APPENDI X (A)

A.1 THE JORDAN FORM [32]

We saw that the representation of the transition matrix can be

facilitated by the diagonalizing the matrix A. Thisdiagonalization is
not possible if the nxn matrix A does not have n linearly independent
characteristic vectors. In thiscase, however it is possible to bring A into
the so-called Jordan normal form which is amost diagonal and from
which the transition matrix can easily be obtained.

We first recall a few facts from linear algebra. If M is a matrix,
the null spase of M is defined as

N(M) ={x:x0¢",Mx =0} (A1)
where /" is the n-dimensional complex vector space. Furthermore, if M,
and M, are two linear subspaces of an n-dimensional space, a linear
subspace M, is said to be the direct sum of M,; and M,, written as

M, =M, 0M, (A.2)
if any vector x; UM, can be written in one and only one way as

X3 =% + X, where x, UM, and x, M,.

Theorem (A.1) :[32]
Suppose that the nxn matrix A has k distinct characteristic

values A;,i=12,...,k. Let the multiplicity of each characteristic value

A in the characteristic polynomial of A be given by m.
Define

Mi=(A-A1" (A.3)
and let
Ni=N(M) (A.4)
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Then
(@) The dimension of the linear subspace N; is m, i=12,..,Kk;
(b) The whole n-dimensional complex space /" is the direct sum
of the null spaces N;, i =212,....,k ,that is
/" = Np ON, O... 0N (A.5)
When the matrix A has n distinct characteristic values, the null spaces

N; reduced to one-dimensional subspaces each of which is spanned

by a characteristic vector of A.

Theorem (A.2) :[32]

Consider the matrix A with the same notation as in the theorem

(A.1). Then it is aways possible to find a nonsingular transformation

matrix T which can be partitioned as

T=(Ty, T ..., To) (A.6)
such that
A=TJT™ (A.7)
where
J=diag(J;1, X, ... k) (A.8)

The block J; has dimensions mx my, i =1,2,...,k and the partitioning of
T matches that J . The columns of T; form a specialy chosen basis
for the null space N;, 1 =12,...,k. The blocks J, can be subpartitioned
as

J=diag (Ji1, 2, . Jiy) (A.9)

where each subblock J; is of theform
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A 1 0
O A4 1 0
Jj =l e e (A.10)
o -~ 0 A4 1
0 - - 0 A

J is caled the Jordan nomal form of A.

Theorem (A.3) :[32]
Consioder the matrix A with the same notation as in theorems
(A.1) and (A.2). Then

(@) e’ =Tel1T? (A.11)
(b) e =diag(e’™,e’?,... el (A.12)
© et =diag(e’t, e, . ") (A.13)
[
2! (n,J —1)|
) n; =2
d e'=eMg 1 ¢ ..t (A.14)
(mj —2)!
0O - cer e 1
where n; is the dimension of J;.
It is seen from this theorem that the response of the system
x(t) = Ax(t) (A.15)

may contain besides purely exponential terms of the form exp(At) aso

termsof the form t exp(At), t* exp(At), and soon.



Appendix

Theorem (A.4) :[32]
Consider the time-invariant linear system
x(t) = Ax(t) (A.16)

Express the initial state x(0) as

x(0)=zklvi with v, ON,, i =12,..,k (A.17)
i=1
Write
Ul
T= U:Z , (A.18)
U.k

where the partitioning corresponds to that of T in theorem (A.2).
Then the response of the system can be expressed as
k
X(t) =D T, exp(J; )U,v, (A.19)
i=1
From this theorem we see that if the initial state is within one of
the null spaces N,, the nature of the responseof the system to this
initial state iscompletely determined by the corresponding characteristic
value. We cal the response of the system to any initiad state within

one of the null spaces a mode of the system.
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APPENDI X (B)

Program (1)
Computational matrices of observer when E isinvertible matrix
[HHlustrations (2.1)]

N=[-5 000 -4 20 2 -10]

M = eig(N) {Eigenvalues of N}

A=[0 1,0 0;-0.6 -1.5]

A, =10;1;-0.9]

B=[4 2;0 -20 O]

E=[0;5;3]

J=[1 0;0 1;0 O]

4=[0;0;1]

B =0;0;1]

F=F {TheTranspose of matrix Ej}
U=FEk

V =inv(V)

R=#V*F {Thecomputational matrix R}
D = R*E

K=4D
W = R*A

P = N*R*gk

L = W-P {The computational matrix L}

G = R*B {Thecomputational matrix G}

B-
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Program ( 2)
Ricatti Algabraic equationswhen E isinvertible matrix
[HHlustrations (2.1)]

N=[-5 000 -4 20 2 -10]

V = eig(N) {Eigenvaluesof N}

J=N' {The Transpose of the matrix N}
I=[200;0 20,00 1]

S = N+I

F = eig(S) {Eigenvalues of S}

D=S

T =eig(D)

B =[00;0]

C=[100;0 1 Q]

H = C{The Transpose of the matrix C}
Q = 2*H*C

[P,L,G,Ir] = care(S,B,Q)

{The commands of algebraic Ricatti equation}

U = eig(P)
W = inv(PXInverse of matrix P}
MM = det(P){Deter minant of matrix P}
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Program(3)

Compute the pseudo-inverse of thematrix E of illustrations (2.2)

E=[1 2 3;-1 0 7;1 2 3]
J=det(E) { Determinant of the matrix E }
[U,S,V]=svd(E) { The commands of singular value decomposition }

F=E' { Thetranspose of the matrix E }
T=E*F { Computethe matrix EE'}

D=det(T) { Determinant of thematrix EE' }
R=eig(T) { Theeigenvalues of the matrix EE' }
TT=F*E { Compute the matrix E'E}

DD=det(TT) { Determinant of thematrix E'E }

RR=eig(TT) { Theeigenvaluesof thematrix E'E }
Q=U' { Thetranspose of thematrix U }
QQ=V' { Thetranspose of thematrix V }
W=[8.3275 0;0 2.9414] { Diagonal matrix of D, }

HH=inv(W) { Inverse of diagonal matrix D, }

HHH=[0.1201 0 0;0 0.34 0;0 0 0];
EE=QQ*HHH*Q { Computethe pseudo-inverse of the matrix E }
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Program (4)
Computational matrices of observer when E issingular value

decomposition [l llustrations (2.2)]

N=[-3 00,0 -2 1;0 1 -5]

M = eig(N){Eigenvalues of N}

A;=[0 1;0 0;-0.3 -0.6]

A,=10;1;0.4]

E.=[12;-1 0;1 2]

E. =[3;7:3]

J=[10;0 1,0 0]

& =[0;0:1]

B =[0;0;1]

F=E' {TheTranspose of matrix E,}
U=F*E,

V=inv(U)

R=3}*V*F {Thecomputational matrix R}
D=R*E;

K=J;-D

W=R*A,

P=N*R*E;

L=W-P  {Thecomputational matrix L}
G =R*B {Thecomputational matrix G}
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Program (5)
Ricatti Algabraic equationswhen E is singular value decomposition
[Hlustrations (2.2)]

N=[-3 00,0 -2 1,0 1 -5]

V = eig(N){Eigenvalues of N}

J = N'{The Transpose of the matrix N}
I=[1 000 10,0 0 1]

S = N+l

F = eig(SXEigenvalues of S}

D=S

T =eig(D)

B =10;0;0]

C=[100;0 1 Q]

H = C' {The Transpose of the matrix C}
Q = 2*H*C

[P,L,G,rr] = care(S,B,Q)

{The commands of algebraic Ricatti equation}
U = eig(P)
W =inv(P) {Inverseof matrix P}
MM = det(P) {Deter minant of matrix P}
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Program(6)

Compute the pseudo-inverse of thematrix E of illustrations (2.3)

E=[13 4;2 -1 2;-9 15 O]
J=det(E) { Determinant of the matrix E }
[U,S,V]=svd(E) { The commands of singular value decomposition }

F=E' { Thetranspose of the matrix E }
T=E*F { Computethe matrix EE'}

D=det(T) { Determinant of thematrix EE' }
R=eig(T) { Theeigenvalues of the matrix EE' }
TT=F*E { Compute the matrix E'E}

DD=det(TT) { Determinant of thematrix E'E }

RR=eig(TT) { Theeigenvaluesof thematrix E'E }
Q=U' { Thetranspose of thematrix U }
QQ=V' { Thetranspose of thematrix V }
W=[17.7169 0;0 5.2069] { Diagonal matrix of D, }

HH=inv(W) { Inverse of diagonal matrix D, }

HHH=[0.0564 0 0;0 0.1921 0;0 0 O];
EE=QQ*HHH*Q { Computethe pseudo-inverse of the matrix E }
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Program (7)
Computational matrices of observer when E is singular value

decomposition [l llustrations (2.3)]

N=[-3 00,0 -6 30 3 -3]

M = eig(N){Eigenvalues of N}

A;=[0 1,0 0;-0.3 -1.2]

A,=10;1;-0.9]

E.=[1 3;-2 1;-9 15]

E, = [-4,2;0]

J=[1 00 1;0 O]

& =[0;0:1]

B =[0;0;1]

F=E' {TheTranspose of matrix E,}
U=F*E,

V=inv(U)

R=3}*V*F {Thecomputational matrix R}
D=R*E;

K=J;-D

W=R*A,

P=N*R*E;

L=W-P  {Thecomputational matrix L}
G =R*B {Thecomputational matrix G}

B-V
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Program ( 8)
Ricatti Algabraic equationswhen E is singular value decomposition
[[Hustrations (2.3)]

N=[-3 00,0 -6 30 3 -3]

V =eig(N) {Eigenvaluesof N}
J=N'"{TheTranspose of thematrix N}
I=[1 000 10,0 0 1]

S = N+l

F=eig(S) {Eigenvaluesof S}

D=S

T =eig(D)

B =10;0;0]

C=[1 00;0 1 Q]

H=C'" {TheTransposeof the matrix C}
Q = 2*H*C

[P,L,G,rr] = care(S,B,Q)

{The commands of algebraic Ricatti equation}
U = eig(P)
W =inv(P) {Inverseof matrix P}
MM = det(P) {Determinant of matrix P}

B-A
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Program(9)

Compute the pseudo-inverse of thematrix E of illustrations (2.4)

E=[5 10 17;10 20 34;17 34 61]
J=det(E) { Determinant of the matrix E }
[U,S,V]=svd(E) { The commands of singular value decomposition }

F=E' { Thetranspose of thematrix E }
T=E*F { Computethe matrix EE"}

D=det(T) { Determinant of thematrix EE' }
R=eig(T) { Theeigenvalues of the matrix EE' }
TT=F*E { Compute the matrix E'E}

DD=det(TT) { Determinant of thematrix E'E }

RR=eig(TT) { Theeigenvaluesof thematrix E'E }
Q=U' { Thetranspose of thematrix U }
QQ=V' { Thetranspose of the matrix V }
W=[85.0595 0;0 0.9405] { Diagonal matrix of D, }

HH=inv(W) { Inverse of diagonal matrix D, }

HHH=[0.0118 0 0;0 1.0633 0;0 0 0];
EE=QQ*HHH*Q { Computethe pseudo-inverse of the matrix E }
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Program ( 10)
Computational matrices of observer when E is singular value

decomposition [lllustrations (2.4)]

N=[-5 000 -3 20 2 -7]

M = eig(N){Eigenvalues of N}

A;=[0 1,0 0;-0.4 -1.6]

A,=10;1;-0.2]

E;.=[5 10;10 20;17 34]

E, =[17;34;61]

J=[1 00 1;0 O]

& =[0;0:1]

B =[0;0;1]

F=E' {TheTranspose of matrix E,}
U=F*E,

V=inv(U)

R=3}*V*F {Thecomputational matrix R}
D=R*E;

K=J;-D

W=R*A,

P=N*R*E;

L=W-P  {Thecomputational matrix L}
G =R*B {Thecomputational matrix G}
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Program ( 11)
Ricatti Algabraic equationswhen E is singular value decomposition
[HHlustrations (2.4)]

N=[-5 000 -3 20 2 -7]

V =eig(N) {Eigenvaluesof N}
J=N'"{TheTranspose of thematrix N}
I=[1 000 10,0 0 1]

S = N+l

F=eig(S) {Eigenvaluesof S}

D=S

T =eig(D)

B =10;0;0]

C=[1 00;0 1 Q]

H=C'" {TheTransposeof the matrix C}
Q = 2*H*C

[P,L,G,rr] = care(S,B,Q)

{The commands of algebraic Ricatti equation}
U = eig(P)
W =inv(P) {Inverseof matrix P}
MM = det(P) {Determinant of matrix P}
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Program(12)

Compute the pseudo-inverse of thematrix E [ illustrations (2.5)]

E=[1-12311;450.10.20.250.3;540.20.10.30.25;0.90.30.40.125
0.750.15;1-12 341 1;0.30.90.125 0.65 0.85 0.75]

J=det(E) { Determinant of the matrix E }

[U,S,V]=svd(E) { The commands of singular value decomposition }
F=E' { Thetranspose of thematrix E }

T=E*F { Computethe matrix EE'}

D=det(T) { Determinant of the matrix EE" }

R=eig(T) { Theeigenvalues of thematrix EE" }

TT=F*E { Computethe matrix E'E}

DD=det(TT) { Determinant of the matrix E'E }

RR=eig(TT) { Theeigenvaluesof thematrix E'E }

Q=U' { Thetranspose of thematrix U }

QQ=V' { Thetranspose of thematrix V }
W=[9.12040000;0 5.849000;00 1.406500;00 01.10310;000 O
0.3189] { Diagonal matrix of D, }

HH=inv(W) { Inverse of diagonal matrix D, }
HHH=[0.1096 00 000;00.17100 00;000.711 00 0;0 00 0.9065 0 0;0 0

003.13580;0 00000];
EE=QQ*HHH*Q { Computethe pseudo-inverse of the matrix E }
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Program( 13)
Computational matrices of observer when E issingular value

decomposition [l llustrations (2.5)]

N=[-500000;0-61234,01-4143;002-325;,0000-24;,00000-9]
M = eig(N) {Eigenvalues of N}
A=[010000100001;0000;0 000;-0.25-0.15-0.3 -0.4]
A,=1[00;00;00;10;01;-0.175 -0.1285]
Ei=[1-123;450.10.2;540.20.1;0.90.30.40.125;1-123;0.30.90.125
0.65]

E,=[-1 1;0.25 0.3;0.3 0.25;0.75 0.15;-1 1;0.85 0.75]
J=[10000100,00100001;0000;000 0]

J=[00;0 0;0 0;0 0;1 0;0 1]

B =1[0;0;0;0;0;1]

F=E' {TheTranspose of matrix E,}

U=F*E,

V=inv(U)

R=3}*V*F {Thecomputational matrix R}

D=R*E,

K=J;-D

W=R*A

P=N*R*E;

L=W-P  {The computational matrix L}

G =R*B {Thecomputational matrix G}
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Program (14)

Ricatti Algabraic equationswhen E is singular value decomposition

[[Hustrations (2.5)]

N=[-500000;0-61234;01-4143;002-325;0000-24;00000-9]

SS=eig(N) {Eigenvalues of N}
J=N' {TheTranspose of matrix N}

[=[100000010000,001000;000100,000010,00000 1]

S = N+

F =eig(S) {Eigenvalues of S}

D=8

T = eig(D)

B =1[0;0;0;0;0;0]
C=[100000;010000,001000;000100]

H=C'" {The transpose of the matrix C}
Q = 2*H*C
[P,L,G,Ir] = care(S,B,Q)

{The commands of algebraic Ricatti equation}

U =eig(P)
W =inv(P) {Inverseof matrix P}
MM = det(P) {Determinant of matrix P}
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Program(15)

Compute the pseudo-inverse of thematrix E of illustrations (2.6)

E=[-1 -2 -3 1 1;0.1 0.4 0.25 0.1 0.9;0.4 0.1 0.35 0.4 0.75;0.5 0.30.11
0.50.03;0.3 0.5 0.13 0.3 0.125]

J=det(E) { Determinant of the matrix E }

[U,S,V]=svd(E) { The commands of singular value decomposition }

F=E' { Thetranspose of thematrix E }

T=E*F { Computethe matrix EE'}

D=det(T) { Determinant of the matrix EE" }

R=eig(T) { Theeigenvalues of thematrix EE" }

TT=F*E { Compute the matrix E'E}

DD=det(TT) { Determinant of the matrix E'E }

RR=eig(TT) { Theeigenvaluesof thematrix E'E }
Q=U' { Thetranspose of thematrix U }
QQ=V' { Thetranspose of thematrix V }
W=[4.08 0 00;0 1.391 00;00 0.6341 0;0 00 0.3868]

{ Diagonal matrix of D, }
HH=inv(W) { Inverse of diagonal matrix D, }

HHH=[0.2451 000 0;0 0.718900 0;0 0 1.577 00;0002.58330;00000 ];
EE=QQ*HHH*Q { Computethe pseudo-inverse of the matrix E }
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Program( 16)
Computation matrices of observer when E issingular value

decomposition [l llustrations (2.6)]

N=[-600000 -7 23402-525,00-3 43,000 0-9]
M = eig(N) {Eigenvalues of N}

A=[0100;0.10.2 0.3 04;0.2 0.1 0.4 0.3;0.11 0.15 0.17 0.19;0.15 0.11
0.19 0.17]

A, =10;0.5;0.6;0.1;0.12]

E=[-1-2-3;0.10.40.250.1;0.4 0.1 0.350.4;0.50.30.110.5;0.30.50.13
0.3]

E,=[1:0.9;0.75;0.03;0.125]
J=[1000;0100;0010;0001;000 0;]

J3,=[0;0;0;0;1]

B =1[0;1:0.2;0.45;0.1]

F=E' {TheTranspose of matrix E,}

U=F*E,

V=inv(U)

R=3}*V*F {Thecomputational matrix R}

D=R*E;

K=J,-D

W=R*A,

P=N*R*E;

L=W-P  {Thecomputational matrix L}

G =R*B {Thecomputational matrix G}
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Program ( 17)

Ricatti Algabraic equationswhen E is singular value decomposition

[[Hustrations (2.6)]

N=[-600000 -7 23402-525,00-3 43,000 0-9]
SS=eig(N) {Eigenvalues of N}
J=N' {TheTranspose of matrix N}
[=[10000;01000,00100,00010,0000 1]
S = N+l
F =eig(S) {Eigenvalues of S}
D=S
T =eig(D)
B =[0;0;0;0;0]
C=[1000@1000;00100,00010]
H=C'" {The transpose of the matrix C}
Q = 2*H*C
[P,L,G,Ir] = care(S,B,Q)
{The commands of algebraic Ricatti equation}
U = eig(P)

W =inv(P) {Inverseof matrix P}
MM = det(P) {Determinant of matrix P}
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APPENDIX ( C)

Problem (1) of illustrations (2.1) case(1) to find the solutions

of Xy, Xoand X3

f =inline ('[025* x(1) + 0.875* x(2) + 0.625* x(3) - 0.4167+
0.00025* cosx (D) + x(2)) + 0.0005* sin(x(2)) — 0.0004167 sin(x(3)) +
0.00075" sin(x(1))* cosx(2)) —0.0004167 cosx(3));
-05* x(1) - 125* x(2) — 1.25* x(3) + 0.8333- 0.001* sin(x(2)) +
0.0008333 sin(x(3)) — 0.0015* sin(x(1)) * cosix(2)) +

0.0008333 cosi(3)):—02* x(1) -05* x(2) —0.3* x(3) + 0.3333+
0.0003333 sin(x(3)) + 0.0003333 cosx3))],'t",'x"):

[t, xa] = ode45( f ,[0:001:30],[05 —05 15])

Problem (2) of illustrations (2.1) case(1) to find the error solutions
of e, &ande;

fl=inling('[ 9 * e(@);-16* e(2) +2* e(3)56* e(2) —10* e(3) +
0.000294Z sin(-1037635 — 0.0002942 sin(-1037635-¢(2)) +
0.0000882 sin(1614277) — 0.0000882 sin(1614271-¢e(3)) +
0.0004413 sin(-109.492) * cos(~1037635 —
0.000443% sin(-109.4921-e(1)) * cos1037635-e(2)) +
0.0000882 cos(614271) —0.0000882 cos(614271-¢e(d))]','t","€);

[t,ea] = oded45(f 1,[0:001:30],[0.00001 0.00002 0.00000])
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Problem (3) of illustrations (2.1) case(2) to find the solutions

of X1, Xo and X3

f =inline ('[025* x(1) + 0.875* x(2) + 0.625* x(3) — 0.4167* sin(t) +
0.00025 sin(t) * cosx (@) + x(2)) + 0.0005* sin(t) * sin(x(2)) —
0.0004167 sin(t) * sin(x(3)) + 0.00075 sin(x(1))* cos(2)) —
0.0004167 cosx(3));—05* x() — 125* x(2) — 125* x(3) +
0.8333 sin(t) — 0.002* sin() * sin(x(2)) +
0.0008333 sin() * sin(x(3)) — 0.0015* sin(x (1)) * cosik(2)) +

0.0008333 cos(3));—0.2* x(1) —05* x(2) —0.3* x(3) +
0.3333 sin(t) + 0.0003333 sin() * sin(x(3)) +
0.0003333 cosi(3))],'t",'x");

[t,xa] =ode45(f ,[0:001:4],[05 -05 15])

Problem (4) Of illustrations (2.1) case(2) to find the error solutions
of e, & and &

f1=inline('[-9* e(l);-16* e(2) +2 * e(3)56* e(2) —10* e(3) +
0.000294Z sin(t) * sin(-2.2586) —
0.0002942 sin(}) * sin(-2.2586- e(2)) +
0.0000882 sin()) * sin(2.2609 —
0.000088Z sin() * sin(2.2609-e(3)) +
0.0004413 sin(0.032) * cos(-2.2586) —
0.000443% sin(0.0321- e(1)) * cos(-2.2586- (2)) +
0.0000882 cos(2.2609 — 0.0000882 cos@.2609-e(3)]','t','e);

[t,ea] = oded5( f 1,[0:001:4],[0.00001 0.00002 0.00000])

C-Y
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Problem (5) Of illustrations (2.2) case(1) to find the solutions

X1, Xo and X3

f =inline([0.0115* x(1) — 0.0153* X(2) + 0.0212* x(3) — 0.0382-
0.0019% sin(x(1)) - 0.0001146 cosik(3)) — 0.0001528 cosk(L)) +
0.0001825 sin(x(1))* cos(2));-0.0388* x(1) + 0.0517* x(2) -
0.159* x(3) + 0.1293+ 0.006465 sin(x(1)) + 0.0003879 cosik(3)) +
0.000517Z cos(L) + 0.0010535 sin(x(L)* cosi(2));-0.046* x(1) +

0.0613 x(2) + 0.0306* x(3) + 0.01533+ 0.007665 sin(x(1)) +
0.0004599 cosk(3)) + 0.000613Z cosk (L) -
0.0001535 sin(x(L)* cosk2)]','t",'X);

[t, xa] = ode4( f ,[0:001:6],[05 —05 15])

Problem (6) Of illustrations (2.2) case(1) to find the error solutions
of e, & and &

fl=inline('[-5* e);-7*e(2) +e(3);21* e(2) -5* e(3) +
0.00224* sin(0.6494) — 0.00224* sin(0.6494 - e(1)) +
0.0001344* cos(2.2189) — 0.0003144* cos(2.2189-¢(3)) +
0.0001792* cos(0.6494) — 0.0001792* cos(0.6494 - e(1)) +
0.0005225* sin(0.6494) * cos(—1.9961) -

