 

in the core region of pipe. Hence the third region is 

εdg/ νg =0.012Resg
0.8    hL<y<R                       (4‐52) 

It  is  convenient  to write  equations  (4.49)  and  (4.51)  and(4.52)  in  dimensionless  form  by 

using z instead of y where z=y/R, hence 

εdL/ νL =Az
3        0<z<z1              (4‐53a) 

εdL/ νL =Bz        z1<z<z2              (4‐53b) 

εdg / νg =0.012Resg
0.8    z2<z<1              (4‐53c) 

 

where z1 = δ/R and z2 =hL/R. To find values of A and B, Eq. (4.53b) is equal to Eq.(4.53c) at 

z=z2 (interface), hence: 

Bz2 =0.012Resg
0.8 ,or     

B=0.012Resg
0.8/z2                                   (4‐54) 

Also Eq(4.53a) is Eq.(4.53b) at z=z1 , hence 

A=B/z1
 2=0.012Resg

0.8/z1
2 z2                                    (4‐55) 

60 



Thus Eq. (4.48) becomes 

∫ ∫
+

+∫
+

+
+

=
1z

0

1

2z )0.80.012Resg
gSc

1(

dz

gν
Lν2z

1z Bz)
LSc

1(

dz

)3Az
LSc

1(

dz

/RhLdLSc
Sh            (4‐56) 

In Eq. (4.48) the ratio of liquid to gas kinematic viscosity,      

 
gScgD
LScLD

gν
Lν =                          (4‐57) 

 Accordingly, Eq. (4.56) becomes:             

∫ ∫
+

+∫
+

+
+

=

1
z

0

1

2
z )0.8

sg
0.012Re

gSc

1
(

dz
g

ScgD
LScLD

2
z

1
z Bz)

LSc

1
(

dz

)3Az
LSc

1
(

dz

/RhLd
L

Sc
Sh

         (4‐58) 

Therefore, Sh (or mass transfer coefficient or rate)  is function of ResL, Resg, ScL, Scg, and hL 

(or α). The liquid and gas velocities are taken according to Fig. 3.3 

Diffusion  coefficients  of  binary  gas  pair  of  A  and  B  can  be  calculated  using  [Geankoplis 
1993]: 

1/2)
BM

1

AM
1(

ABD,Ω2
ABPσ

3/2T7101.8583
ABD +

−×
=                        (4‐59) 

where MA and MB are molecular weights  if A and B  respectively, and P absolute pressure 

Values of  ABσ and  ABD,Ω  can be obtained from Bird et al [1960]. The Wilke and Chang [1955] 

correlation can be used to predict the diffusion coefficient in liquids: 

0.6
AB

1/2
B

16
AB Vµ

T)(ΨΨ101.173D −×=                       (4‐60) 

where Ψ is associated parameter and is 2.6 for water, 1.9 for methanol, 1.5 for ethanol. VA 

is molar volume of A and µB is viscosity of B [Geankoplis 1993] 
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4.2.6 Concentration Profile in Liquid Layer 

For liquid layer 

)()( wbLdLL CCk
dy
dCD −=+ ε                (4‐36) 

Hence, 

∫ ∫ −
=

+

L b

w

h

0

C

C wbLdLL )C(Ck
dC

εD
dy

            (4‐37) 

Performing the integration in the R.H.S yields 

∫ +
=

Lh

0

1

dLLL D
dy

k ε
                  (4‐38) 

From Eq. (4.37) 

∫∫ +
=

−

y

dL
L

C

C wb D
dyk

CC
dC

w 0 ε
                (4‐61) 

Substituting Eq. (4.38) in Eq. (4‐61) yields 

∫

∫
∫

+

+
=

− Lh

0

0

dLL

y

dL
C

C wb

D
dy

D
dy

CC
dC

w

ε

ε
              (4‐62) 

Performing the integration in the L.H.S., yields 

∫

∫

+

+
=

−
−

=
Lh

0

0

wb

L*

CC
CwC

dLL

y

dL

D
dy

D
dy

C

ε

ε
                                                         (4‐63) 
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Multiplying both numerator and denominator by  /RνL , yields 

∫

∫

+

+
=

−
−

=
2Z

o
LdL

L

Z

o
LdL

L

wbL

bL*

/νε
Sc

1
dz

/νε
Sc

1
dz

CC
CwCC                                          (4‐64) 

Hence at a particular ReL and ScL and by substituting the expression of  LL /νε  and the value 

of Z, C* is obtained. 

To calculate the two phase mass transfer coefficient using Eq. (4.58), the following steps are 

followed :‐ 

1‐ Specify ScL value 

2‐ Specify the ResL and Resg. 

3‐ Calculate void fraction α from Eq. (3.43). 

4‐ Calculate the liquid layer height hL using Eq.(4.32). 

5‐ Calculate dhL via Eq. (4.33). 

6‐ Calculate Dg and DL from Eqs. (4.59) and (4.60) respectively. 

7‐ Calculate the thickness of diffusion  layer (δ) from Eq. (4.50) and then calculate Z1= δ /R 

and Z2=hL/R. 

8‐ Calculate B and A from Eqs. (4.54) and (4.55). 

9‐ By  inserting  the values of obtained  from steps 1  to 7  in Eq.  (4.58) and performing  the 

integration using "MathCad" program, the Sh is obtained. 

10‐ Use new values of ResL and Resg and repeat steps 2 through 9 

11‐ Use new value of ScL and repeat steps 1 through 10.  

Appendix D presents sample of calculations.    
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4.2.7 Mass Transfer Coefficient from Eddy Diffusivity in Two Phase 

  To examine the capability of the eddy diffusivity models proposed by other authors, 

these models are inserted in Eq. (4.48) to find Sh. 

4.2.7.1 Wang and Nesic Model [2003] 

 Wang and Nesic [2003] developed the following model for eddy diffusivity by analyzing 
experimental results: 

3)(06.0
δ

ε y
d =                      (3‐58) 

with    hLLs d8/7Re25 −=δ                      (4‐50) 

 The authors  ignored the eddy diffusivity  in the gas region. Hence, substituting Eqs.  (3.58) 
and (3.50) in Eq. (4.48), yields 

  

∫
+

= δ/R

0 3

L

LhL

)
δ
y0.06(

Sc
1

d(y/R)
/dSc

Sh
R

              (4‐65) 

4.2.7.2  Sato et al‐Welle [ 1981] 

  Sato et al [1981] developed the following expression of eddy diffusivity for two phase 

flow within the liquid layer 

 

))1(21)()1(1(
6
4.0/ 22* zzRuLL −+−−=νε         (3‐16)  

where  sLwLL fu Re2/* =  with fwL from Eq. (4.14). 

Welle [1981] analyzed the experimental data of Sato et. al. [1981] and obtained the 

following correlation for eddy diffusivity at the interface to the pipe core: 

LLgL du µρανε /0029.0/ =               (3‐17) 

64 



(4‐67) 

 

or  dugαε 0029.0=  

dusg0029.0=ε  

since 
g

sg

sg ν

du
Re =   hence, 

sgg Re0029.0/ =νε                  (4‐66) 

Substituting Eqs. (3.15) and (4.78) in Eq. (4.57), yields 

 

∫ ∫
+

++
+

=

−+−−

3

0

1

2
z )

sg
0.0029Re

gSc

1
(

dz
g

ScgD
LScLD

)
LSc

1
(

dz

/RhLd
L

Sc
Sh

22 )1(21)()1(1(Re2/
6
4.0

z

zzfR sLwL

     

             

4.2.7.3 Sato et al [1981] 

They proposed the following expression based on the liquid later over entire cross section 

ignoring the gas phase eddy diffusivity 

 

+
+

+

+

+

+

+

+

+

−+−
−

−= y
R
y

R
y

R
y

A
y

L

4.0})(
3
1)(

3
4)(

6
111{)]exp(1[ 322

ν
ε       (3‐13) 

R+=Ru*/νL, A
+=16,  y+=yu*/νL  and u

*=  sLwLf Re2/ , hence substitution in Eq. (4.48), yield:  

∫

+

+

+
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+
+

+

+

+

+

+

+

+

−+−
−

−

L
h

y
R
y
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1
(
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Sh

4.0})(
3
1)(

3
4)(

6
111{)]exp(1[

Re
2

322

  (4‐68)  
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where 

fTP=(1‐α)fwL+ αfg                  (4‐69) 

with   fwL and fg from Eqs. (4.14) and (4.15) respectively. And the ReTP is given by [Sato et al 

1981]: 

ReTP=  (1‐α)ReL+ αReg=ResL+Resg           (4‐70) 

L

*
L

L ν
uh

h =+
  and  TP

TP Re
8

f
R =+  
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Chapter Five 

Results and Discussion 

 

 

The numerical values of theoretical results of single and two phase flow for the entire 

investigated  range  of  Re,  liquid  temperature,  Schmidt  number,  and  void  fraction  are 

presented  in  appendices  A,  B,  and  C.  The  present  chapter  concerns  the  discussion  and 

interpretation of the results.  

5.1 Single Phase 

Figure 5.1  shows  the variation of eddy diffusivity with dimensionless distance  from 

the  smooth  pipe wall  (y+)  as  obtained  from  various  authors.  It  is  evident  that  the  eddy 

diffusivity increases with y+ via increasing turbulence as the pipe bulk is approached. 

 

 

Fig. 5.1: Variation of Eddy Diffusivity with y+ from Various Authors. 
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Figs. 5.2 to 5.4 show comparison of Sh obtained from various eddy diffusivity models, using 

Eqs. (4.1) to (4.4), with experimental correlation of Berger and Hau [1977] for wide range of 

Sc. The Fig.  reveals  that  the Slaiman et. al.  [2007] model and Rosen and Tragradh  [1995] 

exhibit good agreement with experimental work of Berger and Hau  [1977]  for  the whole 

range of Re and Sc. This close agreement  indicates that  the eddy diffusivity concept  is an 

efficient  way  for  predicting  mass  transfer  coefficient  in  single  phase  turbulent  mass 

transfer.  