0.0005225* sin(0.6494 — e(1)) * cos(-1.9961-e(2))]' ,'t','e");

[t,ea] = ode45( f 1,[0:001:6],[0.00001 0.00002 0.000001)
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Problem (7) Of illustrations (2.2) case(2) to find the solutions

of X1, Xo and X3

f =inline('[0.0115* x(1) — 0.0153¢ x(2) + 0.0212* x(3) — 0.0382* sin(t) —
0.0019F sin() * sin(x(1)) — 0.0001146 sin(t) * cosx(3)) —
0.0001528 cos (1)) + 0.0001825 sin(x(1)) * cos(2));—0.0388 x(1) +
0.0517* x(2) - 0.159* x(3) + 0.1293 sin(t) +
0.006465 sin(t) * sin(x(1)) + 0.0003879 sin(t) * cosik(3)) +
0.000517Z cos()) + 0.0010535 sin(x(1)) * cosk(2));—0.046* x(1) +

0.0613 x(2) + 0.0306* x(3) + 0.01533F sin(t) +
0.007665 sin(t) * sin(x(1)) + 0.0004599 sin(t) * cosx(3)) +
0.000613Z cos(l)) —0.0001535 sin(x(@)) * cosk(2))]','t","Xx");

[t,xa] =ode45( f ,[0:001:10],[05 -05 15])

Problem (8) Of illustrations (2.2) case(2) to find the error solutions
of e, & and &;

fl=inlineg'[ 5*e);-7*e(2) +e(321*e(2) -5*e(3) +
0.00224* sin(t) * sin(1.0996 -
0.00224 sin(t) * sin(1.0996—-e(1)) +
0.0001344 sin(t) * cos0.5897) -
0.0003144 sin(t) * cos(0.5897-¢e(3)) +
0.000179Z c0s(.0996 — 0.0001792 cos(L.0996—e()) +
0.0005225 sin(1.0996 * cos(-3.6582 -
0.0005225 sin(1.0996-¢e(1)) * cos3.652-¢e(2))]','t','e");

[t,ea] = oded5( f 1,[0:001:10],[0.00001 0.00002 0.00000})




Appendix

Problem (9) Of illustrations (2.3) case(1) to find the solutions

of X1, Xo and X3

f =inling('[0.0115* x(1) + 0.1897* x(2) — 0.0438* x(3) — 0.0383+
0.0001437 sin(x(1)* cosix(2)) —0.000782 cos(2)) * sin(x(3)) —
0.000766 sin(x(2))* cosx(1)) + 0.000431F cosi(3)) —
0.000383 cosi(@) + x(2));-0.0067* x(1) + 0.019* x(2) —

0.03914 x(3) + 0.0222+ 0.00004586 sin(x(1))* cosi(2)) —
0.00019F cos(2)) * sin(x(3)) + 0.000444 sin(x(2)) * cosik(l)) +
0.0001368 cosi(3)) + 0.00022Zosx (@) + x(2));-0.0107* x(1) +

0.0374* x(2) - 0.0664* x(3) + 0.0358+

0.0000803 sin(x(1))* cosx(2)) —0.00034Z cosk(2)) * sin(x(3)) +
0.000716 sin(x(2))* cos(1)) + 0.0002409 cos(3)) +
0.000358 cosi (@) + x(2)]','t",'x);

[t,xa] = ode45( f ,[0:001:100],[05 -1 —15])

Problem (10) Of illustrations (2.3) case(1) to find the error solutions
of e, 6 ande;

fl=inling('[-5* e);-13* ¢(2) +3* e(3);7.6667* (2) -3* e(3) -
0.0002* sin(-2.1217% * cosQ.7487) +
0.0002* sin(-2.1217-e(1))* cos.7487-¢e(2)) +
0.001* cos.7487 *sin(1.3182 —

0.002* cos.7487-¢e(2))* sin(1.3182-¢e(3)) -
0.0006* cos(.3182 + 0.0006* cos(.3182-¢e(3))]','t','€e);

[t,ea] = ode4y(f1=,[0:001:100],[0.00001 0.00002 0.000001})




Appendix

Problem (11) Of illustrations (2.3) case(2) to find the solutions

of X1, Xo and X3

f =inling('[0.0115* x(1) + 0.1897* x(2) — 0.0438" x(3) —
0.0383 cosf) + 0.0001437 cosf) * sin(x(1)) * cosik(2)) —
0.00078Z cosf) * cosk(2)) * sin(x(3)) —
0.000766 cosf) * sin(x(2))* cos (1)) + 0.000431F cosik(3)) —
0.000383 cosi(d) + x(2));—0.0067* x(1) + 0.019* x(2) -
0.03914 x(3) + 0.0222* cosf) +
0.0000456 cosf) * sin(x(2)) * cosi(2)) -
0.00019Z cosf) * cosix(2))* sin(x(3)) +
0.000444 cosf) * sin(x(2))* cosi(@)) +
0.0001368 cosi(3)) + 0.00022Z0si (1) + x(2));—0.0107* x(1) +
0.0374* x(2) — 0.0664* x(3) + 0.0358* cos¢) +
0.0000803 cos() * sin(x(1)* cosk(2)) -
0.00034Z cosf) * cosk(2)) * sin(x(3)) +
0.000716 cosf) * sin(x(2))* cosi(l)) + 0.0002409 cosi(3)) +
0.000358 cosx(@) +x(2)]','t",'X);
[t,xa] = oded5(f ,[0:001:50],[05 -1 —-15])

Problem (12) Of illustrations (2.3) case(2) to find the error solutions
of e, & and e;

fl=inling[-5*e();-13* e(2) +3* e(3);7.6667* e(2) -3* e(3) —
0.0002* cosf) * sin(-2.5527% * cos(0.0827) +
0.0002* cos() * sin(-2.5527-¢e(1)) * cosQ.0827-¢e(2)) +
0.002* cosf) * cos(0.0.0827 * sin(0.2) -

0.001* cosf) * cos(0.0827-¢e(2)) * sin(0.2—e(3)) —
0.0006* cos(0.2) + 0.0006* cos(0.2—-e(d)]','t','e);
[t,ea] = oded45(f1=,[0:001:100],[0.00001 0.00002 0.00000})

C-"



Appendix

Problem (13) Of illustrations (2.4) case(1) to find the solutions

of X1, Xo and X3

f =inline('[0.2097* x(1) + 0.6243 x(2) + 0.4397* x(3) — 0.2696—
0.0003858 cos(3)) * sin(x(2)) + 0.0011574 sin(x(1) + x(2)) -
0.00002696 cos(2))* sin(x(3)) + 0.001929 cosi (1)) +
0.0007716 sin(x(1)* sin(x(3)) — 0.008088 cosk(2)) * coskx(3));
0.1704* x(1) + 0.9863* x(2) + 0.6947* x(3) — 0.426+
0.0006094 cos(3)) * sin(x(2)) + 0.0018285 sin(x() + x(2)) —
0.000426 cos(2))* sin(x(3)) + 0.00304 7 cosix (1)) +
0.00121F sin(x(1)* sin(x(3)) —0.01278 cosi(2)) * cosik(3));

0.1053 x(1) + 0.55983 x(2) + 0.407* x(3) — 0.2632+
0.0003544 cosx(3)) * sin(x(2)) + 0.0010629 sin(x(D) + x(2)) -
0.0002632 cos(2)) * sin(x(3)) + 0.001772 cosi(l)) +
0.0007086 sin(x(1)) * sin(x(3)) —

0.007896 cosx(2))* cosk(d)]','t",'x)’

[t,xa] = ode45( f ,[0:0.001:10],[05 - 05 —-15])




Appendix

Problem (14) Of illustrations (2.4) case(1) to find the error solutions
of e, & and e&;

f1=inling'[-9* e(l);-11* e(2) +2 * €(3)26* e(2) -7 * &(3) +
0.0000066 cos{-2.7504* (LOe+ 008) * sin(-4.5712* (LOe +006) -
0.0000066 cos2.7504* (LOe + 006 —e(3))* sin(-4.5712*
(LOe+ 006 — e(2)) + 0.0000198 sin(-2.8935* (LOe+ 006 — 45712
(LOe+006) — 0.0000198 sin(-2.8935* (L0e+ 006 — (1) +
(-4.5712* (LOe +006) —e(2)) + 0.0000118 cos{4.5712* (L0e+008) *
Sin(=2.7504* (LOe + 008) — 0.0000118 cos{-4.5712* (LOe+006) —
e(2))* sin(-2.7504* (LOe+ 006 — e(3)) + 0.000033 cos(-2.8935

(LOe+006) - 0.000033 cos{-2.8935* (1.0e+ 006 —e(d)) +
0.0000132 sin(-2.8935* (L.0e+ 006) * sin(-2.7504* (1.0e + 006) —
0.0000132 sin(-2.8935* (1.0e+ 006 —e(1)) * sin(-2.7504*
(LOe+006 —e(3)) + 0.000354 cos(4.5712* (LOe+006)*
c0os(2.7504* (L0e+006) — 0.000354 cos(4.5712* (L0e+ 006 —
e(2))* cost2.7504* (1.0e+ 006 —e(l))]','t",'e");

[t,ea] = ode45( f 1,[0:0.001:10], [0.00001 0.00002 0.000001)




Appendix

Problem (15) Of illustrations (2.4) case(2) to find the solutions

of X1, Xo and X3

f =inline('[0.21097* x(1) + 0.6243 x(2) + 0.4397* x(3) —

0.2696* cos() —0.0003858 cosf) * cosx(3)) * sin(x(2)) +
0.0011574 cosf) * sin(x(@2) + x(2)) -
0.00002698 cosf) * cosi(2)) * sin(x(3)) + 0.00192% cosk (D)) +
0.0007716 sin(x(1)* sin(x(3)) — 0.008088 cosk(2)) * coskx(3));
0.1704* x(1) + 0.9863 x(2) + 0.6947* x(3) — 0.426* cosf) +
0.0006094 cosf) * cos(3)) * sin(x(2)) +

0.0018285 cosf) * sin(x(@) + x(2)) -

0.000426 cosf) * cos(2)) * sin(x(3)) +

0.003047 cos (D) + 0.001219 sin(x()) * sin(x(3)) —

0.01278 cos(2)) * cos(3));0.1053¢ x(1) + 0.55983 x(2) +
0.407* x(3) — 0.2632* cosf) +

0.0003544 cosf) * cosi(3)) * sin(x(2)) +

0.0010629 cosf) * sin(x(@) + x(2)) -

0.000263Z cos() * cosi(2)) * sin(x(3)) +

0.001772 cos(@)) + 0.0007086 sin(x(D))* sin(x(3)) —
0.007896 cosi(2))* cosx(I)]','t",'x")’

[t,xa] =ode45( f,[0:0.001:20],[05 -05 -15])




Appendix

Problem (16) Of illustrations (2.4) case(2) to find the error solutions
of e, & and e&;

fl=inling'[9* e);-11* e(2) +2* e(3)26* e(2) =7 * e(3) +
0.0000068 cosf) * cos-2.7504* (L.0e+006) *
sin(-4.5712* (1.0e+ 006) — 0.0000066 cosf) *
cos(-2.7504* (L0e+ 006 —e(3)) * sin(-4.5712*
(LOe+006 —e(2)) + 0.0000198 cosf) * sin(-2.8935
(LOe+006 —4.5712* (LOe+006) -
0.0000198 cosf) * sin(-2.8935* (1.0e+ 006 —e(®) +
(-4.5712* (1.0e+006) —e(2)) +0.0000118 cosf) *
cos(4.5712* (L0e+006)* sin(-2.7504* (1.0e + 006)) —
0.0000118 cosf) * cos(4.5712* (1.0e+006 -
e(2))* sin(-2.7504* (1.0e + 006 —e(3)) + 0.000033 cos(2.8935
(L.Oe+006) —0.000033 cos(-2.8935* (1.0e+ 006 —e(l) +
0.0000132 sin(-2.8935* (1.0e+006)) * sin(-2.7504* (1.0e + 006) —
0.0000132 sin(-2.8935* (1.0e+ 006 —e(1)) * sin(-2.7504
(LOe+ 006 —¢e(3)) + 0.000354 cos(4.5712* (1.0e+006)*
c0s(2.7504* (L0e+006) — 0.000354 cos(4.5712* (L0e+ 006 —
e(2))* cos(2.7504* (1.0e+006 —e(3))]','t','e);

[t,ea] = ode45( f 1,[0:0.001:10], [0.00001 0.00002 0.00000})




Appendix

Problem (17) of illustrations (2.5) case(1) to find the solutions

of X1, Xo, X3, X4, X5 and X6

f=inling('[0.0233%-0.066%+0.1321%+0.0445%+0.1573%-0.068%-0.0933-
0.000008sin(¥t+x,)cos(x%+X4)SiN(X)+0.000000072c0sExXs)COS(XtX4)-
0.000016sin(¥+X3)Sin(%+X4)-0.00002799c0s ¢ X3)SiN(%)+0.00001041sin(
X1+X5)SIN(Xs+X2)-0.000000933Cc0osfxXs)COS(%+X5);0.0226x,+0.0182%+
0.7411%-0.7065%+0.0939%+0.0163%-0.0902+0.0000004 7 Sin{xx,)cos >+
X4)SiN(Xs)-0.000007426C0SExXs)COS(%+X4)+0.00000094sin (¢ X3)Sin (X +
X4)+0.00002706c0sxX3)SiN(X)+0.0000714sin(xXs5)sin(X+X,)+0.0000009
02c0s(%+Xg)COS(%+Xs);-0.2203%-0.1176%-0.9388%+0.4747%-1.6868x%-
0.0987x%+08814+0.00000146Sin{¥x,)COS(%+X4)SiN(%5)+0.000008237cosEx
+X6)COS(%+X4)+0.00000292sin (¢ X3)SiN(Xs+X4)+0.00026442cos g X3)Sin(%
)-0.00006744sin(Xs)SiN(Xs+X2)+0.000008814c0osfxXs)CcOS(%t+Xs);0.245
4x,+0.2666%.1.2817%-0.5556%+1.3996x%+0.2455%-0.9817+0.0001193
Sin(X+X2)CoS(%+X4)SiN(X)-0.000009482c0sExXs)cOS(%+X4)+0.00002386
Sin(X+X3)Sin(Xs1+X4)-0.00029451 cos#X3)Sin(%)+0.00009872sin (¢ Xs5)cos(
X3+X5)-0.000009817cosfxXs)cos(%+Xs);0.1806x,+0.1167%+0.3808%+0.18
28%,+0.264%+0.1012%-0.7222+0.00000048sin{*x,)cos(%+X4)sin(xs)-0.00
0001061 cos(3¢Xg)cos(%+X)4+0.00000096sin(¢X3)Sin(Xs+X4)-0.00021666
COS(X*+X3)SiN(X%)+0.00001642sin(¢Xs)SiN(Xs+X,)-0.000007222C0S(* Xe)
C0S(%+Xs);0.0037x,+0.0228%-0.0774%+0.2116%-0.8953%+0.0225%-0.0147
+0.00000206sin(¥X,)cos(%+X4)SiN(X)+0.000002057 coséxXe)COS(X%+X4)+
0.00000412sin(X3)sin(Xs+X4)-0.0000044 1cosgtx3)sin(%)-0.00000818sin(
X1+X5)SIN(Xs+X2)-0.000000147cosfxXxs)cos(%txs)] ', "t',)' X ");

[t,xa] = ode45[f ,[ 0:0.001:10],[-1.5 -1 -0.5 05 1 1.5]
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Problem (18) of illustrations (2.5) case(1) to find theerror solutions
of e, &,€3 €46 and &

fl=inline('[9*e(1);- 12.106*e(2)+0.9646*e(3)+0.054*e(4)+ 3*e(5)+4*e(6)
0.9646%e(2)7.8136*¢(3)+0.4119*¢(4)+4*¢(5)+3*e(6);- 2.045%¢(2)+ 1.4119
e(3) 12.0804*e(4)+2*e(5)+5%e(6);-4.05*e(2)-2.7014*e(3)- 10.8157*e(4)-
2*e(5)+4*e(6)-0.00001997*sin(-15.9522)*cos(-1.796)1(3.7295)+
0.00001997*sin(-15.9522-e(1)-e(2))*cos(-1.796-e£8)))*sin(3.7295-
e(5))+0.000001337*c0s(0.0135)*cos(-1.796)-0.000@7*¥B80s(0.0135-e(5)-
e(6))*cos(-1.796-e(3)-e(4))-0.00003994*sin(-3.1365)(-2.2576)+
0.00003994*sin(-3.1365-e(1)-e(3))*sin(-2.2576-e@)4))+
0.000115232*cos(-3.1365)*sin(-16.0701)-0.000115282%-3.1365-e(1)-
e(3))*sin(-16.0701-e(2))+0.00001237*sin(3.8474)%slr9.3245)-
0.00001237*sin(3.8474-e(1)-e(5))*sin(-19.3245-e&)2))+0.000003844*
cos(-2.2576)*c0s(0.4751)-0.000003844*cos(-2.2579-e(6))*cos(0.4751-
e(3)€(5));6.8167*e(2)+4.9595*¢(3)+18.3331%*¢(4)-9*e(6)+0.00002851*
sin(-15.9522)*cos(-1.796)*sin(3.7295)-0.0000285hfs15.9522-e(1)- e(2))
cos(-1.796-e(3)-e(4))*sin(3.7295-e(5))+0.0000014#(0.0135)*cos(-1.796
-0.00000145*c0s(0.0135-e(5)-e(6))*cos(-1.796-e(@)He-0.00005702*
sin(-3.1365)*sin(-2.2576)-0.00005702*sin(-3.1369)e¢(3))*sin(-2.2576-
e(6)-e(4))+0.00012852*cos(-3.1365)*sin(-16.0701)6eW12852*cos(-3.1369-
e(1)-e(3))*sin(-16.0701-e(2))+0.000001593*sin(3.8%8in(-19.3245)-
0.000001593*sin(3.8474-e(1)-e(5))*sin(-19.3245-e(3)
e(2))+0.000004284*cos(-2.2576)*c0s(0.4751)-0.00@BMcos(-2.2576-
e(4)-e(6))*cos(0.4751-e(3)-e(5))] ' ,'t','e")

[t,ea]=ode45(f1,[0:0.001:10],[0.00001 0.00004 0.00005 0.00@OA0006
0.00008] )



Appendix

Problem (19) of illustrations (2.5) case(2) to find the solutions

of X1, Xo, X3, X4, X5 and X6

f=inlineg('[0.0233%-0.066%+0.1321%+0.0445%+0.1573%-0.068%-0.093
cos(t)- 0.000008cos(t)sinxx,)cos(x+x4)sin(xs)+ 0.000000072cos(t) cos(
+Xg)COS(%+X4)- 0.000016c0s(t)singxXxs)sin(Xs+X4)-0.00002799cos(t)cos{x
X3)SiN(%)+0.00001041sin(¢Xs)Sin(Xs+X2)- 0.000000933cosgxXs) cos(x+
Xs); 0.0226%+0.0182%+0.7411%-0.7065%+0.0939%+0.0163%- 0.0902cos({
+0.00000047cos(t)sinxx,)cos(x%+ X4)SiN(Xs)- 0.000007426c0s(t)cosfixxe)
cos(x+x4)+ 0.00000094cos(t)sin{¥x3)sin(Xs+ X4)+0.00002706c0os(t)cos(x
X3)SiN(%)+ 0.0000714sin(@Xs)sin(X+X,)+ 0.000000902c0sf*xXs) cOS(%+
X5);-0.2203%-0.1176%-0.9388x%+0.4747%-1.6868%-0.0987%+08814cos(t)+
0.00000146cos(t)sin{¥x,)cos(x+X4)sin(X)+0.000008237cos(t)cosfixe)
COS(%tX4)+0.00000292c0s(t)sin(%x3)sin(Xs+X4)+0.00026442c0s(t)cos(KXs
)Sin(x)- 0.00006744sin(¢Xs)Sin(Xs+X,)+0.000008814c0oSfxXs)COS(%+Xs);
0.2454%+0.2666x%.1.2817%-0.5556%+1.3996%+0.2455%-0.9817cos(t)+
0.0001193cos(t) sin(*Xx,)cos(x+X4)sin(Xs)- 0.000009482co0s(t)cosfixxe)
Cc0oS(%+X4)+0.00002386¢C0s(t) sin{¥x3)sin(Xs+X4)-0.00029451 cos(t)cos{x
X3)SiN(%)+0.00009872sin(Xs5)CoS(%+X,)- 0.000009817cosfxXs)COS(X%+
Xs); 0.1806%+0.1167%+0.3808%+0.1828%+0.264%+0.1012%-0.7222c0s(t)
+0.00000048cos(t)sin{xx,)cos(X%+X4)Sin(Xs)-0.000001061 cos(t) cosfixXe)
cos(%+X)4+0.00000096c0os(t)sin(%x3)sin(Xs+X4)-0.00021666c0s(t) cos(k
X3)SiN(%)+0.00001642sin(¢Xs)Sin(Xs+X,)-0.000007222C0S(*Xs)COS(%+ X5
);0.0037x,+0.0228%-0.0774%+0.2116%-0.8953%+0.0225%-0.0147cos(t)+
0.00000206c0os(t)sin{¥x,)cos(xtXs) sin(%)+ 0.000002057cos(t)cosfixxe)
cos(x+x4)+ 0.00000412cos(t)sin{¥x3)SiN(Xs+X4)- COS(%+X3)SIN(X%)-
0.00000818sin(Xs5)sin(XstX,)- 0.000000147cosfxXxe)cos(x%+xs)] ', 't',' X
);