 

 

  

  

Figs. 5.2: Comparison of Sh obtained from Various Eddy Diffusivity 

      Models for Sc=100. 
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Figs. 5.3: Comparison of Sh obtained from Various Eddy Diffusivity 

     Model for Sc=500. 

 

 

Figs. 5.4: Comparison of Sh obtained from Various Eddy Diffusivity 

      Model for Sc=3000. 
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Figs. 5.5  through 5.7    show a comparison between  the Sh  for  single phase mass  transfer 

obtained  from Berger and Hau  [1977] correlation  (Eq.  (2.56)) and Sh  for  two phase mass 

transfer  obtained  from Wang  and Nesic  [2003]  (Eq.  (3.55))  and Wang  et  al.  [2002]  (Eq. 

(3.59)) for different values of ScL.  It evident that the two phase Sh is much higher than the 

single  phase  Sh. Wang  and  Nesic  [2003] modified  the  Berger  and  Hau  correlation  (Eq. 

(2.56))  to predict  the mass  transfer coefficient  in  two phase by basing  this correlation on 

the hydraulic diameter (equivalent diameter) of  liquid phase,  i.e. use of dhL to calculate Re 

rather  than  pipe  diameter. However  this method  failed  to  give  accurate  results  for  two 

phase mass transfer coefficient. Figs. 5.5 to 5.7  indicate that the mass transfer coefficient 

can not be obtained from the correlations that are proposed for single phase. 

 

 

 

Fig. 5.5: Comparison between Single Phase Sh and Two phase Sh. 
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Fig. 5.6: Comparison between Single Phase Sh and Two phase Sh. 

 

 

Fig. 5.7: Comparison between Single Phase Sh and Two phase Sh. 
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5.2 Two Phase  

5.2.1 Void Fraction for Annular Flow 

5.2.1.1 Effect of Re 

Figs. 5.8 through 5.13 show the variation of void fraction (α) with superficial liquid Re 

(ReSL)  in  annular  flow  as  obtained  from  different  authors,  at  different  superficial  gas  Re 

(ReSg)  and  various  temperatures.  The  figures  reveal  that  as  superficial  liquid  Re  (ReSL) 

increases the void fraction decreases because the volume of liquid inside the pipe increased 

and this leads to decrease the volume of the gas, as a result the void fraction (α) decreases 

and  vice  versa.  Also,  it  is  evident  that  Zivi  [1968]  and  Hart  et  al  [1989] models  are  in 

harmony for the entire investigated range of ResL and temperatures. 

    

 

Fig. 5.8:   Variation of Void Fraction with ResL at Resg =80000 and T=25 
oC 

                as Obtained from Various Authors. 
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Fig. 5.9: Variation of Void Fraction with ResL at Resg =20000 and T=25 
oC as                           Obtained  from Various 

Authors. 

 

 

 

Fig. 5.10:  Variation of Void Fraction with ResL at Resg =40000 and T=40 
oC as  Obtained from Various Authors. 

73 

 

0 10000 20000 30000 40000 50000
ResL

0.40

0.60

0.80

1.00

1.20

V
oi

d 
Fr

ac
tio

n

Resg=20000, T=25 C

Hart et al [1989]

Zivi [1968]

Chisholm [1983]

Chen and Spedding [1980]

0 10000 20000 30000 40000 50000
ResL

0.70

0.80

0.90

1.00

1.10

V
oi

d 
Fr

ac
tio

n

Resg=40000, T=40 C

Hart et al [1989]

Zivi [1968]

Chisholm [1983]

Chen and Spedding [1980]



 

 

Fig.5.11: Variation of Void Fraction with ResL at Resg =80000 and T=40 
oC as Obtained from Various Authors. 

 

 

Fig. 5.12:  Variation of Void Fraction with ResL at Resg =20000 and T=40 
oC as Obtained from Various Authors. 
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Fig. 5.13:   Variation of Void Fraction with ResL at Resg =80000 and T=60 
oC             as Obtained from Various 

Authors. 

 

Figure  5.14,  for  ResL=20000  and  T=25 
oC,  shows  the  variation  of  void  fraction  (α)  with 

superficial gas Re  (ReSg) as obtained by different authors.  It  is clear that Hart et. al  [1989] 

and Zivi [1968] are coincide with each other while Chisholm [1983] and Chen and Spedding 

[1980]  exhibit  some  deviation.  As  the  Resg  increases  the  void  fraction  increases  by 

increasing the gas volume in the pipe. 

5.2.1.2 Effect of Liquid Temperature 

 

  The effect of  liquid  temperature on  the void  fraction  is  illustrated  in Fig. 5.15.  It  is 

evident that the temperature  increase  leads to  increase the void fraction. This behavior of 

void  fraction  with  temperature  is  interpreted  as  follows;  at  a  particular  ResL  when  the 

temperature  increases  the  liquid viscosity considerably decreases  leading  to decrease  the 

liquid superficial velocity decreases causing an increase the void fraction (gas holdup).     
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Fig. 5.14:  Variation of Void Fraction with Resg at ResL =20000 

and T=25 oC as   Obtained From Various Authors. 

 

Fig. 5.15: Variation of Void Fraction with ResL for Resg =80000 

                                   at Various Temperature. 
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5. 2. 2 Friction Factors 

 

In  present  analysis  for  annular  flow  the  friction  factor  between wall  and  liquid  is 

estimated  using  equation  (4.14)  and  the  interfacial  friction  factor  is  estimated  using 

equation (3.35).   

5. 2. 2. 1 Effect of Liquid and Gas Reynolds Numbers 

Figure 5.16 shows the effect of superficial liquid Re (ReSL) on the friction factor at the 

wall  (fwL).  It  is evident that an  increase  in superficial  liquid Re  (ResL)  leads to decrease the 

friction  factor  at  the wall  (fwL),  and  this  can be  clearly  seen  from  the Blasius  relation  Eq 

(4.14). This is in agreement with work of Wongwises and Naphon [2000] for annular flow.    

 

 

Fig. 5.16:  Effect of ResL on the Friction Factor at the Wall. 

The variation of interfacial friction factor with ResL at various superficial gas Re (ReSg) 

at liquid temperature of 25 oC is shown in Fig. 5.17.  The interfacial friction factor fi results 

from drag exerted by the gas phase on  
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a rough surface,  i.e. the rippling  liquid phase [Sato et. al. 1981]. It  is evident that as 

superficial  liquid Re  increased,  the  interfacial  friction  factor  (fi)  increased. Also  the  figure 

reveals that the interfacial friction factor ( f i ) decreases with increase superficial gas Re. It is 

to  be  noted  from  Figs  5.16  and  5.17  that  the  values  of  interfacial  friction  factor  (fi)  are 

higher  than  the wall  friction  factor  (fwL). This  is attributed  to  the presence of waves and 

ripples at gas liquid interface [Chenand Spedding 1983, Wongwises and Naphon 2000]. The 

presence of waves and  ripples  cause  the  fi  to  increase with Resg as  in  case of  the  single 

phase  flow  on  rough  surface  where  for  these  surfaces  the  f  increases  as  Re  increases 

[Knudsen and Katz 1958, Dawnson and Trass 1972]. Douglas and Matthews [1998] ascribed 

the increase in friction factor with Re on rough surfaces to the decrease in thickness of the 

momentum boundary  layer eventually  the projections penetrate  the boundary  layer and 

the behavior deviates from that of smooth pipe. 

 

 

 

Fig. 5.17: Effect of ResL on the Interfacial Friction Factor at Different Resg. 
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5.2.2.2  Effect of Temperature 

Figure 5.18 shows  the effect of superficial  liquid Re  (ReSL) on  the  interfacial  friction 

factor (fi) at various temperatures and ReSg=80000. It is clear that as the liquid temperature 

increases the interfacial friction factor (fi) decreased due to the decreases in the viscosity of 

the liquid which in turn leads to reduce the friction forces between the liquid and gas at the 

interface. 

 

 

Fig. 5.18: Effect of ResL on the Interfacial Friction Factor at Different Temperatures. 

5.2.3 Shear Stress 

5.2.3.1 Effect of Liquid and Gas Reynolds Numbers 

Figure 5.19 shows the variation of wall shear stress (τwL) with ReSL at different ReSg, 

for T=25  oC.  It  indicates  that as  superficial  liquid Re  (ResL)  increase,  the wall  shear  stress 

(τwL)  increases. This  is due to the  increase of the  friction  forces between the  liquid  layers 

and the pipe wall. It is also 
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 evident  that  as  Resg  increases,  the  wall  shear  stress  (τwL)  increases  due  to  the 

increase of the gas velocity which  leads to  increase the void  fraction  (α) and that cause a 

reduce  in  the  liquid  layer  thickness causing  to  increase  the momentum  transfer  from  the 

gas to the liquid and then to the wall. 

 

 

 

Fig.  5.19:  Variation of τwL with ResL at various Resg  and T=25 C 

 Figure 5.20 shows  the variation of  interfacial shear stress  (τi) with superficial  liquid 

Re  at  different  superficial  gas  Re  for  T=25  oC.  The  figure  reveals  that  the  increase  of 

interfacial  shear  stress  (τi) with  increase of  superficial gas Re. This  increase  is due  to  the 

increase of the gas velocity which leads to increase the friction forces between the gas and 

the liquid at the interface. Also the figure reveals that as superficial liquid Re increases, the 

interfacial shear stress (τi) increases and this can be attributed to the increased interaction 

between the liquid layer and the gas layer. 
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Fig. 5.20:  Variation of τi with ResL at various Resg  and T=25 C 

 

5.2.3.2  Effect of Temperature 

Figure 5.21 shows  the variation of  interfacial shear stress  (τi) with superficial  liquid 

Re  (ResL)  at  various  temperatures.  It  is  clear  that  as  the  temperature  increased  the 

interfacial shear stress (τi) decreased. This decrease  in the  interfacial shear stress (τi) can 

be attributed to the  fact that the temperature reduces the viscosity of the  liquid and this 

leads to decrease the friction forces between liquid and gas at the interface. 