[t,xa] = ode45ff ,[0:0.001:6],[-1.5 -1 -05 05 1 1.5]
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Problem (20) of illustrations (2.5) case(2) to find theerror solutions

of e, &,63,6,6 and &
fl=inline( ' [9*e(1);-12.106*e(2)+0.9646*¢(3)+0.054*¢(4)+3*e(5)+4*e(6);
0.9646*e(2)7.8136*¢(3)+0.4119*e(4)+4*e(5)+3*e(6);-2.045%¢(2)+ 1.4119*
e(3)-12.0804*¢(4)+2*e(5)+5*e(6);-4.05%¢(2)-2.7014*¢(3) -10.8157*e(4)-
2*e(5) +4*e(6)-0.00001997*cos(t)*sin(-2.472)*cos(824)*sin(-0.8231)+
0.00001997*cos(t)*sin(-2.471-e(1)-e(2))*cos(-0.1828)-e(4))*sin(-0.8231
e(5))+0.000001337*cos(t)*cos(0.2654)*cos(-0.182UPO0001337* cos(t)*
c0s(0.2654-e(5)-e(6))*cos(-0.1824-e(3)-e(4))-0.EE®mI*cos(t)*
sin(-0.9855)*sin(0.0602)+0.00003994*cos(t)*sin(-85%-e(1)- e(3))*
sin(0.0602-e(6)-e(4))+0.000115232*cos(t)*cos(-09)85in(-0.6436)-
0.000115232*cos(t)*cos(-0.9855-e(1)-e(3))*sin(-B64 e(2))+0.00001237*
sin(-2.6515)*sin(0.1993)-0.00001237*sin(-2.6515)e15))*sin(0.1993-
e(3)-e(2))+0.000003844*cos(0.0602)*cos(0.0198)-00mB844*cos(0.0602
e(4)-e(6))*c0s(0.0198-e(3)5));6.8167*e(2)+4.9595*e(3)+18.3331*e(4)-
9*e(6)+ 0.00002851*cos(t)*sin(-2.472)*cos(-0.1824iy#(-0.8231)-
0.00002851*
cos(t)*sin(-2.472-e(1)-e(2))*cos(-0.1824-e(3)-etdim(-0.8231- e(5))+
0.00000145*cos(t)*cos(0.2654)*cos(-0.1824)- 0.0QDEE cos(t)*
c0s(0.2654-e(5)-e(6))*cos(-0.1824-e(3)-e(4))+0.ER*cos(t)*sin(-
0.9855)*sin(0.0602)-0.00005702*cos(t)*sin(-0.9853)ee(3))*sin(0.0602-
e(6)-e(4))+0.00012852*cos(t)*cos(-0.9855)*sin(-B64#0.00012852*cos(t)}
c0s(-0.9855-e(1)-e(3))*sin(-0.6436-e(2))+0.0000*5(-2.6515)*
sin(0.1993)-0.000001593*sin(-2.6515-e(1)-e(5))*8id093-e(3)- e(2))+
0.000004284*c0s(0.0602)*c0s(0.0198)-0.000004284@.0602-e(4)- e(6))*
c0s(0.0198-e(3)-e(5))] ', 't','e");
[t,ea]=0de45(f1,[ 0:0.001:6 ],[ 0.00001 0.00004 0.00005 0.GOA@0O0006
0.000081)
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Problem (21) Of illustrations (2.6) case(1) to find the solutions

of X1, X2, X3, X4 and X5

f=inling( ' [-0.2131%-0.5223%-0.27%-0.2862x%-0.0935%-0.4812-0.0365*
SiN(X+X2)SiN(Xs+X4)+0.002667c0s (¢X1)coS(%+Xs)-0.00199sin(X¥)cos(%)-
0.023635c0s(¢X5)SiN(X+X2)+0.0004224sin(Xs)Sin(%+X3)+0.0031115*
CcoS(tXs5)SiN(Xs+X2)-0.0273625sIN(PCcos(%)-0.0023635c0s @t x;)sin(x2+
x5);0.0187x,+0.1721%+0.0289%+0.0929%-0.0032%+0.3078+0.0122125*
SiN(X+X2)SiN(Xs+X4)-0.005622c0s (X1)coS(%+Xs5)-0.0000336sin(¥) cos(x%)
+0.010085c0s (¢ X5) Sin(Xt+X2)+0.005775sin(¥Xs)Sin(X+X3)-0.006559*
COoS(X+Xs)SiN(Xs+X,)-0.000462sin(X) cos()+0.0010085cosptx1)sin(+
Xs5);-0.0903%+0.1618x%-0.1176%+0.0583%-0.128x%+0.5362+0.012625*
Sin(X+X2)SiN(X+X4)-0.0155535c0s (¢ X1)c0oS(%+X5)-0.0012822sin(Rcos(x)
+0.0150725c0s(tXs)Sin(Xs+X2)+0.0160347sin(xXs)Sin(X%+X3)-0.01814575
*COS(X4+X5)SIN(Xs+X,)-0.01763025sin(icos(x)+0.00150725cosgxX;) Sin(x
+X5);0.0854x,+0.0146%+0.292%+0.2747%+0.5992%+0.4469-0.00675sin *
X2)SIiN(Xs+X4)+0.010641cos(Xx)cos(%+Xs5)-0.0008196sin(Ycos(%)-
0.0107725c0s(¢Xs)Sin(Xs+x2)+0.00878295sin(%Xs) Sin(%+x3)+0.0124145
*C0S(X4+Xs)SIN(XetX5)-0.0112695sin(®cos(%)-0.00107725cosftX;) Sin(>+
X5);0.0121x;+0.0685x%-0.0285%+0.1455%-0.1999%+0.6488-0.0118625sin{
+X5)SIN(Xs+X4)-0.01806c0S(3X1)CcOS(%+X5)+0.0000542sin(Ycos () +
0.0289525c0s@tXs) Sin(XtX,)+0.0125664sin(¢Xs)sin(X+X3)-0.02107
cos(+Xs5)SiN(X+X,)+0.00074525sin@cos(x)+0.00289525c0osfxX1)Sin(%

+X5)]"l t I’ "X )a

[t,xa]= ode45(f,[0:0.01:6],[-1.5 -1 -0.5 0.5 1.5])
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Problem (22) Of illustrations (2.6) case(1) to find the solutions
of e, e,6e,€e and e

fl=inline(’[-11*e(1);15.2165%(2)+1.5484%¢(3)+1.8205*e(4)+4*¢(5);
1.5484%e(2)-11.369%e(3)-6417*e(4)+5%e(5);-1.1795*¢(2)-6.6417*¢(3)-
10.4145%e(4)+3%e(5):6.0623%¢(2)+7.3481*¢(3)+8.5433*e(4)-9*e(5)+
0.052325*sin(-17.1543)*sin(45.3778)-0.052325*simM(4543-e(1)-e(2))*
sin(45.3778-e(3)-e(4))+0.00392375*c0s(12.0366)*t8s(221)-
0.00392375*c0s(12.0366-e(4)-e(1))*cos(18.1221-¢(3)P+0.0000432*sin(
25.6059)*c0s(10.3868)-0.0000432*sin(-25.6059-e(@9¥(10.3868-e(5))+
0.0013075*c0s(48.0293)*sin(16.1869)-0.0013075*cBg{293-e(4)-e(5))*
sin(16.1869-e(3)-e(2))+0.00621555*sin(-15.2191){$611869)-0.00621555;
sin(-15.2191-e(1)-e(5))*sin(16.1869-e(2)-e(3))+®&089325*cos(48.0293)*
sin(16.1869)-0.00549325*cos(48.0293-e(4)-e(5))*Hn1869-e(3)-e(2))+
0.000594*sin(10.3868)*cos(37.6425)-0.000594*sin88B3-e(5))*
c0s(37.6425-e(4))+0.00013075*cos(-17.8706)*sin(384-0.00013075*
cos(-17.8706-e(3)-e(1))*sin(18.8384-e(2)-e(50].,'e );

[t,ea]=ode45(f1,[0:0.01:6],[ 0.001 0.002 0.005 0. 009 0.008 ]
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Problem (23) Of illustrations (2.6) case(1) to find the solutions

of X1, X2, X3, X4 and X5

f=inling( ' [-0.2131%-0.5223%-0.27%-0.2862x%-0.0935%-0.4812cos(t)-
0.0365cos(t)sin@x,)sin(%s+X4)+0.00266 7cos(t)cosfxX,)COS(%+Xs)-
0.00199cos(t)sin@Ecos(%)-0.023635cos(t)cosfxxs)sin(XstX,)+0.0004224*
SiN(X+Xs)SiN(%+X3)+0.0031115c0s(Xs)SiN(X+X2)0.0273625sin(Pcos(X)-
0.0023635c0stX;)sin(x2+x5);0.0187x,+0.1721%+0.0289%+0.0929x%-
0.0032%+0.3078cos(t)+0.0122125cos(t)sifX,)sin(xs+X4)-0.005622cos(t)*
cos(X+X;)coSs(%+X5)-0.0000336c0s(t)sin(}cos(x)+0.010085cos(t)cosfx
X5)SIN(Xs+X5)+0.005775sin(¥X5)SIN(X%+X3)-0.006559C0S (3¢ X5)SiN (X +X>5)-
0.000462sin(¥cos(x)+0.0010085cosptx1)sin(%+xs);-0.0903%+0.1618%-
0.1176x%+0.0583x%-0.128%+0.5362c0s(t)+0.012625c0s(t)sintX,)sin(X+
X4)-0.0155535c0s(t)cos ¥x;)cos(%+Xs5)-0.0012822cos(t)sin(xcos () +
0.0150725c0s(t)cosf{¥Xxs)sin(Xs+X,)+0.0160347sin(xXs)SiN(X+X3)-
0.01814575c0ospeXs)Sin(Xs+X,)-0.01763025sin(cos(x)+0.00150725*
CcOS(%+X1)SIN(X%+X5);0.0854x,+0.0146%+0.292%+0.2747%+0.5992%+
0.4469cos(t)-0.00675cos(t)sinfx,)sin(XstX4)+0.01064 1 cos(t)cosfxx,)*
COS(%+X5)-0.0008196c0s(t)singycos(%)-0.0107725cos(t)cosf{xxs)sin(Xs+
X2)+0.00878295sin(¥Xs) Sin(%+X3)+0.0124145Cc0Ss @t Xs)SiN(XstXy)-
0.0112695sin(®cos(x)-0.00107725cosftX,) Sin(X%+Xs);0.0121x,+0.0685x%
-0.0285x%+0.1455%-0.1999%+0.6488cos(t)-0.0118625co0s(t)sintx,)*
Sin(Xst+X4)-0.01806c0s(t)cosgxx;)cos(x+xs5)+0.0000542cos(t)sin(}cos(%)
+0.0289525c0s(t)cos(¥xxs) Sin(XtX,)+0.0125664sin(¥Xs)SIiN(X+X3)-
0.02107cos(xXs)sin(Xs+x,)+0.00074525singjcos(x)+0.00289525cosfx
X))sin(etxs)], t', " x");

[ t,xa ] = ode45(f,[0:0.01:10],[ -1.5 -1 -0.5 0.5 1.5])
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Problem (24) Of illustrations (2.6) case(2) to find the solutions
of e, e,6e,€e and e

fl=inline(’[-11*e(1);-15.2165%e(2)+1.5484%¢(3)+1.8205*e(4)+4*e(5);
1.5484%e(2)-11.369%e(3)-6417*e(4)+5%e(5);-1.1795*¢(2)-6.6417*¢(3)-
10.4145%e(4)+3*e(5);6.0623*e(2)+7.3481*¢(3)+8.5433*¢(4)-9%e(5)+
0.052325*cos(t)*sin(-40.1084)*sin(102.2924)-0.05238s(t)*sin(-40.1084
e(1)-e(2))*sin(102.2924-e(3)-e(4))+0.00392375*cs(is(23.3648)*
c0s(37.3742)-0.00392375*cos(t)*cos(23.3648-e(4))etbs(37.3742-e(3)-
e(5))+0.0000432*cos(t)*sin(-61.4676)*c0s(19.91420a@D0432*cos(t)*sin(-
61.4676-e(1))*c0s(19.9142-e(5))+0.0013075*cos(t¥(d0®4.7466)*
sin(38.8192)-0.0013075*cos(t)*cos(104.7466-e(4)6n(38.8192-e(3)-
e(2))+0.00621555*sin(-41.5534)*sin(38.8192)-0.00823*sin(-41.5534-
e(1)-e(5))*sin(38.8192-e(2)-e(3))+0.00549325*co4(¥@66)*sin(38.8192)-
0.00549325*c0s(104.7466-e(4)-e(5))*sin(38.8192-(2))+0.000594*
sin(19.9142)*c0s(21.3592)-0.000594*sin(19.9142-¢(w)s(21.3592-
e(4))+0.00013075*cos(-44.0076)*sin(41.2734)-0.005cos(-44.0076-
e(3)-e(1))*sin(41.2734-e(2)-e(5))]','t', 'e");

[t,ea]=0de45¢1,[0:0.01:10],[ 0.0001 0.0002 0.0005 0.0009007®])
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Chapter One Some Basic Mathematical Concepts

1.1 INTRODUCTION

This chapter presents some well-known quples that will be
needed latter on, and is divided into esesections. The first section
contains the dynamical control equatiorgection two discussed the
formulation of control problems, and imet third section discussed
the basic concept and definitions. Theourth section discussed the
Singular value decomposition. The fifth sectiiscussed the Lyapounov
Stability and the sixth section salissed the basic concepts of
controllability, where as the last sewstiinvolve discussion of the

concepts of observability.

1.2 DYNAMICAL CONTROL EQUATIONS[32]

Many systems can be described lay set of simultaneous
differential equations of the form
X(t) = f[x(t),u(t),t)] (1.2)
Heret s the time variablex(t) is a realn-dimensional time-varying
column vector which denotes trleate of the system, andi(t) is

a realk-dimensional column vector which indicatéise input variable
or control variable. The functionf is real and vector-valued.

For many systems the choice of the stallews naturally from the
physical structure, and (1.1) which will loelled the state differential
equation, usually follows direct from the wlentary physical laws
that govern the system.

Let y(t) be a reall-dimensional system variable that can be

observed or through which the system infl@sncits environment. Such
a variable we call aoutput variable of the system. It can often be

expressed as
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y(t) = glx(t),u(t),t] (1.2)
Equation (1.2) is called theutput equation of the system.

We call a system that is described(byl) and (1.2) afinite
dimensional differential system or for short, aifferential system.
Equations (1.1) and (1.2) together are dall¢he system equations. If
the vector-valued functiory containsu explicitly, we say that the
system has adirect link.

We are mainly concerned with the case whérand g are linear
functions. We then speak of afifite-dimensional ) linear differential
system. Its state differential equation has the form

X(t) = A(t)x(t) + B(t)u(t) 1.3)
where A(t) and B(t) are time-varying matrices of appropriate dimensio
We call the dimensiom of x the dimension of the system. The output

equation for such a system takes the form
y(t) = C(t)x(t) + D(t)u(t) (1.4)

If the matrices A, B, C, and D are constant® system is time-invariant.
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1.3THE FORMULATION OF CONTROL PROBLEMS[32]

We now described in general terms an imporidass of control
problemstracking problems. Given is a system, usually called thant;
Which cannot be altered by the desigmeth the following variables

associated with it (see Fig. (1.1))

didiance variabIe/p

input variableu plant controllecriablez

»
|

> Sensors

A 4

observed variaple

reference variable

»

observation noise,

Fig. (1.1) The plant

(1) An input variable u(t) which influences the plant can be

manipulated.

(2) A disturbance variable v, (t) which influences the plant cannot be

manipulated.

(3) An oObserved variable y(t) which is measured by means of

sensors is used to obtain information about thatesbf the plant;
this observed variable is usually contangdat with observation
noise v, (t).

(4) A controlled variable z(t) which is the variable we wish to

control.
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(5) A reference variabler(t) which represents the prescribed value of

the controlled variable z(t).

The input to the plant is to be generatgda piece of equipment
that will be called theontroller. We distinguish between two types
of controllersiopen-loop and closed-loop controller. Open-loop controllers
generateu(t) on the basis of past and present eglof the reference

variable only (see Fig. (1.2) ), thatis
u(t) = f, [r(7),t, ST <t], t>t, (1.5)

disturbance varda)gl

reference variab input variabl{ controlled variable
,| controller P ,| plant >

r u Y4

|

Fig. (1.2) An open-loop control system
Closed-loop controllers take advantage thfe information about

the plant that comes with observediabde; this operation can be
represented by (see Fig. (1.3))

ut) =f [r(@) to <<t y@),t,sr<t] t=t, (1.6)
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disturbance variaq,le

A 4

reference variabl| controller |{input variablg plant |controlled variable

L > >

r u Sensors

»
L

Fig. (1.3) An closed-loop control system

Note that neither in (1.5) nor (1.6) dwture values of the reference
variable or the observed variableseds in generating the input
variable since they are unknown. The pland ahe controller will be

referred to as theontrol system.

1.4 BASIC CONCPET ANDDEFINITIONS 7],[23],[27].[39].[40]

The following definitions are needed foomplete understanding of

the subject:

Definition (1.1): (Controled Variable) [40]
The controlled variable is the quantdy condition that is measured

and controlled.

Definition (1.2): (Control) [40]
Control means measuring the value @& tontrolled variables of the

system and applying manipulated variable tosgfgtem to correct or limit

deviation of the measured value from a deswahle.
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Definition (1.3) :( System) [40]

A system is a combination ofnpmnents that act together and

perform a certain object.

Definition (1.4): (State Vector) [7]

The state of a system can h@wesented by a finite-dimensional

column vector X called the state vector. Thmponents of X are called

the state variables.

Definition (1.5): (Dynamical Equations)[40]

The set of equations that described uhgue relations between the

input, output and state is called dynamical atigns.

Definition (1.6): (Time-I nvariant Control System)[40]

A time-invariant control system ( constarcoefficients control

system) is one whose parameters do not vatly Wwine. The response of

such a system is independent of the timeviath input is applied.

Definition (1.7): (Time-Varying Control System) [40]

Time varying control system issgstem in which one or more

parameters vary with time.

Definition (1.8): ( Full-Order Observer )[25]

Full-Order Observer is the state observerentes all state varaibles

of the system regardless of whether sonme stvaraibles are available

for direct measurements.
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Definition (1.9) :( Reduced-Order Observer)[25]

Reduced-Order Observisr an observer that estimates fewer than

state variables , whene is the dimension of the state vector , etmes

is called minimum order observer.

Definition (1.10) (Positive Definite Matrix)[ 23]

A real symmetric matrix A is1xn is called positive definite if

x'Ax>0 for every non-zero vectorx JR".

Lemma (1.1):[27]
A symmetric matrix A is positive definitd and only if all the

eigenvalues of A are positive.

Lemma (1.2):[39]
If A is nxn real symmetric positive definite matrithen there

exists a nonsingular matri$ such thatA = SS'.

Lemma (1.3):[7]
Let A be a real symmetric positive definiteatrix and A, (A)

and A, (A) be the smallest and largest eigenvaloEs\, respectively,
then

Ay [ X" € XTAXE A X X000

2
Where Hx”zzznl\xl\ , X is the i-th component of x.
i=1
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Definition (1.11): (Positive Definite Function)[40]

A scalar functionvV(x) is said to be positive definite inre@gion

Q (which includes the origin of the stapace) if V(x)>0 for all

non-zero states x in the regida and V(0) =0.

Remark (1.1): [40]
A scalar function V(x) is said te negative definite if —V(x) is

positive definite.

Remarks (1.2): [27]
1. The rank of a symmetric matrix is callgétde rank of quadratic form

xTAX.
2. A quadratic formx"Ax is said to be singular if the rankf the

matrix A<n, ie., if [A|=0.

3. A quadratic form x"Ax is said to be nonsingular if the kaof

the matrix A i, i.e.,|A[#0.

1.5 SINGULAR VALUE DECOMPOSITION [4]

Let A beanmxn matrix with m=n. Then there is orthogonal

mxm matrix U, an orthogonahxn matrix V and anmxn matrix

D, O
D=[ Or Oj such thad =UDV ", rank (A) =r.

Consider AATY. =0?Y. and ATAn =A°7. and wher&, and
n. the eigenvectors ofAAT and ATA respectively . lfig, =A then is
called singular value. Then the eigenvector oRA' namely the Y.

is called the left singular vector AAT and the eigenvector of
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ATA namely thes is called the right singular vector &' A . So:

o, 0 - ofn]]
0 o .. 0 T
A=[Zl 22 Zm] . ' . . ,7:2
(0 0 - 0Ofn, |

Definition ( 1.12) : (Pseudo-I nverse) [33]

Generalized invers@&® of matrix A which is not square or singular

matrix is called pseudo-inverse which sequetiee following properties:
1) AA*A=A
2) ATAAT =AY
3)(ATA)T = AYA

Definition (1.13) :( The Moore-Penrose Pseudo-I nverse) [9]

The matrixA™ is called penrose pseudo-inverse of a maiix
Let A*=VD*U' whereD" be thenxm matrix whose upper left corner
is diagonal matrix that iD* =diag(o;’,....0,0,..., Gyvhere A=UDV'

be the singular value decomposition ( s.v.d h@dtrix A.

Definition (1.14) :( The Skinny and Fat matrix)
The matrix A is called (skinny)if A hasank n recall m=n.

And the matrix A is called (fat)if A sarank n recall m<n.

Definition (1.15):( Pseudo-I nverse for Non-Square Sinqular Matrix )

Recalling that not every matrix has inverse alf arbitrary matrix A is

to have an analogous inverBe= A™*, then the following must hold:
BA=AB=1,
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where 1, is the identity matrix. Because of can foahility requirement

this can never be true if Ais not a sequart&imdn addition A must have
a nonzero determinant, i.e., A must be nonsarg

If A is singular or not square, thdmere exists which now as
pseudo-inverse. We shall use the singwalue decomposition (s.v.d)

technically. Recording that for anyxn matrix A has rank, then the

(s.v.d) of AisA=UD V', where Vand U ar@xn and mxm orthogonal

D, O
matrices and3=£ Or OJ IS mxn, hereD, is anrxr diagonal matrix with

D, =(0,,0,,...,0,), whereg, 20,>...20, 2 Oandr is the rank of A.

The numbers, is singular value of Ali=1,2,...r ; sothatA* =vVD*U".

Lemma(1.4):

Consider A" =VD'U T, A* is pseudo-inverse of a matrix A.

Proof:
AA*A =UDVT(VD*UT)UDV'
1DV VDU 'UDV (since V and U are orthogonal)
DD*DV'
2DV’
A,

Lemma(1.5):

If A isskinny m=n)and ATA has full rank (sedefinition 1.14),
then:

A*=(ATA)AT

AATA=AATA)TATA=A

10
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Similarly, if Ais fat (m<n)andAAThas full rank, thenA* =AT(AAT)™.

Remark (1.3) :( Computing Pseudo-Inverse Via SVD )
Consider a matrix A withm rows, n columns and rank(A) &

If m=n and rank(A) =, then: (s v d) ofA=UDV"'

Where
A, 0 0 - 0] -
0 A O 0 n
n
0 Ay -+ 0 L |7
U:[Zl Zz Zm]yD: . . . . . ,andV = N3
0 0 0 - 4 g
n
0 0 0 - 0] Tn

whereA? is the eigenvalue oA'A and o? is the eigenvalue ofAAT

and 77, is the eigenvector oA"A. Y. is the eigenvector oAAT of
Oi=1,2,....r.

Then the pseudo-inverse of a matrix Adenoted byA™ which
is A*=VD'UT, whereD* =D*' and 0 otherwise. That is

D! =diag(og;t,0,%,....0. ).

Remarks (1.4):
If a matrix A with mxn one can applied the (s.v.d) technicality or

use the following method: Determine the dismen of the matrix A and

find the rank(A). Recall that A witim rows andn columns.
(1) If m<n and AAT invertible, thenA* = AT(AAT)™.
(2) If m=n and ATA invertible, thenA* =(ATA) AT,
(3) If AAT andATA are not invertible, thetA* =VD*U ", where UV,

and D" are defined in remark (1.3).

11
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1.6 LYAPUNOV STABILITY [40]

We present here the Lyapunov methodstalbilgy analysis (the
first method and the second method) which applicable to both linear
and non-linear systems. Our attention vk devoted to the second
method of Lyapunov, which provides stabilitformation on linear and
non-linear differential equation without solgi them, hence the second
method is called the direct method oyapunov, the direct method
Is most useful for investigating stabiliof non-linear systems. It gives
sufficient conditions for asymptotic stabilitof equilibrium states of
non-linear systems and gives necessarg aufficient conditions for
asymptotic stability of equilibrium gstat of linear time invariant

systems.

Definition (1.16): (Equilibrium State)[39]

Consider the system=f(x,t), a state x,, where f(x,t)= 0

0 tOR" is called an equilibrium state of thegstem.

Definition (1.17): (Lyapunov Stability) [23]

An equilibrium statex, of the dynamical system = f(x,t) is stable

(or stable in the sense of the Lyapundi)or everye >0, there exists

0>0(d(e,ty)) such thatx, —x,|<J implies |x(t, %,) —X.|< &, for all

t=t,, wherel| denotes the Euclidean norm of a vector Rf.