For ReSg=80000, Fig. 5.22 presents the variation of the wall shear stress (τWL) with superficial 

liquid Re at various temperatures. It is evident that as the temperature increased, the wall 

shear stress  (τWL) decreased. This decrease  in the wall shear stress  (τWL)  is due to the  fact 

that the temperature increase reduces the viscosity of the liquid and this leads to decrease 

the friction forces between the liquid and the pipe wall. 
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Fig. 5.21: Variation of  τi with ResL   at Different Temperatures 

 

Fig. 5.22: Shows the Variation of  τwL with ResL  at Different Temperatures. 
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5.2.4       Mass Transfer Coefficient 

 

  Equation (4.58) is employed to predict the mass transfer coefficient for annular flow 

for wide range of ResL, Resg, and ScL. The calculations are carried out for Scg =1. 

 

5.2.4.1 Comparison of Present Results with the Experimental Correlations 

Figures 5.23 to 5.27 show  the variation of Sh obtained  from present analysis  (using 

Eq.(4.58))  with  ResL  as  compared  with  the  proposed  experimental  correlations  for  two 

phase flow at different superficial gas Re and various temperatures and liquid (ScL) values. It 

is  clear  that  the  Sh  predicted  from  present  analysis  is  in  excellent  agreement  with 

experimental work of Wang et.  al  [2002]  for  the whole  range of  temperature  and  liquid 

(ScL).  It  is  to be noted  that  the Sh  from Wang and Nesic model  (stratified  flow) coincides 

with Wang et al model (slug flow) despite the different flow regime indicating the similarity 

of mass transfer characteristics of these flow regimes.  

 

Fig.  5.23: Comparison of Sh of Present Analysis with Proposed Experimental    Correlations at ScL=490. 
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Fig. 5.24: Comparison of Sh of Present Analysis with Proposed Experimental Correlations at ScL=216. 

 

 

Fig. 5.25: Comparison of Sh of Present Analysis with Proposed Experimental   Correlations at ScL=98. 
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Fig. 5.26: Comparison of Sh of Present Analysis with Proposed 

 Experimental Correlations at ScL=490. 

 

Fig. 5.27: Comparison of Sh of Present Analysis with Proposed 

Experimental Correlations at ScL=490. 
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5.2.4.2 Effect of Liquid Superficial Re 

Figures 5.28 to 5.30 show the variation of Sh with superficial liquid (ReSL) for various 

liquid (ScL) at different superficial gas (ReSg).  It  is evident that Sh  increased with  increasing 

of  superficial  liquid  (ReSL),  also  these  figures  reveal  that  Sh  increases with  increasing  of 

superficial gas  (ReSg). The  increase of  Sh with ResL  is due  to  the  increased eddy diffusion 

within  the  liquid  layer  reducing  thickness  of  diffusion  layer  which  represent  the  main 

resistance  to mass  transfer  [Welty et. al. 2001, Brodkey and Harshy 1998, Poulson 1983] 

enhancing the transfer of active species (O2) from the bulk to the wall  leading to  increase 

the mass transfer rate.  

 

 

Fig. 5.28:   Variation of Sh with ResL at Various Resg for ScL=490 
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Fig. 5.29:   Variation of Sh with ResL at Various Resg for ScL=216. 

 

 

 

Fig.5.30:   Variation of Sh with ResL at Various Resg for ScL=98. 
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5.2.4.3 Effect of Gas Superficial Re 

 

  To examine the capability of Eq. (4.58) to predict the influence of gas Re on the mass 

transfer coefficient, the results are compared with the experimental results of Langsholt et 

al [1997] in Fig. 5.31, where they determined Sh under stratified two phase flow at various 

gas velocities and various  liquid holdup (or void fraction)  in 0.1 m diameter pipe. Fig. 5.31 

shows the variation of Sh with superficial gas Re at constant superficial  liquid Re obtained 

from Eq.  (4.58) as compared with  the  results of Langsholt et. al.  It  is evident  that  results 

obtained from present analysis agree well with experimental Langsholt et. al. data for the 

whole  range  of  α.  The  difference may  be  ascribed  to  the  difference  in  flow  regime  of 

present analysis  (annular  flow) and  Langsholt et al  (stratified  flow). Fig. 5.31  reveals  that 

increasing  gas  Re  leads  to  increase  Sh.  This  can  be  attributed  to  the  increased  eddy 

diffusion at  the  gas  liquid  interface  increasing  the  transport of O2  from air  to water  and 

hence to the pipe wall. 

 

Fig. 5.31:  Variation of Sh with Resg as Compared with Langsholt et al. 
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5.2.4.4 Effect of Liquid Schmidt Number and Temperature 

 

Fig. 5.32 shows the effect of liquid Sc on the Sh for various values of liquid superficial 

Re. It can be noted that as the ScL increases, then Sh increases. This increase is ascribed to 

the  fact  that  increasing ScL  leads  to decrease  the  thickness of diffusion  layer  (δd)  [Harriot 

and Hamilton 1965, Brodkey and Harshy 1989, Geankoplis 1984] facilitating the passage of 

active species (O2) to the pipe wall. 

 

Fig. 5.32:  Variation of Sh with ScL at Various Values of ResL. 

5.2.4.5 Effect of Void Fraction 

  To  investigate the effect of void fraction (α) on the friction factor and mass transfer 

coefficient, α is assumed to be independent on ReL and Reg. Fig. 5.33 shows the effect of α 

on  the  fwL  for  stratified  flow.  It  is  clear  that  the  fwL decreases as ReL  increases. Also at a 

particular ReL as the α increases, the friction factor increases via decreasing ResL leading to 

decrease of fwL 
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 according  to  Eq.  (4.14).  Fig.  5.34  reveals  that  fwg  decreases  as  α  increases  because  Resg 

increases  leading  to decrease  fwg according  to Eq.  (4.15). This  trend  is  in accordance with 

the  experimental  results of Chun  and Kim  [1995], where  they  found  experimentally  that 

increasing Reg leads to decrease fwg. 

 

Fig. 5.33: Variation of fwL with Reg at Various α. 

 

Fig. 5.34: Variation of fwg with Reg at Various α. 

Figure 5.35 shows the variation of Sh with ReL at constant Reg at ScL=400 and various 

α values. The Fig. indicates that Sh increases with 
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 increasing  ReL  for  all  α  values.  Also  Sh  exhibits  unstable  trend with  α.  The  lower 

values of Sh are encountered at maximum α (0.9) and minimum α (0.1)  indicating that Sh 

decreases  as  the  system  approaches  the  single  phase.  Hence  the  mass  transfer  rate 

increases at  intermediate values of α  (or  liquid holdup). The void  fraction of 0.1  is  limited 

case in practice in annular flow since this type of two phase flow characterized by high void 

fraction [Tong 1975].   

 

Fig. 5.35:  Variation of Sh with ReL at Various α Values. 

 

Fig. 5.36 shows the variation of Sh with superficial  liquid Re at constant superficial gas Re 

and various α values at ScL of 400. It is evident that at a particular ResL, α has slight effect on 

Sh indicating that ResL is the effective rather than ReL.  

Using  statistical  analysis,  the  following  correlation  is  obtained  for  the  investigated 

range of Resg, ResL and ScL with 5% error: 

Sh=0.032ResL
0.54Resg

0.299ScL
0.344    c.c=0.99                                         (5.1) 
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It is to be noticed that the dependence of Sh on ScL is in harmony with the previous 

findings concerning the effect of Sc on Sh  in single phase turbulent mass transfer [Lin and 

Sherwood 1950, Harriot and Hamlton 1965, Hubard and Lightfoot 1966, Dawson and Trass 

1972,  Rosen  and  Tragradh  1995,  Aravinth  2000].  Also  Eq.  (5.1)  indicates  that  the 

dependence of Sh on ResL is higher than that of Resg indicating that the effect of liquid Re on 

mass transfer rate is higher than that of gas Re. 

 

 

  Fig. 5.36:  Variation of Sh with ResL at Various α Values. 
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5.2.5 Mass Transfer Coefficient from Eddy Diffusivity in Two Phase 

 

Eqs. (4.65), (4.67), and (4.68) are employed to obtain Sh based on various two phase 

eddy  diffusivity models.    Figures  5.37  an  5.38  show  a  comparison  of  Sh  obtained  from 

various eddy diffusivity models proposed by different authors for two phase flow, for Resg 

=80000  and  various  ScL  as  compared with  experimental  correlation  of Wang  and  Nesic 

[2003]. The  trend  reveals  that Sato and Welle  [1981] and Wang and Nesic  [2003] models 

exhibit fair agreement with experimental correlation of Wang and Nesic [2003], while, Sato 

et al [1981] model exhibits considerable deviation. This poor agreement with experimental 

results  shown  in  Figs.  5.37  and  5.38  reveals  the  complexity  of  two  phase  flow  and  the 

unpredictability  of  eddies  turbulence  in  two  phase  flow.  Accordingly,    no  one  of  the 

proposed  eddy  diffusivity models  agree well with  the  experimental  data.  It  is worthy  to 

note  that  the eddy diffusivity expressions developed  in present analysis  (Eqs.  (4.53)) give 

more accurate results (Figs. 5.23 to 5.27) than those presented in Figs. 5.37 and 5.38. 

 

Fig. 5.37: Comparison of Sh Obtained from Eddy Diffusivity  

Models Proposed by Various Authors. 
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5. 2. 6 Concentration Profile 

The  concentration  profile  in  the  liquid  layer  is  obtained  by  inserting  the  eddy 

diffusivity  expressions  (Eqs.  (4.53))  developed  in  present  analysis  in  Eq.  (4.64)  and 

performing the integration for each value of z. The numerical values of C* are presented in 

tables B. 24 to B.27 in appendix B.  