Definition (1.18) (Asymptotic Stability) [23]

An equilibrium statex, of the systemx= f(x,t) is asymptotically

stable if:

1.1t is stable in the sense of Lyapunov.

12
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2. For allt, , there exists @(t;) > (@Possible depending dg) such that

[% = %] < o implies that|x(t, X,) = X,| - 0 ast - .

Definition (1.19): (Asymptotic Stability in the Large) [32]
The nominal solutionx, t ( pf the system x= f(x(t),t) is

asymptotically stable in the large if:

1.1t is stable in the sense of Lyapunov .
2. For any x, t()and any,, [x(t)=x%,(t)| -~ 0 as - .
A solution that is asymptotically dwbin the large has the

property that all other solutions eventualapproach it.

Theorem (1.1): (Stability of Time I nvariant System) [32]
The time-invariant linear system
X = AX(t)

iIs stable in the sense of Lyapunov if amdy if:
(a) All the characteristic values (eigenvalues) Aofhas non-positive real
parts, and
(b) To any characteristic value on the imaginaig avith multiplicity m,

there correspond exactiy characteristic vectors of the matrix A.

Theorem (1.2) :(Asymptotically Stable) [32]
The time-invariant system
x = Ax(t)

Is asymptotically stabl# and only if of the characteristic values (eigenvalues)

of A have strictly negative real part.
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Remark (1.5): [40]

The second method of Lyapunov attemptgitiee information on

the stability of equilibrium state of lineand non-linear systems without

any prior knowledge of their solution.

Definition (1.20) :( Attraction Domain) [40]

The largest region of asymptotic stapilis called domain of

attraction. It is a part of the state space which asymptotically stable

trajectories originate.

Theorem (1.3): (Lyapunov Main Stability Theorem) [40]
Consider the system
x = f(x(t),1)
with f(0,t)=0 ,0t.

Suppose also, that there exists a scalar funst{ogt) which has continuous

first partial derivatives. ItV (x,t) satisfies the following condition:

1. V(x,t)is positive definite, nameW(0,t) =0 andV (x,t) > 0 [x,t.

2. V(xt)za(x)>0, for all x#0, and allt, wherea is continuous,

non-decreasing scalar function, such &{&@) =0.

3. The total derivativeV is negative for allxz0, and allt or
V(xt)<{(¥)<0, for all xz0 and allt, where{ is continuous,
non-decreasing scalar function, such tiéd) =0.

4. There exists a continuous non-decreasingtifumcsuch that £(0) =0
for allt, V(x,t) < B|¥ .

5. a(|x|) approaches infinity agx| increases indefinitely, or

a(lx) ~ 0 as ¥ - .

14



Chapter One Some Basic Mathematical Concepts

Then, the originx=0 of the above systesm= f(x(t),t) is uniformly

asymptotically stable in the large.

Theorem (1.4): [39]

If there exists a scalar fuoetiV(x,t) with continuous first

partial derivatives satisfying the following nzbtions:
@ V(xt)>0, for all x£0in Q and allt.

V(0,t) =0, for all t.
(b)V(x,t)<0, for all xz0in Q and allt.

V(0,t) =0, for all t.
Q in the region (can be the entire state space)twimcludes the origin.
Then, the origin of the syster= f (x(t),t) is uniformly asymptotically

stable.

Theorem(1.5): (I nstability Theorem) [39]

If there exists a scalar fumct V(x,t) with continuous first

partial derivatives satisfying the following nbtions:
@ V(x,t)>0, for allxz0 in Q and allt.

V(0,t) =0, for all t.
(b)V(x,t)>0, for allxz0in Q and alk.
V(O,t)=0, for allt.

Then, the origin of the system= f(x(t),t) is unstable.

15
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Theorem (1.6): (Lyapunov Equation) [23]

Consider the system described by
x = Ax(t)
where x is a state vectom{vector) and A isnxn constant non-singular
matrix. A necessary and sufficient conditidghat the equilibrium state
x=0 be asymptotically stable in the largs, that given any positive
definite real symmetric matriQ, there exists a positive definite real

symmetric matrix P such that:

ATP+PA =-Q.

Corollary (1.1): [23]

If the origin of a linear autononsosystemx=Ax(t) is stable,

then there exists a unique Lyapunov fumctifor this system, of the

form:
V(x) = x'Px where ATP+PA =-Q
And Q is any symmetric positive definite tha where P is the

positive definite solution ofA"P+PA =-Q.
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1.7 CONTROLLABILITY [25]

Controllability and observability represent twajor concepts of modern
control system theory. These originally theaadticoncepts introduced by
R. Kalman in 1960, are particularly important foractical implementations.
They play an important role in the design of colntystem in state space.
In fact, the conditions of controllability amabservability may govern the
existence of a complete solution to the cdnsiygstem design problem.
The solution to this problem may not exisf the system considered
is not controllable.

Although most physical system is condétde and observable
corresponding mathematical models may ponesess the property of
controllability and observability. Then is necessary to know the

conditions under which a system is cordbd and observable.

Definition (1.21) : [25]

A system is said to beontrollable at timet,, if it is possible

by means of an unconstrained control oredio transfer the system

from any initial statex(t, )to any other state in a finiteemal

of time.

Theorem (1.7): [7]

Consider the linear time invariantystem of x=Ax+Bu where

xOR" is the state vectoyOR™ is the control, AOR™ andBOR™™

are constant matrices .
The necessary and sufficient conditfon the complete controllability

of the systemx=Ax+Bu is thatnxnm matrix

p(A,B)=|B: AB: - i(A)"'B| has rankn.

17
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Example 1.1 Consider the system given by

N HEN

B : AB|= e ae+bh| |e f
' “|h ce+dn| |h g

Where ae+bh=f and ce+dh

If the [B AB] =eg-fh.

If eg— fh#0, then the system is completely state cdabie .

1.8 OBSERVABILITY [25]

In this section we discuss the observabitifylinear systems.
Consider the unforced system described by ftllewing equations:
X = AX (1.17)
y = Cx (1.18)
Where X is state vectan-gector)
y is outpuintvector)
A is nxn matrix

C ismxn matrix

Definition (1.22) : [25]

A systemis said to bebservable at timet, if, with the system

in statex(t, ) it is possible to determine this statenfr the observation

of the output over a finite time interval.

18
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Definition (1.23) : [25]
The system is said to mmpletely observable if every statex(t, )

can be determined from the observatbny(t) over a finite time
interval, t,<t<t,. The system is, therefore completelgsesvable if

every transition of the state eventualiffects every element of the
output vector.

The concept afbservability is useful in solving the problem of
reconstructing unmeasureable state variables fmeasurable variables in
the minimum possible length of time.

In  this section we treat onlyndar time-invariant system.

Therefore, without loss of generality, wencassume that,= .0

The concept obbservability is very important because, in practice,
the difficulty encountered with state feedback oolnt that some of the state
variables are not accessible for direct meamant, with the result that it
becomes necessary to estimate the unmeasurst@e variables in order
to construct the control signals.

In discussing observability conditions, weasider the unforced system is
given by equations (1.17) and (1.18). The reaonthis is as follows:

If the system is described by

Xx=Ax+Bu
y=Cx+Du (1.19)
X(0) =%, t=0
Then
t
x(t) =€*x(0) + [€*Bu(r)dr .20)
0
and y(t) is
t
y(t) =Ce™'x(0) + C[e"™Bu(r)dr + Du (1.21)
0
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Since the matrices A, B, C, and D are known aij is also known, the
last two terms on the right-hand side ofthast equation quantities are
known quantities.

Therefore, they may be subtracted friim observed value oft).

Hence, for investigating a necessarpd a sufficient condition for
complete observability, it suffices to comsidhe system described by
equations (1.17) and (1.18).

Theorem (1.8) :[39]
The system is described by:
X =AX (1.22)
y =Cx (1.23)

where X is state vecton{vector )
y is outputrfrvector)
A is nxn matrix
C ismxn matrix
Are constant matrices is the completely oladde if and only if the
matrix
cT: ATCT: .. i(AT)™ICT (1.24)
iIs of rankn, or hasn linearly independent column vectors. This nrat

is called observability matrix.
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Example1.2 Consider the system described by
X, _|a b x L€ J
X, c djx, h
X
= o
y [Cl 2]{)(2}

Is this system controllable and observable ?

Since
. e ae+bh e f
[B i AB= =
h ce+dh h g
Where ae+bh=f and ce+dh
If the [B AB] =eg-th.

If eg— fh#0, then the system is completely statatrodlable.

Since

lCT : ATCT]=|:C1 aCl+CC2:|:|:C1 m}.
c, bc +dc, C, n

Where ac, +cc, =m and bc, +dc, =n
If the ‘[CTE ATCT]:cln—mcz.

If cn—-mc, #0, then the system is completely olsele.

Example1.3 The following system is not completebservable

Xx=Ax+Bu
y=Cx
where
X 0 1 0 0
x=|x,|, A0 0 1|, B=l0|, C=[4 5 1
Xq -6 -11 -6 1

21



Chapter One Some Basic Mathematical Concepts

Note that the control functiu does not affect the complete
observability of the system. To examine ccaetelobservability, we may
simply set u=0.

For this system, we have

4 -6 6
c’: A'CT: (AT)ZCT]= 5 -7 5
1 -1 -1
Note that
4 -6 6
5 -7 5|=0
1 -1 -

Hence, the rank of the matr{'(zTE ATC": (AT)ZCTJ is less than 3.

Therefore, the system is not completely olmae.

Remark (1.6): [25]
Consider the system described by equa(bri7) and (1.18), rewritten
X = AX (1.25)
y =Cx (1.26)

Suppose that the transformation matrix trBnsforms A into a

diagonal matrix, or

PAP=D (1.27)
Where D is a diagonal matrix. Let udirde

x =Pz (1.28)
Then equations (1.25) and (1.26) can be ewritt

z=P'APz=Dz

y =CPz
Hence,

y(t) =CPe™z (0) (1.29)
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or
_e/11t 0 ] B e/]lt zi (O) T
e/lzt e/]ztz (0)
y(t)=CP ) z(0)=CP 2 (1.30)
0 et e™'z,(0) |

The system is completely observable if none ofcthlamns nmxn matrix CP
consists of all zero elements. This is becaifs¢he ith column of CP

consists of all zero elements, then the stateblez (O)will not appear
in the output equation and therefore cannot berchened from observation
of y(t).

Thus, x (0) whichisrelated t®(0) by the non-singular matrix
P, cannot be determined. (Remember that ths applies only if the

matrix P'AP isin diagonal form).
If the matrix A cannot be transfodnato a diagonal matrix, then

by use of a suitable transformation matrix W& can transform A into a
Jordan canonical form, or

S7TAS=1J (1.31)
WhereJ is in the Jordan canonical form (see in appendl)x (

Let us define

X=X (1.32)

Then equations (1.25) and (1.26) can be written

s — -1 —
=S "AxZ=Jz (1.33)
y=C&x
Hence,
y(t) =CSe”z (0) (1.34)

The systemis completely observable if:

(1) No two Jordan blocks id are associated with the same eigenvalues.
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(2) No columns of CS that correspond to the first row afach
Jordan block consist of zero elementd, an
(3) No columns ofCS that correspond to distinct eigenvalues isbns

Of zero elements.
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Chapter Two Observability and Stabilizability of Non-Linear Dynamical
Control System

State observation of non-linear dynamisyistems is becoming
a growing topic of investigationn i the specialised literature
( Tsinias, 1989 [47]), (Walcott, 1987 [50]hd reconstruction of state
variables remains a major problem both amtiwl theory and process
diagnosis (Magni, 1991 [37]). Researcher &tian is being particularly
focused on the design of adaptiveseolers for on-line process
state estimation. There is increasiag wareness that to ensure
robustness in performance requires simpler atable adaptive observer
schemes. Linear systems have received idgyable attention leading
to the several stable adaptive obsersgstems.

Linear observers involving unknownnputs have also been
developed and analysed (Chang, 1995 [&}pddouna, 1996 [15]).

Nevertheless, the design of asymptoticalBblet observers remains
a hard task in the non-linear casenewehen the non-linearities are
fully known. The nonsingular problem because new task for design
an stabilized observer.

Hence our aim in this work is ftbesign an stabilized full-

order observer for some class of non-lineaingular control system).

2.1 BASIC CONCEPTS AND DEFINITIONS [7],[11] and [25]

The following definitions are needed fornguete understanding

of the subject:

Definition (2.1) ( Lipschitz condition ) [11]

Suppose functiorf (t,x) has domairD in (t,x)-space and suppose

there existsk, such that if(t,x), (t,x,) 0D, then

|t %) = f(t )| < K|x, = |

Then f satisfies a Lipschitz condition with respéc x in D, and k
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iIs a Lipschitz constant foff .

Definition (2.2): (Full Rank) [7]
A square matrix has full rankf and only if the determinant

of the matrix is different from zeror @orrespondingly, a matrix
iIs non-singulanf and only if the rows or columns of the matrix

are linearly independent.

Remarks (2.1):[7], [25]
(1) The Euclidean norm of a vectgris defined as:

=[S

(2) The Euclidean norm afixn matrix can be defined a:

=h i\aﬂm

izl j=1

where ‘aij‘ is the absolute value of the matrix coédfiis a; .
(3) The Euclidean norm afixn matrix is also defined as:
1/2
] = (A7)
where AT is the transpose of A, is the maximum eigenvalue of
(ATA).
(4) It is known from that the propertied a norm of matrices that
— T
A= AT
(5) Observation is estimation of unmeasuraléesvariables.
(6) State Observer is estimating thetestaariables based on the

measurements of the output andtrabnvariables, sometimes s

called an observer.
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2.2 PROBLEM FORMULATION AND THEOREMS

The following problem formulation has beemsidered .
The non-linear dynamic control system issuased to be non-singular
because of singularities in the matrix Bd asuch type of system have
take a good attension in applications and arebers see for example [38],
[44] and [56].

The following class of nonlinearities kavween developed and

studied and as follows:

Consider :
E? = AXx(t) + Bu(t) + f (x(t),u(t)) + g(x(t)) (2.1)
y =Cx(t) (2.2)
where

EQO%", AOO%", BOO®P, cOO™", x(t)OO™, ut)0oP4,
y()OoO™, f:0"x0OP - 09 g:0" - O¢
where

(1) f is a vector of non-linear functions whichaynrepresent a known

non-linearity, and notice that rangé u(t) is assumed to be in a

ballU of OI°.

And f is satisfied Lipschitz condition
OvOU,0(x, %) 00" xO"
| (%, V) = £ (%, V)] < K%, = | (2.3)
(2) [9(x, (1)) — g(x (©)]| < ko[ %, (t) =%, (t)|, where k; is Lipschitz constant.

(3) Assuming that the matrix E is wmsed nonsquare matrix or

(singular matrix even for squagg=n).

(4) The matrixC is full row rank. (2.4)
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Control System
(5 ram{ED =n. (2.5)
(6) ramﬂSEg AD =n, Os. (2.6)

Remarks (2.2):
(1) Hypothesis (2.3) is used for boundinfpe magnitude of the

non-linearity.

(2) Hypothesis (2.4) indicates that noedundancy between the
measurement devices is considereghdis (assumption is not very
restrictive and can always Imatisfied by redefining the
measurement equation).

(3) The equation (2.5) may be integuletas they are enough

measurements to compensate thmgularity of system?2.1); it
will be used further for the desigrf the observer.

(4) Hypothesis (2.6) is the observability cadiwah .

In the following, the proportional ssyver is used and the
proposed techniqgue may be easily ednto proportional-integral

observer, and this may be laid to the futwark if any.
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The following theoremis then developed aloves:

Theorem (2.1):
Consider the system defined by (2.1) &#)(, and letS(8) be

a symmetric positive definite matrix faoa of a positive scaldt
then, if the four hypotheses (2.3), (2.42.5), and (2.6) are hold, the

following system is an observer of systeml)2and (2.2)
% = Nz(t) + Ly(t) + Gut) + RE(X(t),u(t)) + RgX(t)) - SHHC' (CX(t) - y(t)) (2.7)

with transformation
X(t) = z(t) + Ky(t) (2.8)

and using the Lyapunov function approaﬁhzéeT(t)S(H)e(t).

where N,L,R, G, S and K are matriced proper dimension and

satisfied the following conditions:

(1)-0<Re(d (N)):6>0 0Oi{d,...r} (2.9)

(2) RE+KC=1 (2.10)

(3) NRE+LC-RA=0 (2)1

(4) G-RB=0 (2.12)
where

A (N) represented the™ distinct eigenvalues of N amtis a positive

parameter.

Proof :

Let e(t) be the state reconstruction error defined by:
e(t) = x(t) = x(t), from (2.8) we have that
=x(t) —[z(t) + Ky(t)], from (2.2), we have
=X(t) — z(t) - KCx(t)
From (2.10), one gets
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RE + KC =I- RE =1-KC, and hence
e(t) = REX(t) — 2(t) (2.13)
Direct Derivation ofe(t) yields :
€=REX-2 (2.14)
Put (2.1) and (2.7) into (2.14), we get
€ = RIAX(t) + Bu(t) + f (x(t),u(t)) + g(x(t))] =[Nz(t) + Ly(t) + Gu(t) +

Rf(X(t),u(t)) + RG(X(t)) - S™H(O)C T (CX(t) - y(t))] (2.15)
From (2.13), we have
= 2(t) = REx(t) —e(t) (2.6

Substitute (2.16) and (2.2) in (2.15), ondsge
€ = RIAX(t) + Bu(t) + f (x(t),u(t)) + g(x(t))] —[N(REx(t) —e(t)) + LCx(t) +

Gu(t) + RF(X(t), u(t)) + Rg(X(t)) - S™(E)C (CK(t) - y(1))]

& = RAX(t) + RBu(t) + RF(x(t), u(t)) + Ra(x(t)) - NREx(t) + Ne(t) — LCx(t) -
Gu(t) - RF(X(t),u(t)) - Rg(X(t)) - S™H(8)C ' Ceft)
e =(RA - NRE - LC)x(t) + (RB = G)u(t) + R(g(x(t)) — g(X(t))) +

R(T (x(1),u(t)) - f (X(t),u(t))) + (N - S(O)C C)eft) (2.17)

From (2.11), we have

NRE + LC—-RA=0> RA-LC-NRE=0 (2.19
And (2.12), we have

G-RB=0 RB-G=0 (2.19)
Put (2.19) and (2.20) into (2.18), one gets:

e=(N-SHO)CTCe(t) +R(f - f)+R(g-§) (2.20)

where

f=f(x(t),ut) and f=f(X(t),u(t))
g=g(x(t)) and g =g(X(t))
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Let us now examine the stability @ft) by considering the Lyapunove

function :
V(t)= %eT (H)S(O)elt) (2.21)

Since S(@) is assumed to be positive definite andl be signed

later on wusing this proposition, so it feuénts to ensure the negative

definite of total derivatives oY (t) for stabilizing e(t) to zero.
The calculation of the derivation A&f(t) with respect to the

time t gives:
v =%(eT (HS@)elt) + €' ()SE)e()) (2.22)
From (2.21), taking the transpose by eadessi we get:
&ty =e" )N -cTcs i)+ (f - R +(g-8)'R" (2.23)
Put (2.21) and (2.24) into (2.23), we get:

V= ([T ONT -CTCS (@) + (1 - )R +(g-6) R )s()elt) +

e’ (1)S(O)((N - S™(6)CTC)e(t) + R(f - ) + R(g - §))

V = %[eT ©)(NTS(8) + SN - 2CTCe(t) + (f - )TRTS(@)e(t) +

(9-G§)"R'S(O)e(t) +e" (VSOR(T - ) +e" (1)S(O)R(g - §)]
Since,S(6) is symmetric:[(f - )T RTS(e)e(t)]T =e' () S(O)R(f - )

V = %[eT )(NTS(8) + S@N - 2cTC et + 2T ) S(O)R(f - F) +
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2e" (t)S(O)R(g - § )]
= V= %GT ()(NTS(8) + S(ON - 2CTC)e(t) + " (1)S(O)R(f - f) +

e’ ()S(9)R(g-9 ) (2.24)
According to the Lyapunov theory, if thedar part of (2.7) is stable,

a symmetric positive definite matri®Q exists such as:

NTS(@)+S(@N-2C'C=-Q (2.25)
Let nowQ satisfying the following equality :
Q =265(6) (2.26)
Then, equation (2.25) may be written as:
(N+A,)'S(@)+S@EN+4,)=2C'C (2.27)

Moreover, it may be proven that the eigemesl of the linear part
of the observer have a real part equa- .

ReN+4,)<0= Re(N)<-Re@,)= RelN)<-6 (2.28)
Now examine the condition for which obsery2.7) is stable. Taking

(2.28) into account reduces equation (2.28) t
V =-6" (t)S(O)et) +e" ()S(OR(f - f)+e" ()S(OR(g-§)  (2.29)
Noticed that
e" ()SOR(F - f) = HeT )SOR(f - f )H <[e” ®)|s(6) RHH f-f H , from(2.3)
<|e’ ®)|s@RK|x- 5
<Klet)|"|s@)R
< k8 (SO)R)[et)]”
= €' OSOR(T - ) < Klet)] 5(SO)R) (2.30)
e’ ()S(O)R(9 - §) = e (VSO)R(g - §)| < [e" ()]|S(O)R]lg - g, from (2.3)

<|e" )] S) Rk, x - K]
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< kie®|[s(O)R
< Ky T (SO)R) 1)
= e (O)S(OR(G - §) < ky[et)]* Far (S(OR) (2.31)

where J,,,(.) denotes the largest singular eigenvalue.

Substituting (2.30) and (2.31) into (2.29)ves:
d\d/ft) <- 5eT(t)S(6?)e(t)+kHe(t)H 5max(5(9)R)+k1He(t)H 3. (S(O)R)

P < -7 (05(6)1) + (k + ke G (SOR) (2.32)

with

e’ (1)S(O)elt) = e" ©)S(O)e(t)| < |e” )] S(O)let)] < S (SON]e®)]]
e’ (1)S(8)e(t) = G (SO)]EM)]” 2 I (SO))]e(t)]

> & QSO 8, (SO 293
Put (2.33) into (2.32), one gets:
O < 06, (SO + (+ k)] 8y (SO
D < (- 08,1, (S(0) + (€+ k) (SOR et (2.34
Since
0811 (S(6) + (K + k)G (SIOOR) <0 2.39
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Remarks (2.3):
Case(1): In the case ofk+k; )is known, the requirement inequality
(2.35) is as follows:
k+kl < Qémin (S(g)) (236)
Omax(S(O)R)
Case(Il): In the case of6 is known, the requirement inequality
(2.35) is as follows:
g <~ (kK3 (SOR) (2.37)

Omin (S(6))
Since, therV <0 and S(6) >0, hence the system (2.1) is stable and

this completes the proof.
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For practical application and to owmne the difficulties of

selection and computing the positive definifansetric matrixS(6), the

following lemma is very necessary.

Lemma (2.1):
Consider the dynamical system
Ex = Ax(t) + Bu(t) + f (x(t),u(t)) + g(x(t)) (2.38)
y(t) = Cx(t) (2.39)
where

EQO%", AOO®™", BOO%P, cOO™", x(t)OO™, u@t)oOP4,
ytyoo™, f:0"x0° - 09, g:0" - O¢

and satisfied the conditions of theorem)2.and using the Lyapunov

functionvzéeT(t)Pe(t), where P is positive definite wmn of

NTP+PN=-Q.
And then, the following system i1 aobserver of system
(2.39) and (2.40)
2=Nz(t) + Ly(t) + Gut) + RF(X(), u(t)) + RAX(®) —P(O)CT (CX(1) - (1)) (2.40)
with transformation
X(t) = z(t) + Ky(t) (2.41)
where N, L, R,G, P and K are matiad proper dimension, and

satisfied the following conditions of theorer(is1).