 

 

Fig. 5.38: Comparison of Sh Obtained from Eddy Diffusivity 

 Models Proposed by Various Authors 

5. 2. 6. 1 Effect of Liquid Superficial Re 

Figure 5.39 and 5.40 show concentration profile in the liquid layer. The concentration 

profile increases from the wall surface where C=Cw, which is nearly zero, to the liquid bulk. 

As  the bulk  is approached  the C  increases and hence C*  increases according  to Eq.  (5.2).  

Beyond the diffusion layer the concentration C approaches CbL and this leads to make C* is 

constant and eventually one. Figs 5.39 and 5.40 illustrates the effect of ResL, for Resg =40000 

and Resg=80000 at constant liquid Sc (ScL=490). The 
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 linear part of  the  curves  represents  the  concentration profile occurring within  the 

diffusion layer adjacent to the wall [Brodkey and Harshy 1998, Geankoplise 1984, Welty et 

al  2001].  Fig.  5.39  indicates  that  in  the  diffusion  layer  (linear  part  of  the  curve),  the 

superficial  liquid Re  (ReSL) has negligible effect on C
*. This  is because the turbulent eddies 

resulting from the increased liquid velocity can not penetrate the diffusion layer. Out of the 

diffusion  layer,  the  increase  in  the  superficial  liquid  Re(ReSL)  leads  to  decrease  C
*.  As 

superficial liquid Re ReSL increased, the concentration (C) at a particular Z in the liquid layer 

approached  Cbl, because  of  the  high  turbulence.  As  C  approaches  Cbl,  the  C
* decreases 

according to: 

wbL

bL

CC
CwCC

−
−

=*  

  As the  liquid superficial Re  increases the random motion of the eddies which move 

irregularly  in  all  direction  in  the  liquid  layer  enhanced  and  as  a  result  the  turbulence 

increases in this layer reducing in the thickness of the diffusion layer adjacent to the wall by 

reducing the concentration gradient (dC/dy). 

5. 2.6. 2 Effect of Gas Superficial Re 

For  ResL  =10000  and  ScL=490,  Fig.5.41  shows  the  variation  of  C
*  with  the 

dimensionless distance  (Z) at various values of Resg. The Fig.  indicates that  increasing Resg 

slightly  increases C* beyond  the diffusion  layer.  In addition, as  superficial gas Re  (ReSg)  is 

increased, the steepness of the concentration profile increase indicating a decreases in  the 

thickness of the diffusion layer. 
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Fig. 5.39:   Concentration Profile in the Liquid Layer and The Effect of ResL. 

 

 

 

Fig. 5.40:  Concentration Profile in the Liquid Layer and The Effect of ResL. 
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   Fig. 5. 41:   Concentration Profile in the Liquid Layer and the Effect of Resg. 

 

 

5. 2.6.3 Effect of Liquid Schmidt Number 

Figure 5.42 shows the effect of ScL on the dimensionless concentration (C*) profile for 

ResL=20000 and ReSg=80000 at various values of liquid.  It indicates that a high mass transfer 

resistance is associated with a high concentration gradient, so that, Fig 5.42 serves to show 

the location of the principal resistance to mass transfer as a function of ScL. At low ScL the 

resistance is evidently distributed throughout the liquid, while at high ScL the resistance to 

mass transfer  is progressively narrower and nearer  to the wall  in dimensionless terms. At 

high ScL  the major  resistance  is concentrated near  the wall. This  findings  is  in agreement 

with experimental results of Hubber and Lightfoot [1966], Znad [1996] and Hasan [2003].      
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Fig. 5.42: Effect of ScL on the Concentration Profile in the Liquid Layer. 
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Chapter Six 

Conclusions and Recommendations 

6.1 Conclusions 

  For the present investigation  the following points may be concluded: 

1‐ The eddy diffusivity concept can be used successfully to predict mass transfer coefficient 

between  pipe  wall  and  fluid  bulk  under  annular  two  phase  flow  conditions.  The 

previously  proposed  models  for  eddy  diffusivity  in  two‐phase  failed  to  fit  the 

experimental  results  in  two phase  flow mass  transfer.  The  eddy diffusivity  expression 

obtained from present analysis exhibits good agreement with experimental results. 

2‐ Both liquid Re and gas Re affect the mass transfer coefficient but the effect of liquid Re is 

higher than the gas Re. 

3‐ The liquid layer plays the major role in determining the mass transfer coefficient since it 

consists  the  diffusion  boundary  layer  in  the wall  vicinity which  represents  the major 

resistance to mass transfer.  

4‐ The mass transfer coefficient  is strongly affected by  liquid Sc and slightly by gas Sc. The 

void fraction affects the mass transfer coefficient with unstable trend. 

5‐ The void fraction  increases with  increasing gas Re and decreasing  liquid Re.  It  increases 

with liquid temperature increase. 

6‐ The interfacial friction factor increases with increasing liquid superficial Re and decreases 

with increasing gas superficial Re. It decreases with liquid temperature increase. 

7‐  Both wall  shear  stress  and  interfacial  shear  stress  increased with  ResL  and  Resg.  They 

decrease with increasing  liquid temperature.  
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8‐  Both  liquid  superficial  Re  and  gas  superficial  Re  have  slight  effects  on  concentration 

profile  within  the  diffusion  layer.  Beyond  diffusion  layer,  ResL  and  Resg  affect 

concentration profile. 

9‐ The single phase eddy diffusivity models failed in expressing the mass transfer coefficient 

in  two  phase  flow  conditions.  The mass  transfer  coefficient based  on  eddy  diffusivity 

models of Slaiman et. al. [2007] model and Rosen and Tragradh [1995] is found to agree 

well with experimental results. 

 

6.2 Recommendations 

 

For future work the following suggestions are recommended: 

1. It is interesting to perform theoretical analysis for the case of vertical pipe instead of 

horizontal pipe. 

2. Investigation of other flow regimes such slug flow, stratified flow, and bubble flo,  is 

worthwhile. 

3. A study the effect of the presence of heat  flux through pipe wall on the two phase 

mass transfer coefficient is recommended. 

4. A study of the effect of pipe wall roughness on the friction factors, and mass transfer 

is interesting.  
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Appendix A 

Results Single Phase 

 

Table A.1: Values of Sh obtained From Various Eddy Diffusivity Models, Sc=100 

Re Sh 
Lin et al [1953] 
 

Sh 
Johanson 
[1991] 

Sh 
Rosen and 
Tragradh [1995] 

Sh 
Slaiman et al 
[2007] 

5000 93.89 100.707 111.526 117.042 
10000 175.205 187.018 208.114 217.424 
20000 326.944 347.31 388.355 403.909 
40000 610.099 645.003 724.696 750.362 
60000 878.784 926.467 1.044*10^3 1.078*10^3 
80000 1.138*103 1.198*10^3 1.352*10^3 1.394*10^3 
100000 1.392*10^3 1.462*10^3 1.653*10^3 1.702*10^3 

  

Table A.2 : Values of Sh obtained From Various Eddy Diffusivity Models,  

Sc=500 

Re Sh 
Lin et al [1953] 
 

Sh 
Johanson [1991] 

Sh 
Rosen and Tragradh 
[1995] 

Sh 
Slaiman et al 
[2007] 

5000 151.464 179.951 179.193 204.388 
10000 282.642 335.219 334.387 380.801 
20000 527.428 624.459 623.988 709.483 
40000 984.216 1.163*10^3 1.164*10^3 1.322*10^3 
60000 1.418*10^3 1.674*10^3 1.677*10^3 1.902*10^3 
80000 1.837*10^3 2.167*10^3 2.173*10^3 2.463*10^3 
100000 2.245*10^3 2.648*10^3 2.656*10^3 3.009*10^3 

 

Table A.3: Values of Sh obtained From Various Eddy Diffusivity Models, Sc=1000 

Re Sh 
Lin et al [1953] 
 

Sh 
Johanson [1991] 

Sh 
Rosen and Tragradh 
[1995] 

Sh 
Slaiman et al 
[2007] 

5000 188.504 230.082 219.901 258.187 
10000 351.76 428.872 410.349 481.315 
20000 656.408 799.419 765.739 897.272 
40000 1.225*10^3 1.49*10^3 1.429*10^3 1.673*10^3 
60000 1.764*10^3 2.145*10^3 2.058*10^3 2.408*10^3 
80000 2.286*10^3 2.778*10^3 2.666*10^3 3.118*10^3 
100000 2.794*10^3 3.394*10^3 3.26*10^3 3.811*10^3 
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Table A.4: Values of Sh obtained From Various Eddy Diffusivity Models, Sc=3000 

Re Sh 
Lin et al [1953] 
 

Sh 
Johanson [1991] 

Sh 
Rosen and Tragradh 
[1995] 

Sh 
Slaiman et al 
[2007] 

5000 268.888 337.614 304.275 372.532 
10000 501.764 629.668 567.797 694.837 
20000 936.324 1.174*10^3 1.06*10^3 1.296*10^3 
40000 1.747*10^3 2.19*10^3 1.977*10^3 2.417*10^3 
60000 2.517*10^3 3.154*10^3 2.848*10^3 3.481*10^3 
80000 3.26*10^3 4.085*10^3 3.69*10^3 4.509*10^3 
100000 3.986*10^3 4.993*10^3 4.51*10^3 5.511*10^3 
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Appendix B 

Results of Two Phase Calculations 

 

 

Table B‐1: Values of Void Fraction at different ResL and Resg From Various Authors, TL=25. 

ResL Resg α 
Hart et al 1989 

Zivi [1968] Chisholm[1983] 

1000 5000 0.757 0.894 0.902 
2000 5000 0.664 0.808 0.864 
3000 5000 0.602 0.737 0.837 
4000 5000 0.556 0.678 0.815 
5000 5000 0.52 0.627 0.796 
6000 5000 0.49 0.584 0.779 

10000 5000 0.406 0.457 0.727 
20000 5000 0.3 0.296 0.641 

 

Table B.2: Values of Void Fraction at different ResL and Resg From Various Authors, TL=25. 

ResL Resg α 
Hart et al 1989 

Zivi [1968] Chisholm[1983] 

1000 10000 0.861 0.944 0.932 
2000 10000 0.798 0.894 0.902 
3000 10000 0.752 0.849 0.881 
4000 10000 0.715 0.808 0.864 
5000 10000 0.684 0.771 0.85 
6000 10000 0.657 0.737 0.837 

10000 10000 0.577 0.624 0.796 
20000 10000 0.461 0.457 0.727 
40000 10000 0.384 0.296 0.64 

 

Table B.3: Values of Void Fraction at different ResL and Resg From Various Authors, TL=25. 

ResL Resg α 
Hart et al 

1989 

Zivi [1968] Chisholm[1983] Chen and 
Spedding 

1980 
1000 20000 0.926 0.971 0.954  
2000 20000 0.888 0.944 0.932 0.956 
3000 20000 0.858 0.918 0.916  
4000 20000 0.834 0.894 0.902  
5000 20000 0.812 0.871 0.891 0.92 
6000 20000  0.793 0.849 0.881  

10000 20000 0.732 0.771 0.85 0.853 
20000 20000 0.631 0.627 0.796 0.72 
40000 20000 0.517 0.457 0.727 0.48 

 

 

Table B.4: Values of Void Fraction at different ResL and Resg From Various Authors, TL=40 C. 

B‐1 



ResL Resg α 
Hart et al 1989 

Zivi [1968] Chisholm[1983] 

1000 10000 0.906 0.963 0.947 
2000 10000 0.859 0.928 0.922 
4000 10000 0.795 0.886 0.889 
5000 10000 0.77 0.838 0.877 

10000 10000 0.678 0.722 0.831 
20000 10000 0.569 0.565 0.771 
40000 10000 0.452 0.393 0.696 

 

 

Table B.5: Values of Void Fraction at different ResL and Resg From Various Authors, TL=40 C. 

ResL Resg α 
Hart et al 

1989 

Zivi [1968] Chisholm[1983] Dukler 

1000 20000  0.95 0.981 0.965  
2000 20000 0.924 0.963 0.947 0.978 
4000 20000 0.886 0.928 0.922  
5000 20000 0.87 0.912 0.912 0.949 

10000 20000 0.808 0.838 0.877 0.905 
20000 20000 0.725 0.722 0.831 0.802 
40000 20000 0.622 0.565 0.772 0.663 

 

Table B.6: Values of Void Fraction at different ResL and Resg From Various Authors, TL=40 C. 

ResL Resg α 
Hart et al 1989 

Zivi [1968] Chisholm[1983] 

1000 40000  0.975 0.99 0.979 
2000 40000 0.961 0.981 0.965 
4000 40000 0.939 0.963 0.947 
5000 40000 0.93 0.954 0.939 

10000 40000 0.894 0.912 0.912 
20000 40000 0.841 0.838 0.877 
40000 40000 0.767 0.722 0.831 
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Table B.7: Values of Void Fraction at different ResL and Resg From Various Authors, TL=60 C. 

ResL Resg α 
Hart et al 1989 

Zivi [1968] Chisholm[1983] 

1000 10000 0.929 0.973 0.956 
2000 10000 0.893 0.947 0.934 
4000 10000 0.841 0.899 0.905 
5000 10000 0.82 0.87 0.894 

10000 10000 0.742 0.78 0.853 
20000 10000 0.644 0.639 0.80 
40000 10000 0.53 0.47 0.732 

 

 

 

Table B.8: Values of Void Fraction at different ResL and Resg From Various Authors, TL=60 C. 

ResL Resg α 
Hart et al 

1989 

Zivi [1968] Chisholm[1983] Chen and 
Spedding 

1980 

1000 20000  0.963 0.986 0.972  
2000 20000 0.944 0.973 0.96 0.984 
4000 20000 0.914 0.947 0.934  
5000 20000  0.901 0.934 0.925 0.963 

10000 20000 0.852 0.876 0.894 0.93 
20000 20000 0.783 0.78 0.853 0.869 
40000 20000 0.693 0.639 0.80 0.754 

 

 

 

Table B.9: Values of Void Fraction at different ResL and Resg From Various Authors, TL=60 C. 

 

ResL Resg α 
Hart et al 

1989 

Zivi [1968] Chisholm[1983] Chen and 
Spedding 

1980 

1000 80000  0.991 0.996 0.991  
2000 80000 0.985 0.993 0.983 0.996 
4000 80000 0.977 0.986 0.972  
5000 80000 0.973 0.983 0.967 0.99 

10000 80000 0.958 0.966 0.949 0.982 
20000 80000 0.935 0.934 0.925 0.967 
40000 80000  0.9 0.876 0.894 0.938 
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Table B.10: Values of fwL, fi, τw, and  τi at various ResL for Resg=20000 and  TL=25 C. 

ResL α (Chisholm 
1983) 

fwL×103 fi τw 
N/m2 

τi 
N/m2 

10000 0.85 7.291 0.081 1.161 0.67 
20000 0.79 6.35 0.109 3.04 1.03 
40000 0.727 5.53 0.147 5.93 1.669 
60000 0.679 5.1 0.174 8.88 2.27 

 

Table B.10 Values of fwL, fi, τw, and  τi at various ResL for Resg=80000, T=25,  

ResL (Chisholm 
1983) 

fwL× 103 fg× 103 fi τw 
N/m2 

τi 
N/m2 

5000       
10000 0.923 7.291 4.81 0.033 6.191 3.732 
20000 0.891 6.347 4.81 0.045 10.722 5.478 
40000 0.85 5.525 4.81 0.061 19.516 8.179 
60000 0.82 5.095 4.81 0.073 28.208 10.471 
       
 

Table B.11: Values of fwL, fi, τw, and  τi at various ResL Resg=80000 and T=40 C 

ResL α (Chisholm 
1983) 

fwL×103 fg×103 fi τw 
N/m2 

τi 
N/m2 

10000 0.939 7.291 4.81 0.027 4.15 2.952 
20000 0.912 6.347 4.81 0.037 6.9 4.31 
40000 0.877 5.525 4.81 0.051 12.2 6.36 
60000 0.851 5.095 4.81 0.061 17.4 8.06 
 

 

Table B.12 Values of fwL, fi, τw, and  τi at various ResL Resg=100000, T=25,  

ResL α (Chisholm 
1983) 

fwL× 103 fg× 103 fi τw 
N/m2 

τi 
N/m2 

       
10000 0.932 7.291 4.6 0.029 7.86 4.938 
20000 0.902 6.347 4.6 0.039 13.3 7.22 
40000 0.864 5.525 4.6 0.053 23.9 10.7 
60000 0.837 5.095 4.6 0.063 34.3 13.6 
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Table B.13:  Values of Sh at various ResL and Resg for ScL=490 as Compared with other Correlations 

ResL Resg α(Chisholm 
1983) 

Sh (present) Sh Wang et al 
(2002) 

Sh Wang and 
Nesic (2003) 

1000 80000 0.983 312.7 284.1 291.1 
2000 80000 0.971 467.5 433.6 438.1 
4000 80000 0.948 696.9 661.7 659.5 
5000 80000 0.923 791.8 758.2 752.3 

10000 80000 0.983 1174 1157 1132 
20000 80000 0.891 1728 1766 1705 
40000 80000 0.85 2515 2696 2566 

 

Table B.14:   Values of Sh at various ResL and Resg for ScL=490 as Compared with other Correlations 

ResL Resg α (Chisholm 
1983) 

Sh Present Sh Wang 
et al 
(2002) 

Sh Wang and 
Nesic (2003) 

2000 20000 0.932 320.9 433 438 
5000 20000 0.891 538 758 752 

10000 20000 0.85 789 1157 1132 
20000 20000 0.796 1140 1766 1705 
40000 20000 0.727 1611 2696 2566 

 

Table B.15:   Values of Sh at various ResL and Resg for ScL=490 as Compared with other Correlations. 

ResL Resg Kim and 
Ghajar 2006 

Sh Present Sh 
Wang 
et al 
(2002) 

Sh Wang 
and Nesic 
(2003) 

2000 40000 0.945 387 433 438 
5000 40000 0.923 654 758 752 

10000 40000 0.891 964 1157 1132 
20000 40000 0.85 1409 1766 1705 
40000 40000 0.796 2026 2696 2566 

 

Table B.16:   Values of Sh at various ResL and Resg for ScL=490 as Compared with other Correlations 

ResL Resg Kim and 
Ghajar 2006 

Sh present Sh Wang et 
al (2002) 

Sh Wang and 
Nesic (2003) 

2000 100000 0.975 496 433 438 
5000 100000 0.954 841 758 752 

10000 100000 0.932 1249 1157 1132 
20000 100000 0.902 1842 1766 1705 
40000 100000 0.864 2690 2696 2566 
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Table B.17: Values of Sh at various ResL and Resg for ScL=216 as Compared with other Correlations 

ResL Resg α Sh (present) Sh Wang et al 
(2002) 

Sh Wang and 
Nesic (2003) 

1000 80000 0.988 237.6 216.8 222.1 
2000 80000 0.979 354.9 330.9 334.4 
4000 80000 0.965 527.9 505 503.3 
5000 80000 0.96 599.2 578.7 574.1 

10000 80000 0.939 883.3 883.1 864.2 
20000 80000 0.912 1288 1348 1301 
40000 80000 0.877 1846 2057 1958 

 

Table B.18: Values of Sh at various ResL and Resg for ScL=216 as Compared with other Correlations 

ResL Resg Kim and Ghajar 
2006 

Sh present 

2000 20000 0.947 243 
5000 20000 0.912 405 

10000 20000 0.877 586 
20000 20000 0.831 831 
40000 20000 0.772 1142 

 

Table B.19: Values of Sh at various ResL and Resg for ScL=216 as Compared with other Correlations 

ResL Resg Kim and Ghajar 
2006 

Sh present 

2000 40000 0.965 294 
5000 40000 0.939 493 

10000 40000 0.912 722 
20000 40000 0.877 1041 
40000 40000 0.831 1465 

 

Table B.20: Values of Sh at various ResL and Resg for ScL=216 as Compared with other Correlations. 