Proof :

Let e(t) be the state error defined by :

e(t) = x(t) — x(t) (2.42)
From (2.39), (2.10) and (2.41), one gets:
= e(t) = REX(t) — z(t) (2.43)
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Derivation of e(t) yields:
= €=REx-2 (2.44)
From (2.15), (2.16), (2.17) and (2.18), ondsge
e =(RA - NRE - LC)x(t) + (RB = G)u(t) + R(g(x(t)) — g(x(t))) +

R(f (X(t),u(t)) — f (X(t),u(t))) + (N -P(8)CTC)e(t) (2.45)
From (2.11) and (2.12), the equation (2.4f))e gets:
— e=(N-PC"C)e(t) +R(f - f)+R(g - §) (2.46)
where

f=f(x(t),u) and f=f(X@),u(t))
g =g(x(1)) and § = g(X(t))

Let us now examine the stability e{t) by considering the Lyapunove

function :
V(t) = %eT (t)Pe(t) (2.47)

Derivation of V(t) yields:
Y, =%(eT (t)Pe(t) + & (t)Pe(t)) (2.48)

- V=%eT(t)(NTP+PN—2CTC)e(t)+eT(t)PR(f ~f)+e (HPRG-§) (2.49

According to the Lyapunov theory, if the lamepart of (2.40) is stable,
a symmetric positive definite matri exists such as:

N'P+PN-2C'C=-Q (2.50)
Let nowQ satisfying the following equality:

Q=2p (2.51)
Then, the equation may be written as:

N'P+PN-2C'C =-2P (2.52)

= N'P+PN+2P=2C'C

1



Chapter Two Observability and Stabilizability of Non-Linear Dynamical

Control System
— N'P+PN+P+P=2C"C
= (N+I1,)'P+P(N+1,)=2C'C 73)
Put (2.52) into (2.49), we get:
V = —€ (t)Pe(t) + " (1)PR(f - ) +e" (t)PR(g - §) (2.54)
Now,
= e’ (t)Pe(t) 2 G, (P)e(t)]” (2.55)
= e’ ()PR(f - f ) < kdmx(PR)He(t)H2 2.%6)
= €' ()PR(g - §) < Ky3,, (PR)e(t)]” 52)
Put (2.55) (2.56) and (2.57) into (2.54), wet:
B (P)|®)]” + K&, (PRYE(t)]” + Ky (PR)et)]
V <[~ 80 (P) + (K + k) 8, (PR Jet)] (@)5

According to the Lyapunov point of view, tistability is ensured if:
Opin (P) + (K + k)00 (PR) < O (2.59)
= (k + kl)émax(PR) < 6min (P )

= k+kl<L(P) (2.60)
max(PR)
Put (2.60) into (2.58), we get:
- P
= vs[ Sin (P) + [ r:'x”((PF){)] max(PR)jHe(t)H (2.61)

and this complete the proof.

Remark(2.4):

Since P>0 and V<0, Thene -0 ast - o and hence

x(t) CR€)

Yv
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In order to solve the main problem (Z12.12), numerically
based on the results that obtained frdhreorems (2.1), lemmas (2.1)
the following computational algorithmhas been presented and

developed.

Computationl Algorithm (2.1)

STEP 1:

Consider the dynamical system discussed2ith),( where
£ = Ax() + Bu() + F (x(0.u®) + 9(x©)

E is nonsingular matrix .
STEP 2

Check the raGEED =n.
C

STEP 3:

E-A
Check the raﬁES o D:n, [s.

STEP 4:

Find the pseudo-inverde® of the non-singular matrixE
as follows ( For more detailes semarks (1.4).
STEP 5:

Premultiplying E* the dynamical system (2.38), wget
= E'EX=E'AX+E'Bu+E"f(x,u)+E"g(X)
= X=AXx+Bu+E"f(x,u)+E"g(x)

whereA =E*A and B =E*B.

YA
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STEPG:
Partitioned the matrixA, C, E andl, as the following:

(1)E=[E, ! E,], whereE, 000%™ and E,O00%"™
2 A=[A, i A,],where A,00%™ and A,00%"™

(3) I=[3, ¢ J,], where J,00™ and J,00™ ™ and

@c=[, o
STEP 7:
Compute of the matrik and K from the conditions
RE+KC =1, we get:
RE, @ EJ]+K[l, o]=[3, @ J,]
RE, +RE, +KI _=[J; i J,]

= RE, =J, , . E, with rank (n—-m) is skinny

— R=J,E" (2.62)

— RE,+KI,_=J,

— K=J,-RE, (2.63)
STEP 8:

Computatonal of the matrik from the conditions
NRE+LC-RA=0

= NR[E, : E|+L[l,, 0]=RA, : A,]

= NRE; +NRE, +L=RA, +RA,

= NRE;+L=RA;

= L=RA;-NRE, (2.64)

Y4
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Control System
STEP9:
Computational the matrixs from the conditionsG-RB =0
= G=RB (2.65)
STEP10:

Solve the following algebraic Ricatti equatio

NTP+PN-2C'C =-2P, we simplified the last equation the form:

(N+1)"P+P(N+1,)=2C'C (2.66)
STEP11:

Find the Lipschitz constant of (x(t),u(t)) and g(x(t)) to be

[T, 0¢u) = f(x )| <KX, =% and |g(x,) = g(x)| < kyx, = x|

6min (P)

and then check the Lipschitz cowoditk +k, < —/""——.

STEP12:

The observer is shown as the following :

2= Nz(t) + Ly(t) + Gu(t) + Rf (X(t), u(t)) + Rg(X(t)) - PT'CT (CR(t) - y(1)) .

STEP 13:

Find the solutions of the dynamical syst@m3§)

X, (), X (8),... %, €).
STEP 14:

Find the solution of the error by the doma

e=(N-PCTC)et) + R(f - f)+R(g-§), where e=x-X.

Based on the algorithm steps, the owalhg illustrations have

been implemented.
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Control System
[llustrations (2.1): E is square invertible matrix
STEP (1) (Problem Formulatons)
Consider the dynamical system
£ = Ax(©) + Bu() + (x(O.u() + 9(X()
where
4 2 0 0 1 0 0
1 00
E=/0 -2 5|, A=| O 0 1 |, B=|0|,C=
010
0O 0 3 -06 -15 -09 1
00lucos(k, + X,) 0
f (x,u)=| 0.002isin(x,) and g(x) =| 0.003in(x,) cosk,) ,\E\io

0.004usin(x;) 0.00%cosks,)

Case(1): (When control u=1)

If u=1, Then, the dynamical system is tien as the following:

4 2 O0Ofx] [ O 1 0 [ x 0
0 -2 5|x,|=| O 0 1 |x,|+|0]+
0 0 3| X;|] |-06 -15 -09] X, 1
[ 001cos(x, +X,)] [ 0
0.002sin(x,) |+ 0.003sin(x,)cos(x,)
0.001sin(x3) . 0.001cos(x3)
STEP (2
Check the rar{&{ED:n.
C
4 2 0]
0 -2 5
M=0 0 3
1 0 O
0 1 0]

£
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Control System

By using Gause -Elimenation technique,

rank(M) = 3.
STEP (3)

Check the rar{&{SEC_AD

wheres = 100
(400 199 0 |
0 -200 -499
M'=| 06 15 2001
1 0 0
0 1 0

By using Gause -Elimenation

rankM') = 3.
STEP (4)

Find the inverse of the matrik.

tegoei, we conclude

Since E is square and invertible, then

025 025 -04167
— E =| 0 -05 08333
0 0 0.3333
STEP (5)
Multiplying the system by¥™, we get:
X 025 0875 0.625|| x; -0.4167
X, |=|-05 —-125 -125|| %, |+| 0.8333 |+
X3 -02 -05 -03 0.3333

0.00025c0s(X, + X,) + 0.00056iN(x,) — 0.000416 Bin(x,)
—0.001sin(x,) + 0.0008333in(x,)

0.0003333in(x,)

0.0007%sin(x;) cos(x,) —0.000416€os(x;)
- 0.0015sin(x,) cosx,) + 0.000833%0s(X;)

0.00033320s(X,)

that

voenclude thatthe

the
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STEP (6)

Partitioned the matrixA,E and | , as the following

(1)E=[E, : E,], whereE,00%" and E,O0%"™

4 2 0
E,=|0 -2| and E,=|5
0O O 3

whereq=3, m=2, and n—-m=1

) A=[A; : A,],where A,00%" and A,00%"™

0 1 0
A, =l O 0 and A, =| 1
-06 -15 - 09

whereq=3, m=2, and n—-m=1

3) 1=[3, + J,], where le{'(ﬂ and J, {I 0 }

n—-m

o O B

0 0
1/ and J,=|0
0 1

STEPS (7,8 ,and9)
Computational the matriR, from the conditions
RE+KC =1 , from the eq. (2.62), we get:
0 0 0
= R=J,E'= R=|0 0 0
0 01471 0.0882

from eq. (2.63), we get:

1 0
= K=J,-RE,=> K=|0 1
0 02941

iy
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from eq. (2.64), we get:

0 0
= L=RA;,-NRE; = L= 0 0.5882
-0.0529 -3.0735
from eq. (2.65), we get:

0
= G=RB= G= 0
0.0882

STEP (10)

Solve algebraic Ricatti equation, from eq66?, we get:

(N+1,)"P+P(N+1,)=2C'C

where
-5 0 0
N=l0 -4 2 |,
O 2 -10

Find the eigenvalues of, KMom MATLAB, Program (1)
(Computation matrices of observer when Enigertible matrix) see
(appendix (B), we get:

—-10.6056

eig(N) -5 , hence the matrix N is stable.
-3.3944

And then the positive definitmatrix solution is obtained as
follows:

T

-5 0 0 1 00 Pi1 P2 Pus
O -4 2 |+/010 P2 P2 Pas|™
O 2 -10| [0 0 1 Piz P2z Pss

Pu P P[5 0 O 1 00
P2 P22 P23 O -4 2 |+/01 0||=2|0 1 {
Pz P2z Pss 0O 2 -10] |0 0 1 0 0

£¢
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Pi1 P2 Pi3 025 0 0
=P=|p, Pn Pxs|=| 0 03768 0.0652,

Pz Pz Pas 0 0.0652 0.0145
We test this matrix is symmetric postivdefinite , we find the
eigenvalues of P, from MATLABrogram ( 2), (Ricatti Algabraic

equations when E is invertible matrix3ee @ppendix ( B ), we

get:
0.0031
eig(P) £ 025 |, hence the matrix Pis positive definite .
0.3882
STEP(11)
Find the Lipschitz constant of (x(t),u(t)) and g(x(t)), by the
conditions Kk +k; <M
5max(PR)
001cos, + X,)
(1F (x(t),u(t)) =| 0.002sin(x,)
0.001sin(x;)

The Jacobian matrix fo{x(t),u(t)) is found

— 001sin(x; +X,) — 001sin(x, +X,) 0
J, = 0 0.002cos,) 0
0 0 0.001cos(xs;)

uau{ii\%f]

i=1j=1
|9,] < 0.0143

= | (x(@),u() - f (X(t),u(t))] < 0.0143x(t) - X(t)|

Thus, the non-linearity(x(t),u(t)) is satisfied a Lipschitz
condition with Lipschitz constark =0.014c.

¢0
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0
(2y(x(t)) =| 0.003sin(x;) cos,)
0.001coss,)

The Jacobian matrix for thenction g(x(t)) is

0 0 0
J, =1 0.00ZX0sk ) cosk,) —0.00Fin)sink,) 0

0 0 —0.005in(x,)

uazu:[iim

i=1j=1
|9,] < 0.00435
= |g(x(t)) - g(X(t))| < 0.00435x(t) - X(t)|
Thus, the non-linearity functiag(x(t)) is satisfied a Lipschitz
condition with Lipschitz constakj = 0.00435

Opin(P) _ 0.0031_
5. (PR) 00109

0.2844

k +k, =0.0143+ 0.00435=0. 01865

= k+k, <2mnP) g 01868< 02844

max

Hence, Lipschitz constant is $ets
STEP(12)
Find the observer of this system, from (Bqt0), and simplified
the system, we get:
7, = -5z, +4e,
z, =—4z, + 2z, + 05882, +12,
z, =22z, —10z; — 0.0529x%, — 3.0735x, + 0.0882 +

0.0002942 cos(X,) + 0.0000882sin(X5) +
0.0004413sin(X,) cos(X,) + 0.0000882 cos(X,) — 54e,

1
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STEP (13)
Find the solutions of the dynamicgystem, By MATLAB,

we used the fourth-order ( BeniKutta) method to find the
solutions ofx. Problem (1) of illustrations (2.1) case(p find
the solutions of ;,x% and % see @ppendix (C).

STEP (14)
Find the solution of the error by the e

e=(N-PCTC)et) + R(f - f)+R(g-§), we get
&] [-9 0 0 7e

e,|=| 0 -16 2 |le |+

e, | 0 56 -10| e,

0 0 0 |[ 00lcosk, +x,)— 001cosf, + X,)
0O O 0 0.002sin(x,) — 0.002sin(%,) +
0 01471 0.0882)| 0.003sin(x;) - 0.001sin(X;)
0 O o 0
0 0 0 0.003sin(x,) cosk,) — 0.005sin(X,) cos,)
0 01471 00882 0.001c0s,) — 0.001coss)

and simplified the system, we get:
& =-9¢
e, =-16e, +2e,
&, =56e, —10e, + 0.0002942sin(x,) — 0.0002942sin(X,) +
0.0000883in(x;) — 0.0000883in(X;) + 0.0004413in(x,) cos,)
~0.0004418in(%,) cos, ) + 0.00008820s,) — 0.00008820s&s)

By MATLAB, we used the fourth-ordeRunge-Kutta) method to
find the solutions ofé. Problem (2) of illustrations (2.1) case(1)
to find the error solutions of;,ee and gqsee (appendix (C).

The numerical solution of error cdre found in Figure (2.1) .

1%



Chapter Two Observability and Stabilizability of Non-Linear Dynamical
Control System

Case(11):  (When controlu=sin() )
If u=sin(t), Then the dynamical systens written as the
following:

4 2 ofx] [0 1 o7 x| oO
0 -2 5[%|=| 0 0 1 [x|+ 0 [+

0 0 3|x -06 -15 -19| x| |sin()
001sin(t) cosf, + X,) 0
0.002sin(t) sin(x,) |+| 0.003sin(x,) cos,)
0.001sin(t) sin(x;) 0.001cos(,)

STEP (2), STEP (3), and STEP(4)
Are the same as steps aase (1)
STEPS(6), (7)., (8) , (9) and (10)

Are the same as steps adse ().

STEP (11)
Find the Lipschitz constant of(x(t),u(t)) and g(x(t)), by the
conditions k +k; < Omin(P).
O-max(PR)
001sin(t) cos, + X,)
(1Y (x(t),u(t)) =| 0.002sin()sin(x,)
0.001sin(t) sin(x;)

The Jacobian matrix fé{x(t),u(t)) is found

- 003sinf)sing +x,) —001sinf)sin, +Xx,) 0
J, = 0 0.00Zinf)cosk,) 0
0 0 0.00Ein{)cosk,)

\J1u=[ii\a,-f]

i=1j=1
|3, = 0.0143

= [ (x@).u) - f (xO.u®)] < 0.0143x(t) - X(O)|

A
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Thus, the non-linearity (x(t),u(t)) is satisfied a Lipschitz
condition with Lipschitz constark =0.014c.

0

(29(x(t)) =| 0.003sin(x,) cos,)
0.001cosf,)

The Jacobian matrix for thenction g(x(t)) is

0 0 0
J, =1 0.00ZX0sk ) cosk,) —0.003Fing)sink,) 0
0 0 —0.00X.infx,)

uazu:[iim

i=1j=1
|3,] < 0.00435

= [g(x(®) - g(X(t))| < 0.0043%x(t) - X(t)|
Thus, the non-linearity functiag(x(t)) is satisfied a Lipschitz
condition with Lipschitz constakt = 0.00435

d...(F) _ 00031

= =0.2844
J .(PR)  0.0109

k +k, =0.0143+ 0.00435=0. 01865

o krk, <-Omn®) 60186502842

max

Hence, Lipschitz constant is $its

STEP (12)

Find the observer of this system, from (8q10), and simplified
the system, we get:
2, =52, +4e,
z, = -4z, + 2z, + 05882, +12¢,
7z, =22z, —10z; — 0.0529x%, — 3.0735x, + 0.0882sin(t) +
0.0002942sin(t) sin(X,) + 0.0000882sin(t) sin(X;) +
0.0004413sin(X,)cos(X,) + 0.0000882 cos(X,) — 54e,

¢9
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STEP (13)
Find the solutions of the dynamicaystem, By MATLAB,

we used the fourth-order ( GeniKutta) method to find the
solutions of x. Problem (3) of illustrations (2.1) case(® find

the solutions of X% and x see (appendix ( C).

STEP (14)
Find the solution of the error by the e

e=(N-PCTC)et) + R(f - f)+R(g-§), we get:

gl |-9 0 0 |¢g
&= 0 -16 2 ||e|+
&l | 0 56 -10| e
0 O 0 |[ 001sin€)cosk, + x,) — 001sin€) cos§, +X,)
0O O 0 0.00Xinf)sinf,) —0.00X%inf)sin§&,) |+
0 01471 0.0882 0.00Xin€) sinfk,) —0.00Xin€) sinf;)
0O O 0o 0
0O O 0 [ 0003inf)cosk,) —0.003%in,)cosk,)
0 01471 00882 0.00Xcosk,) - 0.00kcosk,)
and simplified the system, we get:
& =-9%
&, =~16e, + 2

&, = 56e, —10e, + 0.0002942sin(x,) — 0.0002942sin(X,) +
0.0000883in(x;) — 0.0000883in(X,) + 0.0004413in(x,) cos,)
—0.0004413in(%,) cos,) + 0.00008820sf;) — 0.00008820s,)

By MATLAB, we used the fourth-ordeRunge-Kutta ) method to

find the solutions oé. The numerical solution of error can be

found in Figure (2.2)Problem (4) of illustrations (2.1) case(2p

find the error solutions of ,eee and g see (@ppendix (C).

The results of error solution (error ¢mns ) are ploted in the

fllowing graph
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STATE RECONSTRUCTION ERRORS eit)

_05 | | | | 1
a
TIME (sec.)

Figure (2.1) The non-linear system of illustrations (2.1)
If u=1represented the states[e, e, and e;] with initial
conditions [e;(0), ex(0) and e;(0)]=[0.00001 0.00002 0.000001]

w10

— &1
35hH —_— |
—_— ]

STATE RECOMNSTRUCTION ERRORS eit)

04s K -
| Fa . e

_05 1 1 1 1 1 1 1
a : . :

TIME (sec.)

Figure (2.2) The non-linear system of illustrations (2.1)
If u=sin(t) represented the states[e; e, and &;] with initial
conditions [e1(0), ex(0) and e3(0)]=[0.00001 0.00002 0.000001]

o)
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[Hustrations (2.2): E is square and not _invertible matrix ( S.V.D)
STEP (1) ( Problem Formulation )
Consider the dynamical system

£ = Ax(®) + Bu() + F(x(O.u() + 9(X()

where
1 2 3 0 1 0 0
1 00
E=-1 0 7|,A= 0 0 1(,B=|0],C=
010
1 2 3 -03 -06 04 1
005usin(x,) 0.004cos,)
f(x,u)= 0 andg(x) =| 0.005sin(x) cosf,) |, |E|=0
0.003ucos(x;) 0

Case(1): ( When control u=1)
If u=1, Then, the dynamical system is tien as the following

1 2 3|x 0 1 0 || X 0
-1 0 7% |=| O 0 1 |[x,|+|0|+
1 2 3| x -03 -06 04| %, 1
0.05sin(x,) 0.004 cos(x)
0 +| 0.005sin(%;) cos(x,)
0.003cos(x;) 0
STEP (2)
Check the rar{i{ED:n.
C
1 2 3]
-1 0 7
M"=| 1 2 3
1 00
0 1 O]

By using Gause -Elimenation technique, wenclude that the
rank") = 3.

oY



Chapter Two Observability and Stabilizability of Non-Linear Dynamical
Control System

STEP (3)
sE-A
Check the rar{i{ c Dzn, [s.
wheres= 10
10 19 30|
-10 O 69
M"=| 10 206 296
1 0 0
0 1 0 |

By using Gause -Elimenation teqgaoei, we conclude that the
rankM") = 3.
STEP (4)
Find the pseudo-inverse of the matkx
Since,E is singular value decomposition, then

14 20 14
EET =|20 50 20|, \EET\:O
14 20 14

= (EE")™ not exists

3 4 -1
EE=|4 8 12| ‘ETE‘:O
-1 12 67

= (E'E)! not exists

And we see that,the eigenvalues BE' and E'E are equals.

From MATLAB, program ( 3 ) see (@ppendix ( B).

0 0
eigEE") = | 8652 | and eigt'E) =| 8.652
69.348 69.348

The pseudo-inverse of the matiixis give by the following
commands:

oy
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[U,SV] = svd(E), from MATLAB, we get:

-0.3992 05836 0.7071
U =|-08254 -0.5646 0
-0.3992 05836 -0.7071

The matrixU is represented the eigenvectors BH'.

83275 O 0
S=| O 29414 0|,
0 0 0

The matrixSis represented the diagonal OBf .

0.0032 05888 -0.8083
V =/-01918 0.7937 05774 |,
-09814 -0.1531 -0.1155
The matrixV is represented the eigenvectorsEJE and also is
represented th&/'.
The pseudo-inverse of the matiix is
E*=VD'UT, where D* =(D, ™)’
-0.0382 0.0365 -0.0382

=| 01293 -0.2107 0.1293
0.1533 -0.0307 0.1533

o¢
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STEP (5)
Multiplying the system byE", we get:
x, ] [ 00115 -0.0153 0.0212] x, -0.0382
X, |=|—-0.0388 0.0517 -0.159| x, |+| 0.1293 |+
X;| | —0.046 0.0613 0.0306 || X, 0.1533
[ — 0.00191sin(x,) — 0.0001146c0S(X;)
0.006465sin(x,) + 0.0003879cos(x;) | +
| 0.007665sin(x;) + 0.0004599cos(x;)
- 0.0001529c0s(x,) + 0.0001825sin(x;) Cos(X,)
0.0005172cos(x,;) — 0.0010535sin(x,) cos(x,)
| 0.0006132cos(x;) — 0.0001535sin(x,) cos(x,)
STEP (6)

Partitioned the matrixA,E and I, as the following

(1)E=|E, : E,|, whereE, 000%™ and E,0O%"™

1 2 3
E,=|-1 0| and E,=|7
1 2 3

whergg=3, m=2, and n—-m=1

) A=[A; i A,], where A,00%" and A,O00%"™

0 1 0
A,=| O 0 and A, =| 1
-03 -06 04

whereg =3, m=2, and n—-m=1

3) 1=[3, ¢ J,], where le{lcﬂ and JZ:L 0 }

n—-m

o O B

0 0
1| and J,=|0
0 1

(<X
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STEPS (7, 8, and 9)

Computational the matriR, from the conditions

RE+KC =1, from the eq. (2.62), we get:

— R=J,E*
0 0 0
— R=| 0 0 0

0.0448 0.1045 0.0448

From eq. (2.63), we get:
= K=J,-RE,

1 0
= K= 0 1

0.0448 -0.1791
From eq. (2.64), we get:
= L=RA;-NRE;
0 0
= L=| 00149 -0.1791
-0.0881 09134

From eq. (2.65), we get:
= G=RB

STEP (10)
Solve algebraic Ricatti equation, from &466), we get:
(N+1)'P+P(N+1,)=2C'C
where

-3 0 O
N=0 -2 1
O 1 -5

o1
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Find the eigenvalues of ~Nom MATLAB, Program ( 4)
(Computation matrices of observer whdh is singular value
decomposition)see @ppendix (B), we get:
-5.3028
eig(N) -3 , hence the matrix N is stable.
-1.6972
And then the positive definite matsolution is obtained as

follows:

.
-3 0 O 100 Pi1 P2 Pis
0O -2 1+|0 10 P P2 Pas|*t
0O 1 -5 001 Pz Paz  Pss

Pyp P Pif[-3 0 O 1 00 10 100
Po P Psf||O0 -2 1(+0 1 0(|=2|0 1 {0 . O}
Pz P PO 1 -5 |0 01 00

Pi1 P2 Pis 05 0 0

=P=p, P, P|=| 0 12667 0.2667|,
Pz Pos Pas 0 0.2667 0.0667
We test this matrix is symmetric positiviefinite , we find the
eigenvalues of P, from MATLABrogram ( 5) (Ricatti Algabraic
equations when E is singular value deconjoog see (@ppendix
(B)), we get:
0.0101

eig(P) £ 055 |, hence the matrix Pis positive definite .
1.3233

oV
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Control System
STEP (11
Find the Lipschitz constant of (x(t),u(t)) and g(x(t)), by the
conditionsk + k; < Omin(P)
005sin(x,)
(1) f(x(t),u(t)) = 0
0.003cos(xs;)

The Jacobian matrix fo(x(t),u(t)) is found

005cosf,) O 0
J, = 0 0 0
0 0 -0.003cosf;)

ualu{ii\amrj

i=1j=1
|34 < 005
= | (x(@),u() - f (X(t),u(v))] < 005|x(t) - X(t)|
Thus, the non-linearity(x(t),u(t)) is satisfied a Lipschitz

condition with Lipschitz constark =0.05.

0.004cos,)
(2y(x(t)) =| 0.005sin(x,) cos,)
0

The Jacobian matrix for thenction g(x(t)) is

—0.004sin(x,) 0 0
J, =| 0.005cosk )cosk,) —0.005sin(x)sink,) O
0 0 0)
3 3 ) 1/2
od=(Z3a ]
i=1j=1
|3,] < 0.0081

oA
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= Hg(x(t)) - g()“((t))H < 0.00Sjo(t) - >A<(t)H
Thus, the non-linearity functiag(x(t)) is satisfied a Lipschitz
condition with Lipschitz constakj = 0.0081

3. (P) _ 00101 _

k +k, = 005+ 0.0081= 0. 0581 = =
J..(PR)  0.0309

0.3268

= Ktk <2mP) . 00581<0.326¢
5 (PR)

max

Hence, Lipschitz constant issfadd.
STEP (12)
Find the observer of this system, from (Bql0), and simplified
the system, we get:
7, =-3z +2¢
z, =—22, + 23 + 0.0149%, - 0.179X, +5e,
2, =z, —5z; — 0.0881x, + 0.9134x, + 0.0448+ 0.00224sin(X,) +

0.00013440s(X;) + 0.000179Z0s(X,) +
0.0005225in(%;) cos(X,) — 20e,

STEP (13)
Find the solutions of the dynamicaystem, By MATLAB,
we used the fourth-order ( BeniKutta) method to find the
solutions ofx. Problem (5) of illustrations (2.2) case(1® find

the solutions of ,x% and % see @ppendix ( C).

STEP (14)
Find the solution of the error by the dopua

e=(N-P'CTC)e(t) + R(f - )+ R(g - §), we get;

o4
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&l [-5 0 O|eg
&|=|0 -7 1]|e&]|+
&

0 21 -5| e
0 0 0 ][ 005sin,)- 005sin,)
0 0 0 0 +
100448 01045 0.0448| 0.00%0sk;) - 0.00F0sk;)
0 0 o 1 0.004o0sk,) —0.0040sk,)
0 0 0 || 0.005in)cosk,) —0.005sinf,)cosk,)
| 00448 01045 00448 0

and simplified the system, we get:
& =5,
e, =-76 +&
é, = 21le, — 5e; + 0.00224sin(x,) — 0.00224sin(X,) +
0.0001344cos(x;) — 0.0001344cos(X;3) +

0.0001792cos(x,) — 0.0001792cos(X,) +
0.0005225sin(x,) cos(X,) — 0.0005225sin(X,) cos(X,)

By MATLAB , we used the fourth-order ( Runge-kuj method to
find the solutions o&. Problem (6) of illustrations (2.2) case(l)
to find the error solutions d, e and gsee (@ppendix (Q).

The numerical solution of error can benuin Figure (2.3).

Case (1) : (When controlu =sin(t) )
If u=sin(t), Then, the dynamical systeis written as the
following:
1 2 3| x 0 1 0 | % 0
-1 0 7% |=| O 0 1{x,|+| 0 |+
1 2 3| X -03 -06 04| %, sin(t)
005sin(t) sin(x,) 0.004cos(x,)
0 +1 0.005sin(x;) cos(x,)

0.003sin(t) cos(x;) 0
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STEP (2),STEP (3), and STEP(4)
Are the same as steps adse (1)
STEPS (6) .(7) .(8) .(9) and (10)

Are the same as steps adse ().

STEP (11)
Find the Lipschitz constant of (x(t),u(t)) and g(x(t)), by the

6min (P)
Jmax(PR)

conditionsk +k; <

005sin(t) sin(x,)

(1) f(x(®),u(t) = 0
0.003sin(t) coss)

The Jacobian matrix fé(x(t),u(t)) is found

005sin{)cos;) O 0
J, = 0 0 0
0 0 -0.003sin({)cos,)

H%H{ii\aﬂ

i=1j=1
3,/ < 005

= | (x(@),u() - f (X(t),u(®))] < 005|x(t) - X(t)|
Thus, the non-linearity (x(t),u(t)) is satisfied a Lipschitz
condition with Lipschitz constark =0.05.

0.004cos,)
(29(x(t)) =| 0.005sin(x,) cos,)
0

The Jacobian matrix for thenction g(x(t)) is

—0.004sin(x,) 0 0
J, =| 0.005cosk; ) cosk,) —0.005sinf,)sink,) O
0 0 0)

T
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i=1 j=1

3 3 X 1/2
SR
HJZH < 0.0081
= Hg(x(t)) - g(f((t))H < 0.0081Lx(t) - )?(t)H
Thus, the non-linearity functiag(x(t)) is satisfied a Lipschitz

condition with Lipschitz constakf =0.008124

Omin(P) _ 0.0101_

k +k, = 005+ 0.0081= 0. 0581
J..(PR)  0.0309

0.3268

= Ktk <2 00581<0.326¢
5o (PR)

max

Hence, Lipschitz constant issfadd.
STEP (12)
Find the observer of this system, from (ql0), and simplified
the system, we get:
z, =-3z +2¢
7, = =22, + 2, +0.014%, - 0.179X, +5e,
Zy =2, —5z; — 0.0881x; + 0.9134x, + 0.0448sin(t) +
0.00224 sin(t) sin(X;) + 0.0001344 sin(t) cos(X;) +
0.0001792 cos(X,)0.0005225 sin(X;)cos(X,) — 20e,

STEP (13)
Find the solutions of the dynamicgystem, By MATLAB,
we used the fourth-order ( RuKgeta) method to find the
solutions ofkx. Problem (7) of illustrations (2.2) case(2)o find

the solutions of 1, x% and % see @ppendix ( C).

STEP (14)
Find the solution of the error by the doa

e=(N-PCTC)et) + R(f - f)+R(g-§), we get:

1y
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and simplified the system, we get:
&l |-5 0 0]eg
&(=|0 -7 1|e&|+
& 0 21 -5|e¢

0 0 0 ][ 005sinf)sinf)— 005sin€)sin,)

0 0 0 0 +
0.0448 0.1045 0.044§| 0.003in€)cosks) —0.00Zin) cosk,)

0 0 o 1 0.004o0sk;) —0.0040sk,)

0 0 0 || 000%in)cosk,) —0.005inf,)cosk,)
00448 01045 0.0448| 0
€ =-5¢g
e, =-76 +&

e, = 21e, — 5e; + 0.00224 sin(t) sin( x,) -
0.00224 sin(t) sin(X;) + 0.0001344 sin(t) cos(X;) —
0.0001344 sin(t) cos X5 + 0.0001792 cos(x;) —
0.0001792 cos(%,;) + 0.0005225 sin(x,) cos(x,) —
0.0005225 sin( X;) cos(X,)
By MATLAB , we used the fourth-order ( Rungetku) method to
find the solutions oé. The numerical solution of error can be
found in Figure (2.4Problem (8) of illustrations (2.2) case(2)
to find the error solutions of ;,ee, and g see (@ppendix (C).
The results of error swot(error solutions) are ploted

in the fllowing graphs.

1y
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5]

-1
— g2
— a3 H

2t
M
T

]

—
[ ]

—_

=
i
T

STATE RECONSTRUCTION ERRORS eft)

[}
T

_05 | | | | 1
TIME {sec.)

Figure (2.3) The non-linear system of illustrations (2.2)
If u=1represented the states[e, e, and e;] with initial
conditions [e;(0), &(0) and e;3(0)]=[0.00001 0.00002 0.000001]

ra
m

]

—
[ ]

—_

=
i

STATE RECONSTRUCTION ERRORS eft)

[}
T

_05 1 1 1 1 | 1 1 | 1
TIME {sec.)

Figure (2.4) The non-linear system of illustrations (2.2)
If u=sin(t) represented the states[e; e, and &;] with initial
conditions [e1(0), ex(0) and e3(0)]=[0.00001 0.00002 0.000001]
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Illustrations (2.3): E is sguare and not invertible matrix ( S.V.D )

STEP (1) ( Problem Formulation )
Consider the dynamical system
£ = Ax(©) + Bu() + (x(O.u() + 9(X()
where
1 3 -4 0 1 0 0
1 00
E=-2 1 2|,A=| 0 0 1 |,B=|0|,C=
010
-9 15 0 -03 -12 -09 1
0.00usin(x,) cos,) 0.003cos(xs)
f (x,u) =| 00lucosk,)sin(x;) | andg(x) = 0 ,|E|=0
002usin(x,)cos,) 001cos; + X,)

Case(1): (When control u=1)

If u=1, Then, the dynamical system is tien as the following

1 3 -4x 0 1 0 x] [0
-2 1 2 |x%x|=| o 0 1 ||x,|+|0]+
-9 15 0 | %] |-03 -12 -09| x| |1

0.001sin( x,) cos(X,)
0.01cos(x,)sin(x3) |+
| 0.02sin( x,) cos(X,)
0.003 cos(x3)
0
| 0.01cos(x; + X;)

STEP (2)

E
Check the rar{&{CD =n.

1o
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Control System
1 3 -4
-2 1 2
T={-9 15 0
1 0 O
0 1 0]

By using Gause -Elimenation technique, wvwe®ndude that the

rank{") = 3.
STEP (3)
sE-A
Check the rar{&{ c Dzn, [s.
wheres = 10
10 29 —40]
-20 10 19
T"=|-897 1512 09
1 0 0
0 1 0

By using Gause -Elimenation teqguei, we conclude that the
rank{") = 3.

STEP (4)
Find the pseudo-inverse of the matékx.

Since,E is singular value decomposition, then

26 -7 36
EET=(-7 9 33| \EET\zo
36 33 306

= (EET)™" not exists

86 -134 -8
E'E=|-134 235 -10/, \ETE\zo
-8 -10 20

= (E'E)™ not exists

1
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And we see that,the eigenvalues BE' and E'E are equals.

From MATLAB,program ( 6 )see @ppendix ( B).

0 0
eigEE") = | 27.1115| and eigt'E) =| 27.1115
3138885 3138885

The pseudo-inverse of the matiikis give by the following
commands:
[U,SV] =svd(E), from MATLAB, we get:

0.1209 0.8887 0.4423
U =|01041 -04545 0.8847 | ,
09872 -0.0609 -0.1474

The matrixU is represented the eigenvectors B’ .

177169 O 0
S= 0 5.2069 0|,
0 0 0

The matrixSis represented the diagonal ©Of .

-0.0564 04506 0.7352
V =| 08622 0.2492 0.4411|,
-0.0156 -0.8573 0.5147
The matrixV is represented the eigenvectorsEJfE and also is
represented th&/'.
The pseudo-inverse of the matrx is
E*=VvD'UT, where D* =(D, ™)’
0.1437 -0.0782 -0.0383

=10.0456 -0.0191 0.0222
0.0803 -0.0342 0.0358

v
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Control System
STEP (5)
Multiplying the system byE", we get:
X, 0.0115 0.1897 -0.0438| x, -0.0383
X, |=|—-0.0067 0.019 -0.0391| x, |+| 0.0222 |+
X3 —0.0107 0.0374 -0.0664| X 0.0358
0.0001437sin(x,) cos(x,) —0.000782c0os(x, ) Sin(X,) — |
0.000766sin(x,) cos(x,)
0.0000456sin(x,) cos(x,) — 0.000191cos(x,) sin(x;) + N
0.000444sin(x,) cos(x,)
0.0000456sin(x,) cos(x,) — 0.000342cos(x,) sin(x;) +
i 0.000716sin(x,) cos(x,) ]
1 0.0004311cos(X,) — 0.000383cos(X, + X,)
0.0001368cos(x;) + 0.000222cos(x, + X,)
| 0.0002409c0s(X,) +0.000358cos(x; + X,)
STEP (6)

Partitioned the matrixA,E and I, as the following

(1)E=|E, : E,|, whereE, 000%™ and E,0O%"™

1 3 -4
E,=|-2 1| and E,=| 2
-9 15 0

wheregg=3, m=2, and n-m=1

2 A=[A, i A,], where A,00%" and A,00%"™

0 1 0
A= O 0 and A,=| 1
-03 -12 - 09

whereg =3, m=2, and n—-m=1

3) 1=[3, ¢ J,], where le{lg} and J2=L 0 }

n—-m

A
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Control System
10 0
J;=|{0 1, and J,=|0
0O 1

STEPS (7, 8, and 9)

Computational the matriR , from the conditions

RE+KC =1, from the eq. (2.62), we get:

— R=J,E*
0 0 0
—R=| 0 0 O
-02 01 0

From eq. (2.63), we get:
= K=J,-RE,

1 O
= K=| 0 1
04 05

From eq. (2.64), we get:
= L=RA;-NRE;

0 0
= L= 12 15
-12 -17

From eq. (2.65), we get:

= G=RB
0
= G=|0

0

14
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STEP (10)

Solve algebraic Ricatti equation, from &466), we get:

(N+1)'P+P(N+1,)=2C'C

where
-3 0 O
N=0 -6 3|,
O 3 -3

Find the eigenvalues of Nonfr MATLAB, Program ( 7)
(Computation matrices of observer whEnis singular value
decomposition)see @ppendix (B)), we get:

—-7.8541

eig(N) -3 , hence the matrix N is stable.
—-1.1459

And then the positive definite matgolution is obtained as
follows:

T

-3 0 O 1 00 Pi1 P2 Pis
0O -6 3|+/010 Pio P2 Pos|t
0O 3 -3]|001 Piz P2z Pss

Pu P Pilf|-3 0 O 1 00 L0 0
P P Pxsll| 0O -6 3(+/0 1 0/(=2|0 1 {0 . O}
| Pis Pz Ps3f{O0 3 -3] |0 01 00
Pi1 P2 Pis 05 0 0

=P=p, P, Pxs|=| 0O 07143 08571,
Pz Pz Pis 0 08571 1.2857
We test this matrix is symmetric positiviefinite , we find the
eigenvalues of P, from MATLABrogram ( 8 ) (Ricatti Algabraic

equations when E is singular value decontjpmg see (@ppendix
(B)), we get:
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Control System
0.0965
eig(P) # 05 |, hence the matrix P is positive definite .
1.9035
STEP (11)
Find the Lipschitz constant of (x(t),u(t)) and g(x(t)), by the
conditions K +k; <M
Jmax(PR)
0.001sin(x,) cos(,)
(1) f(x(t),u(t)) =| 001cos,)sin(xs)
002sin(x,)cosf, )
The Jacobian matrix fo(x(t),u(t)) is found
0.00kosg)cosk,) —0.00Kink)sink,) 0
J, = 0 - 001sin,)sink;) 001cosk,)cosk;)
— 002sinf,)sinf,) 002cosk,)cosk) 0

ualu{ii\amfj

i=1j=1
|3, < 0.0316
= ||f(x,u) - f(Xu)|<0.0316x~ K|
Thus, the non-linearity(x(t),u(t)) is satisfied a Lipschitz
condition with Lipschitz constark =0.031¢€.

0.003cos(xs;)

(2p(x(1) = 0
001cos(,; + X,)

The Jacobian matrix for tHenction g(x(t)) is

0 0 — 0.003sin(x3)
J, = 0 0 0
- 001sin(x;, + X,) — 001sin(x, + X,) 0

A
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i=1 j=1

3 3 X 1/2
SR
HJZH <0.0104
= Hg(x(t)) - g(f((t))H < 0.0104}x(t) - >A<(t)H
Thus, the non-linearity functiag(x(t)) is satisfied a Lipschitz

condition with Lipschitz constakf =0.0104.

Oin(P) _ 00965_ ..

k +k, =0.0316+0.0104= 0. 042,
5. (PR) 00857

= ktk < 2mP) g 04z<112€
JmaX(PR)

Hence, Lipschitz constant issfadd.
STEP (12)

Find the observer of this system, from (Bqt0), and simplified
the system, we get:

z, =-3z +2¢

z, =—6z, +3z; +1.2x; + 15X, + 7€,

7z, =3z, —3z; - 1.2x, — 1.7x, — 0.0002 sin( X,) cos(X,) +

0.001cos(X,)sin(X;) — 0.0006 cos(X,) — 4.6667 €,

STEP (13)
Find the solutions of the dynamicaystem, By MATLAB,

we used the fourth-order ( BeniKutta) method to find the
solutions ofx. Problem (9) of illustrations (2.3) case(1) tind

the solutions of ;,x% and % see @ppendix ( C).

\A
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STEP (14)
Find the solution of the error by the epa

e=(N-P'CTC)e(t) +R(f - f)+R(g - §), we get:

€ -5 0 0| e
e,|=| 0 -13 3 |e, |+
&, 0 7.6667 -3| e
0 0 0] 0.00qsin(x,)cos(x,) —sin(X,) cos(X,)]
0 0 O 00Jcos(x,)sin(x3) —cos(X,)sin(Xy)] |+
-02 01 0f 00Zsin(x,)cos(x,)—sin(X,)cos(X,)]
0 0 0 0.003cos(x3) — cos(X3)]
0 0O O 0
-02 011 00| 00lcos(x, + X,)—sin(X, + X,)]

and simplified the system, we get:
& =-5¢g
& =-13g, + 38
@, = 7.6667 e, — 3e; — 0.0002 sin( x,) cos(x,) +
0.0002 sin( X,) cos(X,) + 0.001 cos(x,)sin( x;) —
0.001 cos(X,)sin( X3) — 0.0006 cos(Xx3) +
0.0006 cos(X5)
By MATLAB , we used the fourth-order ( Rungetku) method to
find the solutions o&. Problem (10) of illustrations (2.3) case(1)
to find the error solutions of, & and g see (appendix (C).

The numerical solution of error can lwarfd in Figure (2.5).

vy
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Case (1) : (When controlu =cosit) )

If u=-cos(t), Then, the dynamical systems written as the

following:

1 3 -4|x 0 1 0 X 0
-2 1 2 |x%x|=] 0 0 1 || x,[+]|0]|cos(t) +
-9 15 0 || Xg -03 -12 -09| x5 1

0.001cos(t)sin(x,)cos(x,)
0.01cos(t) cos(x,)sin(X;z) |+
| 0.02cos(t)sin(x,) cos(x,)
" 0.003cos(X;)
0
| 001cos(x; + X;)

STEP (2), STEP (3), and STEP(4)

Are the same as steps aafse (1)
STEPS (6), (7) .(8) ,(9) and (10)

Are the same as steps adse ().

STEP (11)
Find the Lipschitz constant of (x(t),u(t)) and g(x(t)), by the

5min (P)
o, max(PR)

conditions k +k; <

0.001cos() sin(x,) cos(x,)
(1) f(x(t),u(t)) =| 001cosf)cos,)sin(x;)
002cost)sin(x,)cosf,)

The Jacobian matrix fo(x(t),u(t)) is found

[ 0.00Icost)cosk) * —0.001cos()sink,) * 0 |
cosk,) sinf,)
— 001cosg)sink,) *  001cosf) cos,) *
J; = 0 .
sinKs) cosks)
— 002cosf)sink,) *  002cos¢) cosk,) * 0
sin,) cosf) ]

V¢
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i=1 j=1

1/2
3 3 2
ol 32
HJlu <0.0316
= ||f(x,u) - f(Xu)|<0.0316x~ ¥
Thus, the non-linearity(x(t),u(t)) is satisfied a Lipschitz

condition with Lipschitz constark =0.031¢€.

0.003cos(xs;)

(2p(x(1) = 0
001cos(, + X,)

The Jacobian matrix for thenction g(x(t)) is

0 0 —0.003sin(X;)
J, = 0 0 0
— 001sin(x, + X,) — 001sin(x, + X,) 0

uazu{ii\aﬂ

i=1j=1
|3,] < 0.0104

= g(x(®) - g(X(t))] < 0.0104x(t) - X(t)|

Thus, the non-linearity functiagn(x(t)) is satisfied a Lipschitz
condition with Lipschitz constakf = 0.0104.

Omin(F) _ 00965_, .,
J..(PR)  0.0857

k +k, =0.0316+0.0104=0. 042,

= ke <2m®P) . 004z<1.12€
3o (PR)

max

Hence, Lipschitz constant issfad.
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STEP (12)
Find the observer of this system, from (2gd0), and simplified

the system, we get:
2, =-3z2,+2¢
z, = -6z, +3z; + 1.2x, +1.5%, + 7e,
2, =3z, -3z, - 1.2%x, - 1.7x, — 0.0002cos(t) sin(X;) cos(x,) +
0.001cos(t) cos(X,) sin(X;) — 0.0006cos(X;) — 4.6667e,

STEP(13)
Find the solutions of the dynamicaystem, By MATLAB,

we used the fourth-order ( BeniKutta) method to find the
solutions ofx. Problem (11) of illustrations (2.3) case(2) todf the
solutions of X % and % see @ppendix ( C).