ResL Resg Kim and Ghajar 
2006 

Sh present 

2000 100000 0.982 377 
5000 100000 0.965 637 

10000 100000 0.947 941 
20000 100000 0.922 1376 
40000 100000 0.889 1982 
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Table B.21:   Values of Sh at various ResL and Resg for ScL=98 as Compared with other Correlations 

ResL Resg α Sh (present) Sh Wang et al 
(2002) 

Sh Wang and 
Nesic (2003) 

1000 80000 0.991 182.7 167.4 171.5 
2000 80000 0.983 272.2 255.4 258.1 
4000 80000 0.972 403.2 389 388.5 
5000 80000 0.967 456.7 446.7 443.2 

10000 80000 0.949 667.1 681 667 
20000 80000 0.925 957.9 1041 1004 
40000 80000 0.894 1341 1589 1512 

 

Table B.22: Values of Sh at various ResL and Resg for ScL=98 as Compared with other Correlations 

ResL Resg Kim and Ghajar 
2006 

Sh 
Present Work 

2000   185 
5000 20000 0.925 305 

10000 20000 0.894 434 
20000 20000 0.853 598 
40000 20000 0.80 788 

 

Table B.23: Values of Sh at various ResL and Resg for ScL=98 as Compared with other Correlations. 

ResL Resg Kim and Ghajar 
2006 

Sh (present) 

2000 100000 0.986 289 
5000 100000  0.972 486 

10000 100000 0.956 712 
20000 100000 0.934 1028 
40000 100000 0.905 1449 
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Table B.24:Variation of Concentration with Z at Resg=40000 and ScL=490  

Z C* 
ResL=5000 

C* 
ResL=10000 

C* 
ResL=20000 

C* 
ResL=40000 

0.00001 0.043 0.045 0.047 0.05 
0.00002 0.086 0.089 0.094 0.1 
0.00003 0.129 0.134 0.144 0.15 
0.00005 0.214 0.22 0.234 0.248 
0.0001 0.415 0.429 0.449 0.469 
0.0002 0.702 0.713 0.726 0.73 
0.0003 0.837 0.839 0.838 0.826 
0.0005 0.928 0.922 0.91 0.885 
0.001 0.971 0.961 0.942 0.911 
0.0022 0.983 0.971 0.953 0.926 
0.003 0.985 0.974 0.957 0.932 
0.005 0.988  0.963 0.941 
0.008 0.991 0.983 0.97 0.95 
0.01 0.992 0.985 0.973 0.955 
0.03   0.987 0.976 
0.05  0.999 0.994 0.985 
0.1    0.999 

 

 

Table B.25:Variation of Concentration with Z at Resg=80000 and ScL=490  

Z C* 
ResL=5000 

 

C* 
ResL=10000 

 

C* 
ResL=20000 

 

C* 
ResL=40000 

 
0.00001 0.076 0.077 0.08 0.084 
0.00002 0.152 0.154 0.16 0.168 
0.00003 0.228 0.23 0.238 0.25 
0.00005 0.373 0.376 0.388 0.406 
0.0001 0.655 0.657 0.668 0.681 
0.0002 0.879 0.875 0.872 0.681 
0.0003 0.939 0.933 0.924 0.907 
0.0005 0.972 0.964 0.951 0.93 
0.001 0.986 0.977 0.963 0.942 
0.0022 0.99 0.982 0.097 0.952 
0.003 0.991 0.984 0.0973 0.956 
0.005 0.993 0.987 0.0978 0.963 
0.008     
0.01 0.996 0.992 0.984 0.972 
0.03  0.998 0.994 0.987 
0.05   0.999 0.994 
0.1     
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Table B.26:Variation of Concentration with Z at Resg=100000 and ScL=490  

Z C* 
ResL=10000 

 
0.00001 0.092 
0.00002 0.184 
0.00003 0.274 
0.00005 0.445 
0.0001 0.73 
0.0002 0.908 
0.0003 0.949 
0.0005 0.974 
0.001 0.981 
0.0022 0.984 
0.003 0.987 
0.005 0.989 

 

 

 

Table B.27:Variation of Concentration with Z at ResL=20000 and Resg=80000,  

Z C* 
ScL=490 

 

C* 
ScL=216 

 

C* 
ScL=98 

 
0.00001 0.08 0.074 0.064 
0.00002 0.16 0.147 0.129 
0.00003 0.238 0.22 0.193 
0.00005 0.388 0.36 0.316 
0.0001 0.668 0.63 0.561 
0.0002 0.872 0.842 0.792 
0.0003 0.924 0.897 0.855 
0.0005 0.951 0.928 0.891 
0.001 0.963 0.942 0.91 
0.0022 0.97 0.954 0.929 
0.003 0.973 0.959 0.937 
0.005 0.978 0.966 0.95 
0.008  0.974 0.961 
0.01  0.977 0.967 
0.03  0.994 0.994 
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Table B.27 : Values of Sh As obtained From Two Phase eddy Diffusivity Model 

 at Resg=40000 and Sc=490 

ResL Present  Wang and 
Nesic 
Model2003 

Sato 
el[1981] –
Welle 
[1981] 

Sato et 
al [ 
1981] 

 

Wang 
Correlation 

Wang and 
Nesic 
Correlaion  

5000 654 721 916 1725 758 752 
10000 964 1312 2111 1868 1157 1132 
20000 1409 2375 4511 2303 1766 1795 
40000 2026 4294 9426 2877 2696 2566 
 

Table B.28  :Values of Sh As obtained From Two Phase eddy Diffusivity Model 

at Resg=80000, Sc=490 

ResL Present  Wang and 
Nesic 
Model2003 

Sato 
el[1981] –
Welle 
[1981] 

Sato et 
al [ 
1981] 

 

Wang 
Correlation 

Wang and 
Nesic 
Correlaion  

5000 791.8 726 657 - 758 752 
10000 1174 1323 1604 3175 1157 1132 
20000 1727 2406 2745 3491 1427 1705 
40000 2515 4361 4102 8344 2696 2566 
 

Table B.29  :Values of Sh As obtained From Two Phase eddy Diffusivity Model 

at Resg=40000, Sc=216 

ResL Present  Wang and 
Nesic 
Model2003 

Sato 
el[1981] –
Welle 
[1981] 

Sato et 
al [ 
1981] 

 

Wang 
Correlation 

Wang and 
Nesic 
Correlaion  

5000 493.2 569 365 1399 578 574 
10000 722 1036 836 1413 883 864 
20000 1041 1882 1809 1658 1348 1301 
40000 1465 3408 3654 2168 2057 1958 
 

Table B.30   :Values of Sh As obtained From Two Phase eddy Diffusivity Model 

Resg=80000, Sc=216 

ResL Present  
model 

Wang and 
Nesic 
Model2003 

Sato 
el[1981] –
Welle 
[1981] 

Sato et 
al [ 
1981] 

 

Wang 
Correlation 

Wang and 
Nesic 
Correlaion 
[2003]  

5000 599.2 572 260 1500 578.7 574 
10000 883 1044 634 2413 883.1 864 
20000 1288 1901 1480 2615 1348 1301 
40000 1846 3452 3267 3983 2057 1958 
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Table B.31   :Values of Sh As obtained From Two Phase eddy Diffusivity Model 

at Resg=40000, Sc=98 

ResL Present  
model 

Wang and 
Nesic 
Model2003 

Sato 
el[1981] –
Welle 
[1981] 

Sato et 
al [ 
1981] 

 

Wang 
Correlation 

Wang and 
Nesic 
Correlaion 
[2003]  

5000 374 462 160 1085 446 443 
10000 541 842 361.9 1084 681 667 
20000 763 1532 772 1260 1041 1005 
40000 1041 2779 1538 1638 1589 1512 
 

 

Table B.32: Values os Sh at Resg=80000 and Sc=98 

ResL Present  
model 

Wang and 
Nesic 
Model2003 

Sato 
el[1981] –
Welle 
[1981] 

Sato et 
al [ 
1981] 

 

Wang 
Correlation 

Wang and 
Nesic 
Correlaion 
[2003]  

5000 456.8 464 114 - 446.8 443.5 
10000 667 847 275 1874 681.9 667.4 
20000 958.2 1545 637 1990 1041 1005 
40000 1341 2334 1391 2334 1598 1512 
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Appendix C 

Flow Independent Void Fraction (Stratified flow) 

 

Table C.1: Value of Friction Factor for Various Values of ResL and Resg at α=0.9 

ReL Reg ResL Resg fwL fwg 
10000 10000 1000 9× 103 0.012 7.446× 10-3 
10000  20000 1000 1.8× 104 0.012 6.482× 10-3 

10000 40000 1000 3.6× 104 0.012 5.643× 10-3 

10000 60000 1000 5.4× 104 0.012 5.203× 10-3 

10000 80000 1000 7.2× 104 0.012 10-3× 4.912  
10000 100000 1000 9× 104 0.012 4.698× 10-3 

 

Table C.2: Value of Friction Factor for Various Values of ResL and Resg at α=0.9 

ReL Reg ResL Resg fwL fwg 
20000 10000 2000 9× 103 0.01 7.446× 10-3 
20000 20000 2000 1.8× 104 0.01 6.482× 10-3 