STEP (14)
Find the solution of the error by the e

e=(N-P'CTC)e(t) + R(f - )+ R(g - §), we get;

e] [-5 0 07 e

&=l 0 -13 3 |e |+

&| | 0 76667 -3|e,

0 0 0] 0.00lcost)[sin(x,)cos(x,) —sin(X,) cos(,)]
0 0 0| 001cost)[cos(x,)sin(X;) — cos(X,)sin(X;)] |+
|—02 01 0] 002cost)[sin(x,)cos(x,) —sin(X,)cos(,)]
0 0 O 0.009cos(X;) — cos(X;)]

0 O O 0

|—02 01 00| 00Jcos(x + X,) —sin(X, +X,)]

and simplified the system, we get:
& = 5§
& =-13g, + 38

va
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e, = 7.6667e, — 3e; — 0.0002cos(t) sin(x,) cos(x,) +
0.0002cos(t) sin(X,) cos(X,) + 0.001cos(t) cos(x,) sin(X;) —
0.001cos(t) cos(X,) sin(X;) — 0.0006cos(x;) +
0.0006c0s(X3)
By MATLAB, we used the fourth-order ( Rungetku) method to
find the solutions oé. The numerical solution of error can be
found in Figure (2.6)Problem (12) of illustrations (2.3) case(2) to
find the error solutions of ;,ee and g see (@ppendix (C).
The results of error solutigrerror solutions) are ploted in

the fllowing graphs.
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25

— o
— &2
— ed ||

s8]
T

STATE RECONSTRUCTION ERRORS eft)
= =
tn - i
| 1 1

o

_05 1 1 1 1 | 1 1 | 1
TIME {sec.)

Figure (2.5) The non-linear system of illustrations (2.3)
If u=1represented the states[e, e, and e;] with initial
conditions [e;(0), &(0) and e;3(0)]=[0.00001 0.00002 0.000001]

25
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TIME {sec.)

Figure (2.6) The non-linear system of illustrations (2.3)
If u = cos(t) represented the states[e; e, and e;] with initial
conditions [e1(0), ex(0) and e3(0)]=[0.00001 0.00002 0.000001]
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[llustrations (2.4): E is square and not _invertible matrix ( S.V.D)
STEP (1) (Problem Formulation)
Consider the dynamical system

£ = Ax(©) + Bu() + 1 (x(O.u() + 9(X()

where
5 10 17 0 1 0 0
1 00
E={10 20 34|,A= 0 0 1 ,B=O,C=Olo
17 34 61 -04 -16 -02 1
0.0021cosx;)sin(x,) 001cosk)
f(x,u)=| 0.003sin(x, +x,) |andg(x)=|000Zinf,)sinfs) |, |E=0
0.00ducos(x,)sin(x;) 003cosk,) cosk,)
Case(1): (When controlu=1)

If u=1, Then, the dynamical system is tien as the following

5 10 17| % 0 1 0 | x 0

10 20 34| x,|=| O 0 1 |[x,|+|0|+

17 34 61| x4 -04 -16 -02| %, 1
0.002cos(X3) sin(X,) 001cos(x,)

0.003sin(x; + x,) |+ 0.002sin(x;) sin(X;)
0.001cos(x,) sin(X3) 003cos(x,) cos(x;)

STEP (2)
E
Check the rar{&{ D:n.
C
5 10 17]
10 20 34
Y'={17 34 61
1 0 O
0 1 0

va
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By using Gause -Elimenation technique, wenclude that the
rankl') = 3.
STEP(3)

Check the rar{&{SEC_ADzn, [s.

wheres = 10

50 99 170]
100 200 339
Y"=|1704 3416 612
1 0 0
0 1 0

By using Gause -Elimenation teguei, we conclude that the
rankly ") = 3.
STEP (4)
Find the pseudo-inverse of the matix.
Since,E is singular value decomposition, then

414 828 1462
828 1656 2924/ \EET\zo
1462 2924 5166

EET

= (EE")™ not exists
414 828 1426

E'E=| 828 1656 2924 \ETE\zo
1462 2924 5166

= (E'E)™ not exists

And we see that,the eigenvalues BE" and E'E are equals.
From MATLAB,program ( 9 )see @ppendix ( B).
0 0

eig(EE") = | 0.0009| and eigE'E) = | 0.0009
7.2351 7.2351
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The pseudo-inverse of the matrkkis give by the following
commands:
[U,SV] =svd(E), from MATLAB, we get:

-0.2392 -0.3779 -0.8944
U=|-04783 —-0.7558 0.4472 |,
-0.845 0.5348 0

The matrixU is represented the eigenvectors ' .

850595 O 0
S= 0 09405 0|,
0 0 0

The matrixSis represented the diagonal O .

-0.2392 -0.3779 0.8944
V =|-04783 -0.7558 -0.4472|,
-0.845 05348 0
The matrixV is represented the eigenvectors FHfE and also is
represented th&/'.
The pseudo-inverse of the matr is
E'=VvD'U", where D" =(D, ™)'
0.1929 0.3858 -0.2696

=10.3047 0.6095 -0.426
0.1772 0.3543 -0.2632

AN
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STEP (5)
Multiplying the system byE", we get:
X, 0.1079 0.6243 0.4397 || %, - 0.2696
X, |=10.1704 0.9863 0.6947| x, |+| —0.426 |+
X3 0.1053 0.5983 0.407 || Xg -0.2632
" 0.0003858c0s(x,;) sin(x,) + 0.0011574sin(x, + X,) |
0.00002696c0s(x, ) sin(X;)
0.0006094cos(x;5)sin(x,) +0.0018285sin(x, + X,) — .
0.000426c0s(x, ) sin(X;)
0.0003544co0s(x3)sin(x,) +0.0010629sin(x; + X,)
i 0.0002632c0s(x, ) Sin(Xx;) |
10.001929c0s(x,) + 0.0007716sin(x,) Sin(X3) — |
0.008088cos(x,) cos(X;)
0.003047cos(x,) + 0.001219sin(x,)sin(X3) —
0.01278cos(x,) cos(Xs)
0.001772cos(x,) + 0.000786sin(x,)Sin(X3) —
i 0.007896c0s(x,) cos(X;)
STEP (6)
Partitioned the matrixA,E and | , as the following

(1)E=|E, : E,|, whereE, 000%™ and E,00%"™

5 10 17
E,=|10 20| and E,=|34
17 34 61

wheregg=3, m=2, and n—-m=1

2) A=|A, ¢ A,| ,where A, 000%™ and A, OQ%m™
1 2 1 2

0 1 0
A=l O 0 and A, = 1
-04 -16 -02

wheregq=3, m=2, and n—-m=1

AY
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) 1=[3, ¢ J,], where le{'g} and J, {I 0 }

o O B

0 0
1| and J,=|0
0 1

STEPS (7, 8, and 9)

Computational the matriR , from the conditions

RE+KC =1, from the eq. (2.62), we get:

= R=J,E"
0 0 0
= R=| O 0 0

0.0033 0.0066 0.0118
From eq. (2.63), we get:

— K =J,-RE,
1 0
- K=| 0 1
-0.283 -0566

From eq. (2.64), we get:
= L=RA;-NRE,
0 0
= L=|-0566 -1.132
1.9763 3.9465

From eq. (2.65), we get:

— G=RB
0
= G= 0
0.0118

AY
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STEP (10)

Solve algebraic Ricatti equation, from é466), we get:

(N+1)'P+P(N+1,)=2C'C

where
-5 0 O
N={ 0 -3 2|,
o 2 -7

Find the eigenvalues of ~Npm MATLAB, Program (10)
(Computation matrices of observer whEn is singular value
decomposition)see @ppendix (B), we get:

-7.8284

eig(N) -5 , hence the matrix N is stable.
-21716

And then the positive definite matgolution is obtained as
follows:

T

-5 0 O 1 00 Pi1 P2 Pi3
0 -3 2|+|0 10 P P Pos|t
o 2 -7 001 Piz P2z Pss

Pu P P/ 0 O 1 00

1 0O
Po Py Psll| 0 -3 2(+#0 1 0(|=2|0 1 01 0
| Pz P2z P O 2 -7/ 001 00
Pi1 P2 Pis 025 0 0

=P={p, P, P|=| 0 06875 0.1875,
Pz Pz Pas 0 01875 0.0625
We test this matrix is symmetric positiviefinite , we find the
eigenvalues of P, from MATLABrogram ( 11 )(Ricatti Algabraic

equations when E is singular value deconomgi see (@ppendix
(B)), we get:

At
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0.0106
eig(P) # 025 |, hence the matrix P is positive definite .
0.7394
STEP (11)
Find the Lipschitz constant of (x(t),u(t)) and g(x(t)), by the
conditions Kk +k; <M
Jmax(PR)
0.002cos;) sin(x,)
(1) f(x(),u(t)) =| 0.003sin(x, +X,)
0.001cosf,)sin(x;)
The Jacobian matrix fo(x(t),u(t)) is found
0 0.00Zo0sk;)cosk,) —0.00Xin;)sing,)
J,; =1 0.00Z0sk +%,)  000ZFosk +Xx,) 0
0 —0.00Link,)sink;) 0.00Xkosk,)cosk,)

ualu{ii\amfj

i=1j=1
|3, < 0.0052
= ||f(x,u) - f(%u)| < 0.0059x - K|
Thus, the non-linearity(x(t),u(t)) is satisfied a Lipschitz
condition with Lipschitz constark =0.005zZ.

001cos(,;)
(2p(x(t)) =| 0.002sin(x,)sin(x;)
003cosf,) coss)

The Jacobian matrix for thenction g(x(t)) is

— 001sin, ) 0 0
J, =| 0.00Z0sK, ) sins;) 0 0.005inf, ) cosks,)
0 - 003sink,)cosk;) —003cosk,)sins;)
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uazu{ii\%fj

i=1j=1
HJZH <0.0436
= [g(x(t) - 9(X(1)]| < 0.043¢x(t) - X(1)|
Thus, the non-linearity functiag(x(t)) is satisfied a Lipschitz

condition with Lipschitz constakf = 0.0436.

Omn(P) _ 00106_

k +k, = 0.0052+0.0436= 0. 0488
J..(PR)  0.002

= ket < 2mnP) g 0age<s s
JmaX(PR)

Hence, Lipschitz constant issfadd.
STEP (12)

Find the observer of this system, from (Bqt0), and simplified
the system, we get:

7, =-5z, +4¢

z, =—3z, + 2z, - 0.566x, —1.132x, +8e,

2, =22, - 72, +1.9763x%, + 3.9465x%, + 0.0118 +

0.0000066 cos(X;)sin(X,) + 0.0000198sin(X, + Xx,) +

0.0000118 cos(X,) sin(X3) + 0.000033 cos(X,) +
0.0000132 sin( X,) sin(X;) + 0.000354 cos(X,) cos(X5)

STEP (13)
Find the solutions of the dynamicaystem, By MATLAB,
we used the fourth-order ( Beniutta) method to find the
solutions ofkx. Problem (13) of illustrations (2.4) case(tb find

the solutions of ; x % and % see @ppendix ( C).
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STEP (14)
Find the solution of the error by the etpra
e=(N-P'CTC)e(t) + R(f - )+ R(g - §), we get;
gl |-9 0 O0|eg
&=l 0 -11 2 |e |+
& 0 26 -7|e&
0 0 0 ][0.004cosk,)sin,) —cosg,;)sinK,)]
0 0 0 0.003sin(x +X,) —sinf, +X,)] |+
1 0.0033 0.0066 0.0118| 0.00cosk,)sinf;) —cosk,)sinK,)]
0 0 o | 001[cosk,) —cosk,)]
0 0 0 0.00gsin(x,)sinf;) —sin, ) sini;)]
1 0.0033 0.0066 0.0118| 003cosk,)cosk,) —cosk,) cosks)]

and simplified the system, we get:
& =-9
e, = -1lle, + 2e,
e, = 26e, — 7e; + 0.0000066c0s(X3) sin(x,) —
0.0000066c0s(X;) sin(X,) + 0.0000198sin(x, + X,) —
0.0000198sin(X; + X,) + 0.0000118cos(x, ) Sin(X;) —
0.0000118cos(X, ) sin(X,) + 0.000033cos(x,) -
0.000033cos(X,) + 0.0000132sin(x,) sin(x3) —
0.0000132sin(X,) sin(X5) + 0.000354c0s(X, ) cOS(X3) —
0.000354c0s(X,) cos(X;)
By MATLAB, we used the fourth-order ( Rungetku) method to
find the solutions ofe. Problem (14) of illustrations (2.4) case(1)
to find the error solutions of ,ee, and g see (@ppendix (C).

The numerical solution of error cdre found in Figur.5).
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Case (1) : (When controlu =cosit) )

If u=-cos(t), Then, the dynamical syst is written as the

following:

5 10 17| x 0 1 0 || % 0

10 20 34| x,|=| O 0 1 | x,|+|0]|cos(t)+
17 34 61| X, -04 -16 -02| x, 1

0.002cos(t) cos(X,) sin(x.,)
0.003cos(t)sin(x; +x,) |+
| 0.001cos(t) cos(x,)sin(X;)
0.01cos(x,)
0.002sin(x,) sin(X3)
| 0.03cos(x,)cos(X;)

STEP (2), STEP (3), and STEP(4)

Are the same as steps adse (1)
STEPS (6) , (7). (8) . (9) and (10)

Are the same as steps adse (1).

STEP (11)
Find the Lipschitz constant of(x(t),u(t)) and g(x(t)), by the

5min (P)
o, max(PR)

conditions k +k; <

0.002cos€) cos;) sin(x,)
(1) f(x(t),u(t))=| 0.003cosf)sin(x, +X,)
0.001cos€) cos, ) sin(x;)

The Jacobian matrix fdi(x(t),u(t)) is found

AA
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i 0.002cosf)cosks) *  —0.002cost)sin(x,) * |
cos,) sin(x,)
J = 0.003cos() * 0.003cosf) * 0
"t ] cosf, +x,) COSfy +X;)
0 —0.001cos()sin(x,) * 0.001cos()cosk,) *
i sin(x;) COSK3)
1/2
3 3 5
9] {ZZ‘%‘ j

i=1 =1
|3, < 0.0052

= |f(xu)- f(Xu)|<0.0052x~-¥

Thus, the non-linearityf (x(t),u(t)) is satisfied a Lipschitz

condition with Lipschitz constark =0.005z<.

001cos(,)
(29(x(t)) =| 0.002sin(x,) sin(x3)
003cosf,) coss)

The Jacobian matrix for thenction g(x(t)) is

— 001sin, ) 0 0
J, = 000Z0sK,)sinks;) 0 0.005inf, ) cosks,)
0 - 003sin,)cosk;) —003cosk,)sinks;)

uazu{iiw]

i=1j=1
|3, < 0.0436

= [g(x(®) - g(X(t))] < 0.043@x(t) - X(t)|

Thus, the non-linearity functiag(x(t)) is satisfied a Lipschitz
condition with Lipschitz constakt = 0.0436.

Oin(P) _ 00106_
. (PR) 0002

k +k, =0.0052+0.0436=0. 0488

A4
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= k+k < 2m®P) L 0048e<53

Hence, Lipschitz constant issfadd.
STEP (12)

Find the observer of this system, from (2.40), and simplified
the system, we get:

z, =-5z, +4¢

z, =—3z, + 2z, — 0.566x, —1.132x, +8e,

2, =22, - 72, +1.9763 +3.9465, + 0.0118cos() +

0.000006@&0s() cos;) sin(X,) + 0.000019&os() sin(X, + x,) +

0.000011&0s() cos,) sin(x,;) + 0.00003%0s, ) +
0.0000133in(% ) sin(X;) + 0.0003540s(,) cos ;)

STEP (13)
Find the solutions of the dynamicaystem, By MATLAB,

we used the fourth-order ( BeniKutta) method to find the
solutions of x. Problem (15) of illustrations (2.4) case(29 find

the solutions of ;X% and % see @ppendix ( C).
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STEP (14)

Find the solution of the error by the e

e=(N-PCTC)e(t) + R(f - )+ R(g - §), we get:
é -9 0 O0|e¢g
&= 0 -11 2 |e |+
€, 0 26 -7|e

"0 0 0 [ 0.002cosf)[cosk,) sin(x,) — |

Coss;)sinx,)]
0 0 0 0.003cos()[sin(x, +X,) — N

SINE, +%,)]
0.001cos()[cosk,)sin(x;) —
cos,)sin(;)]
0 0 0 001cosf,) —cosk,)]
0 0 0 0.003sin(x,) sin(x3) —sin(X;) Sin(X;)]
1 0.0033 0.0066 0.0118|| 003cos,)Ccosk;) —CosK,)Ccosks)]

1 0.0033 0.0066 00118

and simplified the system, we get:
€ =-9¢
e, =-1lle, + 2e,
&, = 26e, — 7e; + 0.000006@0s() cos;) sin(x,) —
0.000006@0s¢) cosf,) sin(X,) + 0.000019&0s(€) sin(x, +X,) —
0.000019&o0s¢€)sin(X, +X,) + 0.000011&0s€) cos, ) sin(X;) —
0.000011&o0s€) cos,)sin(x;) + 0.00003%0s,) -
0.0000320s(,) +0.0000133in(x, ) Sin(x3) —
0.0000133in(X,)sin(X;) + 0.000354&0sf, ) cosf,) —
0.0003540s,) cos,)

By MATLAB, we used the fourth-order (Runge-Kuttagthod to find
the solutions ok. The numerical solution of error can berfd in
Figure (2.8)Problem (16) of illustrations (2.4) case(2) todf the error
solutions of £ & and @ see (appendix (C ). The results of error

solution (error solutions) are plotad the fllowing graphs.
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STATE RECONSTRUCTION ERRORS eft)

TIME {sec.)

Figure (2.7) The non-linear system of illustrations (2.4)
If u=1represented the states[e, e, and e;] with initial
conditions [e;(0), &(0) and e;3(0)]=[0.00001 0.00002 0.000001]

25

]
T

—
[ ]
T

—_

=
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STATE RECONSTRUCTION ERRORS eft)
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T

_05 1 1 1 1 | 1 1 | 1
TIME {sec.)

Figure (2.8) The non-linear system of illustrations (2.4)
If u = cos(t) represented the states[e; e, and e;] with initial
conditions [e1(0), ex(0) and e3(0)]=[0.00001 0.00002 0.000001]
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[llustrations (2.5): E is square and not _invertible matrix ( S.V.D)
STEP (1) (Problem Formulation )
Consider the dynamical system

£ = Ax(®) + Bu() + T (x(O.u() + 9(X()

where
0 1 0O O 0 0 |
c o0 1 0 0 O 100000
0 0 0 1 0 0 010000
A= ’C:
0 0 0O O 1 0 001000
0 0 0 0 0 1 000100
-025 -015 -03 -04 -Q75 -0128%
1 -1 2 3 -1 1] 0]
5 01 02 025 03 0
c=| 5 4 02 01 03 025, a0 ,\E\zo
09 03 04 0125 075 015 0
1 -1 2 3 -1 1 0
|03 09 0125 065 085 075] 1
[0.000SiN(X, + X,) COSK, + X, ) SiN(Xs) |
0
0.0000LicosXs + Xg) COSX; + X
f(xU) = (><50 6)COS(s +X,) and
0.0002usin(x;, + X3)Sin(Xg + X,)
i 0.000ucos, + X3)sin(x,)
_ 0 _
0.0008in(x, + Xg)sin(X; + X,)
0
X) =
9(x) X
0
| 0.0000ko0s, + X5)COSK; + X5) |
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Case (1): (When control u=1)

STEP (2)

Check the rar{&{ ED
C

1 -1 2 3
4 5 01 0.2
5 4 02 01
09 03 04 0125
- 1 -1 2 3
03 09 0125 065
1 0 0 0
0 1 0 0
0O O 1 0
10 O 0 1
By using Gause -Elimenatiaechnique,
rankZ') = 6.
STEP (3)

n.

-1 1
025 03
03 025
075 015
-1 1
085 075
0 0
0 0
0 0
0 0

Check the rar{&{SEC_AD:n, [s.
wheres = 10
10 -11 20 30 -10 10
40 50 O 2 25 3
50 40 2 0 3 25
9 3 4 125 65 15
on = 10 -10 20 30 -10 9
325 915 155 69 8.675 7.6285
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0

q¢

we conclude that the
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By using Gause -Elimenation teqgoei, we conclude that the

rankg") =6 .
STEP (4)

Find the pseudo-inverse of the matEkx.

Since,E is singular value decomposition, then

17 - 015 165 1175 17 15 |
- 015 412029 4019 53975 -015 628
EET = 165 4019 412025 6.055 165 56325
1175 53975 6.055 16606 1175 14213
17 - 015 165 1175 17 15

| 15 628 5.6325 14213 15 26231

, \EET\ =0

= (EET)™" not exists

439 3854 57975 76075 143 481 |
3854 439 -24675 -39775 544 122
ETE= 57975 —24675 82256 121713 -3.0588 4.2337’ ‘ETE‘=O
76075 —-39775 121713 184881 -52737 65912

143 544  -35088 -52737 33475 -11
| 481 122 42337 65912 -11 27375

= (E'E)! not exists

And we see that,the eigenvalues BE' and E'E are equals.

From MATLAB, program ( 12 »ee (@ppendix ( B ).

0 0
0.1017 0.1017
1.2169 1.2169
eigEE") = and eigE'E) =
9EE") 1.9782 9 E) 1.9782
342111 34.2111
1 83.1809 1 83.1809
The pseudo-inverse of the matiikis give by the following

commands:

[U,SV] =svd(E), from MATLAB, we get:

40
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[ -0.027 07036 -003 0.0546 -0.0201 -0.7071
-06984 -0.0724 01963 05421 -04178 0
-0.6995 00036 -0.3595 -04257 04474 0
—0.1008 00419 02191 -0.7114 -0.6587 0

-0027 07036 -003 00546 -00201 0.7071

| —01061 0.055 0.0045 -0.1134 0.4364 0

The matrixU is represented the eigenvectors BH' .

(91204 O 0 0 0O O

0 5849 0 0 0 O

. 0 0 14056 O 0 0
0 0 0O 11031 O O}

0 0 0 0 03189 0

0 0 0 0 0 0]

The matrixSis represented the diagonal BX .

[-0.7092 02034 -04334 -0476 01996 0.0381]
-0.6976 -02894 03311 05286 -0.201 -0.0157
—-0.0407 04841 0.0184 -0.1009 -0.7578 —-0.4233
-0.0497 0.7263 03025 02092 01313 05635
—0.0544 -02301 0.6523 -0.6629 -0.1666 0.2266

| —0.0585 02451 04303 04303 05482 -0671]

The matrixV is represented the eigenvectors EHfE and also is

represented th&/'.

The pseudo-inverse of the matrx is

E"=VD'UT,where D" =(D, ™"

- 008 01041 0.0072 0.141 -008 -0.0933
0.0047 0714 -0.7426 0.0781 0.0047 0.0902
0.0146 -06744 08273 -15326 00146 0.8814
0.1193 0.9872 -09482 12278 0.1193 -0.9817

0.0084 01642 -0.1061 01376 00084 -0.7222
1 0.0206 -0.0818 0.2057 -0.8979 0.0206 -0.0147]

a1
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STEP (5)
Multiplying the system byE®™ and simplified this system in
Problem (17) of illustrations (2.5) case (1) tiod the solutions of
X, %, X%, %, % and % see (appendix ( C).