20000  40000 2000 3.6× 104 0.01 5.643× 10-3 

20000 60000 2000 5.4× 104 0.01 5.203× 10-3 

20000 80000 2000 7.2× 104 0.01 10-3× 4.912  
20000 100000 2000 9× 104 0.01 4.698× 10-3 

 

Table C.3: Value of Friction Factor for Various Values of ResL and Resg at α=0.9 

ReL Reg ResL Resg fwL fwg 
40000 10000 4000 9×103 8.757×10-3 7.446×10-3 
40000 20000 4000 1.8×104 8.757×10-3 6.482×10-3 

40000 40000 4000 3.6×104 8.757×10-3 5.643×10-3 

40000  60000 4000 5.4×104 8.757×10-3 5.203×10-3 

40000 80000 4000 7.2×104 8.757×10-3 10-3×4.912  
40000 100000 4000 9×104 8.757×10-3 4.698×10-3 

 

Table C.4: Value of Friction Factor for Various Values of ResL and Resg at α=0.9 

ReL Reg ResL Resg fwL fwg 
60000 10000 6000 9×103 8.075×10-3 7.446×10-3 
60000 20000 6000 1.8×104 8.075×10-3 6.482×10-3 

60000 40000 6000 3.6×104 8.075×10-3 5.643×10-3 

60000 60000 6000 5.4×104 8.075×10-3 5.203×10-3 

60000 80000 6000 7.2×104 8.075×10-3 10-3×4.912  
60000  100000 6000 9×104 8.075×10-3 4.698×10-3 

 

Table C.5: Value of Friction Factor for Various Values of ResL and Resg at α=0.8 

ReL Reg ResL Resg fwL fwg 
10000 10000 0002 8× 103 0.01  7.623× 10-3 
10000 20000 0002 1.6× 104 0.01 6.636× 10-3 

10000 40000 0002 3.2× 104 0.01 5.777× 10-3 

10000 60000 0002  4.8× 104 0.01 5.327× 10-3 

10000 80000 0002 6.4× 104 0.01 10-3× 5.029  
10000  100000 0002 8× 104 0.01 4.81× 10-3 
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Table C.5: Value of Friction Factor for Various Values of ResL and Resg at α=0.8 

ReL Reg ResL Resg fwL fwg 
20000 10000 4000 8× 103 8.757× 10-3 7.623× 10-3 
20000 20000 4000 1.6× 104 8.757× 10-3 6.636× 10-3 

20000 40000 4000 3.2× 104 8.757× 10-3 5.777× 10-3 

20000 60000 4000 4.8× 104 8.757× 10-3 5.327× 10-3 

20000 80000 4000 6.4× 104 8.757× 10-3 10-3× 5.029  
20000  100000 4000 8× 104 8.757× 10-3 4.81× 10-3 

 

 

Table C.6: Value of Friction Factor for Various Values of ResL and Resg at α=0.8 

ReL Reg ResL Resg fwL fwg 
40000 10000 8000 8×103 7.623×10-3 7.623×10-3 
40000 20000 8000 1.6×104 7.623×10-3 6.636×10-3 

40000 40000 8000 3.2×104 7.623×10-3 5.777×10-3 

40000 60000 8000 4.8×104 7.623×10-3 5.327×10-3 

40000 80000 8000 6.4×104 7.623×10-3 10-3×5.029  
40000  100000 8000 8×104 7.623×10-3 4.81×10-3 

 

Table C.7: Value of Friction Factor for Various Values of ResL and Resg at α=0.8 

ReL Reg ResL Resg fwL fwg 
60000 10000 12000 8×103 7.029×10-3 7.623×10-3 
60000 20000 12000 1.6×104 7.029×10-3 6.636×10-3 

60000 40000 12000 3.2×104 7.029×10-3 5.777×10-3 

60000 60000 12000 4.8×104 7.029×10-3 5.327×10-3 

60000 80000 12000 6.4×104 7.029×10-3 10-3×5.029  
60000 100000 12000 8×104 7.029×10-3 4.81×10-3 

 

Table C.8: Value of Friction Factor for Various Values of ResL and Resg at α=0.7 

ReL Reg ResL Resg fwL fwg 
10000 10000 0003 7×103 9.275×10-3 7.83×10-3 
10000 20000 0003 1.4×104 9.275×10-3 6.816×10-3 

10000 40000 0003 2.8×104 9.275×10-3 5.934×10-3 

10000 60000 0003 4.2×104 9.275×10-3 5.472×10-3 

10000 80000 0003 5.6×104 9.275×10-3 10-3×5.166  
10000 100000 0003 7×104 9.275×10-3 4.94×10-3 

 

Table C.9: Value of Friction Factor for Various Values of ResL and Resg at α=0.7  

ReL Reg ResL Resg fwL fwg 
20000 10000 6000 7× 103 8.075× 10-3 7.83× 10-3 
20000 20000 6000 1.4× 104 8.075× 10-3 6.816× 10-3 

20000 40000 6000 2.8× 104 8.075× 10-3 5.934× 10-3 

20000 60000 6000 4.2× 104 8.075× 10-3 5.472× 10-3 

20000 80000 6000 5.6× 104 8.075× 10-3 10-3× 5.166  
20000 100000 6000 7× 104 8.075× 10-3 4.94× 10-3 
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Table C.10: Value of Friction Factor for Various Values of ResL and Resg at α=0.7. 

ReL Reg ResL Resg fwL fwg 
40000 10000 12000 7× 103 7.029× 10-3 7.83× 10-3 
40000 20000 12000 1.4× 104 7.029× 10-3 6.816× 10-3 

40000 40000 12000 2.8× 104 7.029× 10-3 5.934× 10-3 

40000 60000 12000 4.2× 104 7.029× 10-3 5.472× 10-3 

40000  80000 12000 5.6× 104 7.029× 10-3 10-3× 5.166  
40000 100000 12000 7× 104 7.029× 10-3 4.94× 10-3 

 

Table C.11: Value of Friction Factor for Various Values of ResL and Resg at α=0.7 

ReL Reg ResL Resg fwL fwg 
60000 10000 18000 7×103 6.482×10-3 7.83×10-3 
60000 20000 18000 1.4×104 6.482×10-3 6.816×10-3 

60000 40000 18000 2.8×104 6.482×10-3 5.934×10-3 

60000 60000 18000 4.2×104 6.482×10-3 5.472×10-3 

60000 80000 18000 5.6×104 6.482×10-3 10-3×5.166  
60000  100000 18000 7×104 6.482×10-3 4.94×10-3 

 

Table C.12: Value of Shear Stress and interfacial Friction Factor for Various Values of ResL and Resg at α=0.9 

ReL Reg τwL τwg τi fi 
10000 10000 0.058 3.139×10-3 0.055 0.167 
10000 20000 0.058 0.011 0.053 0.036 

10000 40000 0.058 0.038 0.047 7.361×10-3 

10000 60000 0.058 0.079 0.037 2.558×10-3 

10000 80000 0.058 0.133 0.025 10-4×9.519  
10000 100000 0.058 0.198 9.796×10-3 2.379×10-4 

 

Table C.13: Value of Shear Stress and interfacial Friction Factor for Various Values of ResL and Resg at α=0.9   

ReL Reg τwL τwg τI fI 
20000 10000 0.201 3.139× 10-3 0.193 0.786 
20000 20000 0.201 0.011 0.191 0.146 

20000 40000 0.201 0.038 0.185 0.031 

20000 60000 0.201 0.079 0.175 0.013 

20000 80000 0.201 0.133 0.163 10-3× 6.408  
20000 100000 0.201 0.198 0.148 3.675× 10-3 

 

Table C.14: Value of Shear Stress and interfacial Friction Factor for Various Values of ResL and Resg at α=0.9 

ReL Reg τwL τwg τI fI 
40000 10000 0.701 3.139×10-3 0.673 5.777 
40000 20000 0.701 0.011 0.671 0.684 
40000 40000 0.701 0.038 0.665 0.127 
40000 60000 0.701 0.079 0.655 0.051 
40000 80000 0.701 0.133 0.643 0.027 
40000 100000 0.701 0.198 0.628 0.016 
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Table C.15: Value of Shear Stress and interfacial Friction Factor for Various Values of ResL and Resg at α=0.9 

ReL Reg τwL τwg τI fI 
60000 10000 1.453 3.139× 10-3 1.397 39.83 
60000 20000 1.453 0.011 1.395 1.993 
60000 40000 1.453 0.038 1.389 0.305 
60000 60000 1.453 0.079 1.379 0.117 
60000 80000 1.453 0.133 1.367 0.061 
60000 100000 1.453 0.198 1.352 0.037 

 

Table C.16: Value of Shear Stress and interfacial Friction Factor for Various Values of ResL and Resg at α=0.8 

ReL Reg τwL τwg τI fI 
10000 10000 0.05 3.214×10-3 0.056 0.171 
10000 20000 0.05 0.011 0.053 0.035 

10000 40000 0.05 0.039 0.043 6.807×10-3 

10000 60000 0.05 0.081 0.029 1.962×10-3 

10000 80000 0.05 0.136 9.45×10-3 10-4×3.608  
10000 100000 0.05 0.203 -0.014 -3.396×10-4 

 

Table C.17: Value of Shear Stress and interfacial Friction Factor for Various Values of ResL and Resg at α=0.8. 

  ReL Reg τwL τwg τI fI 
20000 10000 0.175 3.214×10-3 0.197 0.802 
20000 20000 0.175 0.011 0.194 0.148 

20000 40000 0.175 0.039 0.184 0.031 

20000 60000 0.175 0.081 0.17 0.012 

20000 80000 0.175 0.136 0.151 10-3×5.926  
20000 100000 0.175 0.203 0.127 3.164×10-3 

 

Table C.18: Value of Shear Stress and interfacial Friction Factor for Various Values of ResL and Resg at α=0.8 

ReL Reg τwL τwg τI fI 
40000 10000 0.61 3.214× 10-3 0.688 5.909 
40000 20000 0.61 0.011 0.685 0.699 
40000 40000 0.61 0.039 0.676 0.129 
40000 60000 0.61 0.081 0.661 0.051 
40000 80000 0.61 0.136 0.642 0.027 
40000 100000 0.61 0.203 0.618 0.016 

 

Table C.19: Value of Shear Stress and interfacial Friction Factor for Various Values of ResL and Resg at α=0.8. 

ReL Reg τwL τwg τI fI 
60000 10000 1.265 3.214×10-3 1.429 40.754 
60000 20000 1.265 0.011 1.426 2.038 
60000 40000 1.265 0.039 1.417 0.311 
60000 60000 1.265 0.081 1.402 0.119 
60000 80000 1.265 0.136 1.383 0.062 
60000 100000 1.265 0.203 1.359 0.037 
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Table C.20: Value of Shear Stress and interfacial Friction Factor for Various Values of ResL and Resg at α=0.7. 

ReL Reg τwL τwg τI fI 
10000 10000 0.046 3.301×10-3 0.055 0.167 
10000 20000 0.046 0.011 0.051 0.034 

10000 40000 0.046 0.04 0.039 6.137×10-3 

10000 60000 0.046 0.083 0.021 1.41×10-3 

10000 80000 0.046 0.139 -3.565×10-3 10-4× -1.361  
10000 100000 0.046 0.208 -0.033 -8.033×10-4 

 

Table C.21: Value of Shear Stress and interfacial Friction Factor for Various Values of ResL and Resg at α=0.7 

ReL Reg τwL τwg τI fI 
20000 10000 0.161 3.301×10-3 0.194 0.791 
20000 20000 0.161 0.011 0.19 0.145 

20000 40000 0.161 0.04 0.178 0.03 

20000 60000 0.161 0.083 0.16 0.011 

20000 80000 0.161 0.139 0.136 10-3×5.343  
20000 100000 0.161 0.208 0.106 2.644×10-3 

 

Table C.22: Value of Shear Stress and interfacial Friction Factor for Various Values of ResL and Resg at α=0.7. 

ReL Reg τwL τwg τI fI 
40000 10000 0.562 3.301× 10-3 0.679 5.831 
40000 20000 0.562 0.011 0.676 0.688 
40000 40000 0.562 0.04 0.663 0.127 
40000 60000 0.562 0.083 0.645 0.05 
40000 80000 0.562 0.139 0.621 0.026 
40000 100000 0.562 0.208 0.591 0.015 

 

Table C.23: Value of Shear Stress and interfacial Friction Factor for Various Values of ResL and Resg at α=0.7. 

ReL Reg τwL τwg τI fI 
60000 10000 1.167 3.301× 10-3 1.41 40.222 
60000 20000 1.167 0.011 1.407 2.01 
60000 40000 1.167 0.04 1.395 0.306 
60000 60000 1.167 0.083 1.376 0.117 
60000 80000 1.167 0.139 1.352 0.06 
60000 100000 1.167 0.208 1.323 0.036 
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Appendix D 

Sample of Calculations 

To estimate Sh at ResL=20000 and Resg=20000 at 40 
oC using Eq. (4.58). 

The physical properties of air and water are taken from Perry and Chilton [1997]. 

At 40 oC 

ρL of water= 991.5 kg/m
3 

ρg of air  = 1.2 kg/m
3 

µL of water=0.645×10
‐3 kg/m.s 

µg of air  = 1.9×10
‐5 kg/m.s 

Diffusivity of O2 in water (DL )= 3×10
‐9 m2/s 

 Diffusivity of O2 in air (Dg)= 3×10
‐5 m2/s 

LL

L
L D

Sc
ρ
µ

= =216.1 

usL= dL

LsL

ρ
µRe

=0.13 m/s 

usL= dL

LsL

ρ
µRe

=3.167 

The void fraction is obtained from Eq. (3.43) 
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=40.28 kg/m3 

Hence from Eq. (3.43) 

831.0=α  

The liquid layer height is 

hL=(1‐ α )R                  (4.32) 

hL=(1‐ 831.0 )×0.05=0.00443 m=0.443 cm 

The hydraulic diameter  

dhL= α)d(1
πd

2d
4
πα)4(1

−=
−

                (4.33) 

=(1‐0.831) ×0.1=0.017 m= 1.7 cm 

The thickness of diffusion layer 

δ=25ResL
‐7/8 dhL                                   (4.50) 

δ=7.299×10‐5 m 

Z2=hL/R=0.089 

Z1= δ/R=1.46×  10‐4 

B=0.012Resg
0.8/z2                                   (4.54) 

B=0.012(20000)0.8/0.089=373 

A=B/z1
 2=0.012Resg

0.8/z1
2 z2                                        (4.55) 

A=1.754 ×108 

By substitution of above values in Eq. (4.67):                  D‐2 
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and performing the integration, Sh= 813. 
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  الخلاصة

تم اجراء دراسة نظرية لتحليل انتقال الكتلة والاجهاد القصѧي لجريѧان اضѧطرابي ثنѧائي الطѧور غѧاز سѧائل        

تѧم حسѧاب ومناقشѧة معامѧل     . باتجاه واحد في انبوب افقي باستخدام مفهوم الانتشѧارية الدواميѧة  ) ماء -هواء(

رينولѧѧدز الظѧѧاهري للسѧѧائل والغѧѧاز وعѧѧدد شѧѧمدت للسѧѧائل ودرجѧѧة     انتقѧѧال الكتلѧѧة لمѧѧديات واسѧѧعة مѧѧن عѧѧدد    

د اسѧطح  آذلك تمѧت دراسѧة وحسѧاب الاجهѧادات القصѧية ومعѧاملات الاحتكѧاك عنѧد الجѧدار وعنѧ          .  الحرارة

تѧѧم تقسѧѧيم تغيѧѧر . البينѧѧي للسѧѧائل والغѧѧاز باسѧѧتخدام علاقѧѧات عمليѧѧة ونظريѧѧة مقترحѧѧة للجريѧѧان الثنѧѧائي الطѧѧور 

آمѧѧا تѧѧم الحصѧѧول علѧѧى . الانتشѧѧارية الدواميѧѧة الѧѧى منطقتѧѧين رئيسѧѧتين الاولѧѧى فѧѧي السѧѧائل والثانيѧѧة فѧѧي الغѧѧاز 

تمѧت دراسѧة   . تقѧال الكتلѧة علѧى التѧوالي    نموذج جديد  للانتشѧارية الدواميѧة باسѧتخدام مبѧدأ ثѧلاث مقѧاوات لان      

رينولѧدز الظѧاهري للسѧائل والغѧاز وعѧدد شѧمدت للسѧائل ودرجѧة الحѧرارة علѧى معامѧل            عѧدد  ومناقشة تأثير 

اثبتت صحة النتائج عن طريق مقارنتها بنتائج عملية لباحثين  أخѧرين مستحصѧلة مѧن دراسѧة     . انتقال الكتلة

  .لطورجريان اضطرابي ثنائي االتاآل تحت ظروف 

عѧدد  آѧذلك زيѧادة   . دلت النتائج على ان الانتشارية الدواميѧة هѧي طريقѧة آفوئѧة للتنبѧؤ بمعامѧل انتقѧال الكتلѧة        

رينولدز الظاهري للسائل والغاز يؤدي الى زيادة معامل انتقال الكتلة وزيادة عدد شمدت للسائل يؤدي الѧى  

رينولѧدز  عѧدد  آѧذلك زيѧادة   . آبر من تأثير الغاززيادة معامل انتقال الكتلة ويكون تأثير عدد شمدت للسائل ا

  .الظاهري للسائل والغاز ودرجة الحرارة يؤثر على الاجهدات القصية ومعامل الاحتكاك

  

 

 

 

 

 

 

 

 

 



  

  شكر وتقدير

اولا وقبل آل شѧيء الحمѧد والشѧكر الله علѧى تمѧام الصѧحة وقѧوة الإيمѧان التѧي سѧاعدتني علѧى تخطѧي جميѧع الصѧعاب التѧي                

  .فترة البحث واجهتها طيلة

    

لمѧا قدمѧه لѧي مѧن اهتمѧام       باسѧم عبيѧد حسѧن   . د.م .ا اود ان اعبر عن خالص شكري وتقديري وعرفاني بالجميѧل للمشѧرف  

  .آبيروجهد بالغ ولما ابداه من توجيهات قيمة ساعدت على انجاز هذا العمل

  

  . ابي لا  انسى ان  اشكر من رباني على طريق الخير و المعرفة  من شرفني بحمل اسمه

    

ولا انسѧѧѧѧѧى ان اتقѧѧѧѧѧدم بجزيѧѧѧѧѧل الشѧѧѧѧѧكر والتقѧѧѧѧѧدير الѧѧѧѧѧى  رفيѧѧѧѧѧق دربѧѧѧѧѧي  الѧѧѧѧѧى مѧѧѧѧѧن سѧѧѧѧѧاندني  و وقѧѧѧѧѧف الѧѧѧѧѧى جѧѧѧѧѧانبي          

  .طوال فترة البحث زوجي

  .ولا انسى اعز من في الوجود  امي و اخوتي

  

  

  

  

  عشتار زآي صادق. م

  

  

  

  

  

  

  



  

  

ات يالتنبؤ بمعامل انتقال الكتلة تحت ظروف جريان ثنائي الطور باستخدام نظر
  الانتشار الاضطرابي

  

  

  رسالة

مقدمة الى آلية الهندسة في جامعة النهرين وهي جزء من متطلبات نيل درجة ماجستير 
  علوم في الهندسة الكيمياوية

  

  من قبل

  عشتار زآي صادق

  )٢٠٠٤في الهندسة الكيمياوية  علوم بكالوريوس(

  

  

  

  ١٤٢٨                                               ذو الحجة

  ٢٠٠٨                                           آانون الثاني 

 