STEP (6)

Partitioned the matrixA,E and I, as the following

(1)E=|E, : E,|, whereE, 000%™ and E,00%"™

1 -1 2 3 -1 1
4 5 01 02 025 03
5 4 02 10 03 025
E, = and E, =
09 03 04 0125 075 015
1 -1 2 2 -1 1
103 09 0125 065 | | 085 075

whereqg=6, m=4, and n—-m=2

) A=[A; i A,] ,whereA,00%" and A,00%"™

0 1 0 0 | 0 0 |
0 0 1 0 0 0
0 0 0 1 0 0
A= andA, =
0 0 0 0 1 0
0 0 0 0 0 1
- 025 -015 -03 -04] |-0.175 -0.1285)

whereg=6, m=4, and n-m=2

3) 1=[3, ¢ J,], where Jl={l(ﬂ and J, =L 0 }

n—-m

av
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1 0 0 O] 0 O]
0100 0 O
J1:001O andJ2=OO
0 001 00
0O 00O 10
0 0 0 O] 0 1]
STEPS (7, 8,and 9)
Computational the matriR , from the conditions
RE+KC =1, from the eq. (2.62), we get:
= R=J,E"
0 0 0 0 0 0 |
0 0 0 0 0 0
_ R= 0 0 0 0 0 0
0 0 0 0 0 0
-0.1997 0.1237 0.1337 02705 -0.1997 0.3844
| 02851 01593 0.145 01635 02851 0.4284

From eq. (2.63), we get:
= K=J,-RE,
1
0

0
0

—

K

| 22082

0
1
0

0

From eq. (2.64), we get:

r O O

0

aA

o O O

1

-11226 -1.9797 0.6034 038764
—-12412 -1.3041 -2.0556
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— L=RA,-NRE,

0
—-12.2005
-11.115
-13.2861
—6.6836

| 19.7665

0
—-10.9038
—-11.6424
-10.1635

-1.2626
11.3913

0
—-3.4062
—-1.4987
- 53137
—6.4149
11.7677

0
~55933
- 26613
~85253
-9.9953
184741

From eq. (2.65), we get:
= G=RB

o O O

= G=
0

0.3844
04284

STEP (10)

Solve algebraic Ricatti equation, from &466), we get:

(N+1)'P+P(N+1,)=2C'C

where

-5 0 0 0 0 O]

O -6 1 2 3 4

N = O 1 -4 1 4 3
o 0 2 -3 2 5/

O 0O O 0O -2 4

0 0 0 0 0 -9

Find the eigenvalues of Nrom MATLAB, Program (13)

(Computation matrices of observer whEn is singular value

decomposition)see @ppendix (B ), we get:

a4
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-1.6348
- 5.6826+ 0.3583
—-5.6826—-0.3583
eig(N) = . . hence the matrix N is stable.
-2
- _9 -

And then the positive definite matsolution is obtained as
follows:

025 0 0 0 0 0

0.2374 0.1869 0.1955 0.8652 0.6398
0.1869 0.8668 0.7068 3.3403 23694
0.1955 0.7068 1.0489 35273 25905
0.8652 3.3403 3.5273 230114 155269
0.6398 23694 25905 155269 10.591 |

o O O O O

We test this matrix is symmetric positiveefinite, we find the
eigenvalues of P, from MATLAByogram ( 14 )(Ricatti Algabraic
equations when E is singular value deconjoog| see (@ppendix
(B)), we get:

£ 0.0129]
0.1869
| 0.2459
025

0.6608
| 34.6489

eig(P) , hence the matrix Pis positive definite .
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STEP(11)
Find the Lipschitz constant of(x(t),u(t)) and g(x(t)), by the
conditions k +k,; < min(F)_
Jmax(PR)
[0.0003sin(X, + X,) COSKs + X, ) SiN(Xs) |
0
0.0000Xkos(x: + X;)cosX, +
(1) f (x.u) = s OXG) s+ X,)
0.000Zsin(x, + X3)Sin(Xg + X,)
0.0003cos, + X3)sin(x,)

From simple calculations tmorm of Jacobian matrix for
f (x(t),u(t)) is found
= HJIH < 0.0006

= || f (6 0,u() = f (4 ), u®)] < 0.0004x, (1) = %, (t)]
Thus, the non-linearity(x(t),u(t)) is satisfied a Lipschitz

condition with Lipschitz constark = 0.000¢.

0
0.000kin(x; + X5)Sin(x; + X,)
0
0
0
| 0.0000L0s, +X5) COSf; + Xs) |

(2) 9(¥) =

From simple calculations tm®rm of Jacobian matrix for
g(x(t)) is found

= |J,]|<0.0002

= Hg(x(t)) - g(f((t))H < 0.0ooﬂx(t) - f((t)H
Thus, the non-linearity functiag(x(t)) is satisfied a Lipschitz
condition with Lipschitz constakj = 0.0002
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Omn(P) _ 00129 _ .
3. (PR) 128279

k +k, =0.0006+ 0.0002= 0. 0008

= k+k <2 5 000e<0.001
JmaX(PR)

Hence, Lipschitz constant issfadd.

STEP (12)

Find the observer of this system, from (ql0), and simplified

the system, we get:
2 =57 +4g
2, =62, + 23+ 22, + 325 + 4z, —12.2005;, —10.903&, —
3.4062; —5.593%, + 6.106=, + 0.0354; + 2.054,

2, = 2, — 4z, + 7, + 4z, + 37, ~11.115%, ~11.6424x, ~1.4987x, —
26613, +0.0354, + 3.8136, + 0.588E,

2, =22, -3z, + 27, +52, —13.286 1, ~10.1653, —5.3135, —
85253, + 2.054, + 0.588E, + 9.0804,

2. = —27; + 4z, — 6.6386x, —1.2626x, — 6.4149x, — 9.9953, +
0.3844-0.00001997in(X, + X,) cos(X, + X,) Sin(Xs) +
0.0000013370s(Xs + Xg) cOS(X; + X,) —0.00003994
sin(X, + X3)sin(Xs + X,) +0.00011523Z0s(X, + X3) *
sin(X,) + 0.00001237%in(X, + Xs)sin(X; +X,) +
0.0000038440s(X, + X5)COS(X; + X5) + 405e, +2.7014e, +

10.8157,

Zs = -9z, +19.7665x, +11.3913x, +11.7677x, +18.471x, +
0.4284 + 0.00002851sin(X, + X,)cos(X; + X,)Sin(Xs) +
0.00000145c0s(Xs + Xs)cos(X; + X,) +0.00005702*
sin(X; + X3)sin(Xs + X,) +0.00012825c0s(X; + X3) *
sin(X,) + 0.000001593sin(X, + X)sSin(X; + X,) +
0.000002484cos(X, + Xg)cos(X; + X5) — 6.8167e, —
4.9595¢, —18.3331e,



Chapter Two Observability and Stabilizability of Non-Linear Dynamical
Control System

STEP (13)
Find the solutions of the dynamicaystem, By MATLAB,

we used the fourth-order ( BeniKutta) method to find the
solutions ofx. Problem (17) of illustrations (2.5) case(th find
the solutions of X %, %, X, X and % see (@ppendix (C).

STEP (14)
Find the solution of the error by the dta(2.21).

By MATLAB, we used the fourth-order ( Runge-ka)t method to
find the solutions o&. Problem (18) of illustrations (2.5) case(1)
to find the error solutions of;, ee, &, €, & and e see
appendix (C ). The numerical soluti@i error can be found in
Figure (2.9).

Case (1) : (When controu =cos (t) )

STEP (2), STEP (3), and STEP(4)
Are the same as steps adse (1)
STEPS (6) , (7). (8), (9) and (10)

Are the same as steps adse (I).
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STEP(11)
Find the Lipschitz constant of(x(t),u(t)) and g(x(t)), by the

5min (P)

conditions k +k; <
Jmax(PR)

0.0001cos() sin(x, + X,) cos, + X, ) Sin(Xs) |
0
0.0000Xo0s¢) cosfs + x5) cosis + X,)
0
0.0002cos() sin(x, + X3) Sin(Xg + X,)
0.0003%o0s() cosx, + X;)sin(x,)

(1) f(xu) =

From simple calculations the norm ofacobian matrix for
f (x(t),u(t)) is found
= HJIH < 0.0006

= || f (6 0,u() = f (4 ), u®)] < 0.0004x, (1) = %, (t)]
Thus, the non-linearity(x(t),u(t)) is satisfied a Lipschitz

condition with Lipschitz constarik = 0.000¢.

0
0.000kin(x; + X5)Sin(x; + X,)
0
0
0
| 0.0000L0s, +X5) COSf; + Xs) |

(2) 9(¥) =

From simple calculations the norm ofacobian matrix for

g(x(t)) is found
= HJZHSO.OOOZ

= [g(x(t)) - g(X(t))| < 0.0002x(t) — X(t)|
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Thus, the non-linearity functiog(x(t)) is satisfied a Lipschitz
condition with Lipschitz constait = 0.0002.

Onn(P) _ 00129 _
Oma(PR) 128279

k +k, = 0.0006+ 0.0002= 0. 0008 001

= k+k <2 5 000e<0.001
JmaX(PR)

Hence, Lipschitz constant issfadd.

STEP (12)

Find the observer of this system, from (Bql0), and simplified
the system, we get:
7, =5z +4g
z, =—6z, +2;+22, +3z5 + 4z, —12.2005; —10.9038«, -
34062, —5.593%, + 6.106e, + 0.0354;, + 2.054¢,

2, = 2, — 4z, + 7, + 4z, + 37, ~11.115%, ~11.6424x, ~1.4987x, —
26613, +0.0354, + 3.8136, + 0.588E,

2, =22, -3z, + 27, +52, ~13.286, ~10.1653, — 5.3135, —
85253, + 2.054¢, + 0.588E, + 9.0804,

2. = -2z, + 4z, — 6.6386x, —1.2626x, — 6.4149%x, — 9.9953x, +
0.3844cost) — 0.0000199cos()sin(X, +X,) *
cos(X; + X,)sin(Xg) +0.00000133¢0st) cos(Xs + Xq) *
cos(X; + X,) —0.000039940s¢) sin(X, + X3) *
sin(Xg + X,) +0.00011523Z0s¢) cos(x, + X3)sin(x,) +
0.0000123&in(%X, + X5)sin(X; + X,) +0.000003844
coS(X, + Xg)COS(X; + X5) + 405e, + 2.7014e, +10.8157¢,
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Zs =92, +19.7665x, +11.3913x, +11.7677X; +18.471x, +

0.4284cos(t) + 0.00002851cos(t) sin(X, + X,) *

COS(X; + X, ) sin(Xs) + 0.00000145cos(t) cos(Xs + Xg) *
cos(X; + X,) + 0.00005702cos(t) sin(X, + X;)sin(Xs + X,) +
0.00012825c0s(t) cos(X, + %) sin(X,) +0.000001593¢
sin(X, + X5) sin(X; + X,) +0.000002484cos(X, + Xg) *
cos(X, + X;) — 6.8167e, — 4.9595¢, —18.3331e,

STEP (13)

Find the solutions of the dynamicaystem, By MATLAB,
we used the fourth-order ( BeniKutta) method to find the
solutions ofx. Problem (19) of illustrations (2.5) case (29 find

the solutions of X%, X, X, X% and % see @ppendix (C).
STEP (14)

Find the solution of the error by the dta(2.21).

By MATLAB, we used the fourth-order ( Runge-kuj method to
find the solutions oé. The numerical solution of error can be
found in Figure (2.10Problem (20) of illustrations (2.5) case(2)
to find the error solutionsf og, &, &, &, & and @ see

(appendix (C). The results of error solution ( erroolusions)
are ploted in the fllowing graphs.
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—_—
— g2
— g3

ad
—_— 5
— b

15

-y

=
mn

STATE RECOMNSTRUCTION ERRORS efl)
o

=
[y}
T

TIME {sec.)

Figure (2.9) The non-linear system of illustrations (2.5)
If u=1represented the states[e;, e,, &, €, & and e;] with initial
conditions [ey(0), ex(0), e3(0), e4(0), e5(0) and e;(0)]=[0.00001 0.00004
0.00005 0.00002 0.00006 0.00008]
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— &l
— g2
— g3

ad
— &5
— &b

—_
[y
T

l

-y
|

=
[y}
T
1

STATE RECONSTRUCTION ERRORS eif)
[}
o i)
|

TIME {sec.)

Figure (2.10) The non-linear system of illustrations (2.5)
If u=cos(t) represented the states|[e, , e, €3, €, & and e;] with
initial conditions [e;(0), ex(0), e3(0), e4(0), e5(0) and e5(0)]=[0.00001
0.00004 0.00005 0.00002 0.00006 0.00008]
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[llustrations (2.6): E is square and not _invertible matrix ( S.V.D)
STEP (1) (Problem Formulation)
Consider the dynamical system

£ = Ax(©) + Bu() + T (X(O.u() + 9(X()

where
[0 1 0 0 0 | 1 0 0 0 O] [0 ]
01 02 03 04 05 01000 1
A=02 01 04 03 06/[,C= 00 10 O,B: 0.2
011 015 017 019 01 045
015 011 019 017 012 00010/ Jo1
1 -5 -3 -1 1 [ 0.125usin(X, + X,)SiN(X; + X,) |
01 04 025 01 09 0
E=/04 01 035 04 075, f(x,u)=|0.015ucosk, +X)CoOSK; + Xs)
05 03 011 05 003 0.002usin(x,) cosfs)
|03 05 013 03 0125 _O.OZEUCOSQQ+X5)Sin(X3+X2)_
_ 0 ;
0.016sinf, +X5)Sin, +X;)
g(x) =| 0.017%0sk, + X;)sinf; +x,) | and |E =0
0.0275inx;) cosk,)
| 0.002%0sk; +X;)SINK, +X5) |

Case(1): (When control u=1)



Chapter Two

Observability and Stabilizability of Non-Linear Dynamical
Control System

STEP (2)

Check the rar{l{ ED
C

Gause -Elimenation technique,

-1 -2
01 04
04 01
05 03
H"=|03 05
1 0
0O 1
0O O
0 O
By using
rankdH") = 5.
STEP (3)

-3
025
035
011
013
0
0
1
0

=Nn.

-1
01
04
05
03

0
0
0
1

E—-A
Check the rar[&{s e D

wheres = 10
[-10 -21 -30
09 38 22
38 09 31

Hm —

=n, Ls.
-10 10 |
06 85
37 69

489 285 093 481 02
285 489 111 238 113

1
0
0
0

0

1
0
0

0

0
1
0

0

0
0
1

0
0
0
0

By using Gause -Elimenation
rankd") = 5.

AR

tegoei, we conclude

that

veoenclude tht the

the
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STEP (4)

Find the pseudo-inverse of the matEkx.

Since,E is singular value decomposition, then

[ 16 -085 -13 -19 -1865
- 085 10525 0.8825 0.2745 0.405
-13 08825 1015 0491 0.4292,\EET\=0
~19 02745 0491 0603 0468
-1.865 0405 04292 0468 0.4625]

EET

= (EE")™ not exists

151 238 3259 151 -05575
238 451 6233 238 -14935
E'TE=| 3259 6233 9214 3259 -2493], \ETE\ =0
151 238 3259 151 -05575
|-05575 —14935 —2493 -05575 2389

= (E'E)™ not exists

And we see that,the eigenvalues BE" and E'E are equals.
From MATLAB, program ( 15 )see (appendix ( B).

0 0
0.1492 0.1492
eigEE") =| 0.4021| and eigE'E)=| 0.4201
1.935 1.935
116.6467| 116.6467|

The pseudo-inverse of the matiikis give by the following
commands:
[U,SV] =svd(E), from MATLAB, we get:

[-0.9786 -1.1626 -0.1179 -0.0408 0.0167 ]

00639 -0.6694 04799 -041 -0.3866
U=| 00922 -0.6454 -0.0552 0.6665 0.3573 |,
01233 -02279 -0.7875 -0.0031 -0.5592
01204 -0.2388 -0.3642 -0.6213 0.6402 |
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The matrixU is represented the eigenvectors ' .

(408 0 0 0 0

0 1391 O 0 O

S=| 0 0 06341 0 0|,
0 o0 0 03863 0

0 0 0 0 0

The matrixSis represented the diagonal Of .

- 0.2744 -0.2503 -05664 02031 0.7071]
05121 -0.1401 0.0062 -0.8474 0
V= 07386 00276 05053 04454 0 ;
02744 -0.2503 -05664 02031 -0.7071
| —0.2042 -0.9243 03209 0.0318 0 |

The matrixV is represented the eigenvectors EHfE and also is
represented th&/'.

The pseudo-inverse of the matri is

E*=VD'UT, where D" =(D,™)"

[ -0.292 00256 0.1778 -0.995 -0.9454
00977 035 -03748 -0.0168 0.4034
=| 0101 09718 -10369 -0.6411 0.6029
—0.054 05325 0.7094 -0.4098 -0.4309
| —0.0949 0.7616 -1.204 0.0271 1.1581 |

STEP (5)
Multiplying the system byE® and simplified this system in
Problem (21) of illustrations (2.6) case (1 tfind the solutions

of X %, %, X% and x see (appendix (C).
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Partitioned the matrixA,E and I,

STEP (6)
(1)E=[E,
-1
0.1
E,=| 04
05
103

as the following

E,], whereE,00%" and E,O00%"™

-2
04
01
03
05

-3

025
035
011
013

-1 1
0.1 09
04| and E,=| 075
05 003
03 1 0.125]

whergg=5, m=4, and n—-m=1

2) A=[A,
)

0.1

A, =| 02

A,|, where A,00%™ and A, 000%™

1
0.2
01

0 0 |
03 04
04 03

011 011 017 019
015 015 019 017

and A, =

whergg=5, m=4, and n—-m=1

3) 1=[3, ¢ J,], where le[l(ﬂ and JZ:L 0 }

(&
[E=
I
o O O O

o O oo +» O
o O O O

O r O O O

and J, =

0
05
0.6
01

012

n—-m
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STEPS (7,8,and 9)
Computational the matriR , from the conditions
RE+KC =1, from the eq. (2.62), we get:

— R=J,E'
[0 0 0 0 0
0 0 0 0 0
— R=| 0 0 0 0 0
0 0 0 0 0
104186 03767 03139 0.0126 0.0523

From eq. (2.63), we get:
= K=J,-RE,

1 0 0 0
0 1 0 0
= K=| 0 0 1 0
0 0 0 1
10.2334 0.6252 1.0435 0.2334

From eq. (2.64), we get:

= L=RA,-NRE,

0 0 0 0
09334 25006 4174 0.9334
= L=| 11668 31258 52175 11668
0.7001 18755 31305 0.7001
| —1.9905 -5.0934 -9.1408 -1.8441

From eq. (2.65), we get:

= G=RB
-0
0
= G= 0
0
1 0.4504
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STEP (10)

Solve algebraic Ricatti equation, from &466), we get:
(N+1)'P+P(N+1,)=2C'C
where

-6 0 0 O

o -7 2 3
N=l0 2 -5 2
O 0 -3 -4
O 0 O O -9

Find the eigenvalues of Nrom MATLAB, Program (16)

w o1~ O

(Computation matrices of observer whEn is singular value
decomposition) see (appendix (B), we get:

[—3.6952+2.7779 ]
-3.6952-2.7779
—-8.6096 , hence the matrix N is stable.

-6

-9

eig(N)

And then the positive definite matgolution is obtained as
follows:

0.2 0 0 0 0

0 01924 0.0773 0.0757 0.1164
=P=| 0 00773 03077 -0.0254 0.1228
0 00757 -0.0254 03921 0177

0 01164 01228 0177 0.2013

We test this matrix is symmetric positiviefinite , we find the
eigenvalues of P, from MATLAByogram ( 17 )(Ricatti Algabraic
equations when E is singular value deconjoog| see (@ppendix

(B)), we get:

Ve
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10.0342)]
0.1298
eig(P)F 02 |, hence the matrix P is positive definite .
0.3635
| 0.566
STEP(11)
Find the Lipschitz constant of (x(t),u(t)) and g(x(t)), by the
conditions k + k; < Omin (F)_
Omax (PR)
[ 0.125sin(x, + X,)Sin(X; + X,) |
0
(1) f (x,u) =] 0.015cosf, + X, ) COSK; + Xs)
0.002sin(x,) coss)
| 0.025c0osx, + X5)Sin(X; +X,) |

From simple calculations tme®rm of Jacobian matrix for
f (x(t),u(t)) is found
= |9y =025

= [ (% 0),u() - f (% 0),u®)] = 025, (t) = X, (1))
Thus, the non-linearity(x(t),u(t)) is satisfied a Lipschitz

condition with Lipschitz constark =0.25.

0
0.0165inf, + %5)Sinf, + ;)
(2) 9(X) =| 0.017F0SK, +X;)SiNfK, +X,)
0.0275in(x;) cosk,)
| 0002505, +%,)SINGK, +X5)

From simple calculations thmrm of Jacobian matrix for
g(x(t)) is found

= [J,]<0.062
= [g(x(t)) - 9(X(®))] < 0.062x(t) - X(V)]
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Thus, the non-linearity functiag(x(t)) is satisfied a Lipschitz

condition with Lipschitz constakf = 0.062.

Oin(P) _ 00342 _
3. (PR)  0.0952

035

k+k, = 025+0.062=0. 312

= ktk <2m®) - g315<035

Hence, Lipschitz constant issfadd.
STEP (12)

Find the observer of this system, from (Bq10), and simplified
the system, we get:
7, =67, +5¢
Z, =—12, +22; +3z, + 425 + 0.9334x, + 2.5006x, + 4.174x, +
0.933%, +8.216%, +0.4316, +1.179%,

2, = 22, =52, + 27, + 57, +1.1668¢ + 3.1258k, + 52175, +
11668, + 0.4516, + 6.3696, + 3.6417%,

7, = =3z, - 4z, + 3z, +0.700X, +1.8755, +3.1305, + 0.700X, +
1179%, +3.6417%, -85433,

7. = -9z, —1.9905x, —5.0934x, — 9.1408x, —1.8441x, +
0.4504+ 0.052325sin(%, + X,)sin(X; + X, ) + 0.00392375
cos(X, + X;) cos(X; + X5) + 0.000043Xin(%X;) cos(Xs) +
0.0013075c0s(X, + Xs)sin(X; + X,) + 0.00621555

sin(X, + Xg)sin(X, + X3) + 0.005493250s(X, + X5) *
sin(X; + X,) + 0.000594sin(X;) cos(X,) + 0.00013075
cos(X; + X;)sin(X, + X;) —6.0623, — 7.348%, -
8.543%,
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STEP (13)
Find the solutions of the dynamicaystem, By MATLAB,

we used the fourth-order ( BeniKutta) method to find the
solutions ofx. Problem (21) of illustrations (2.6) case( find
the solutions of X %, %, % and X% see (@ppendix (Q).

STEP (14)
Find the solution of the error by the emqma(2.20) .

By MATLAB, we used the fourth-order ( Runge-ka)t method to
find the solutions oé. Problem (22) of illustrations (2.6) case(1)
to find the error solutions o&, &, &, €& and e see
(appendix (C ). The numerical solution of error cde found
in Figure (2.11).

Case (1) : (When controu =cos (t) )

STEP (2), STEP (3), and STEP(4)

Are the same as steps aidse (1)
STEPS (6) , (7). (8), (9) and (10)

Are the same as steps adse (1).

STEP (11)
Find the Lipschitz constant of(x(t),u(t)) and g(x(t)), by the

5min (P)
a-max (PR)

conditions k +k; <

[ 0.125c0s€) Sin(x + X,)Sin(Xx; +X,) |
0

(1) f(xu)=|0.015cosf)cos, + X;)CoSiK; + Xs)

0.002cos() sin(x,) coss)

| 0.025c0s€) cosf, + Xs) Sin(X; +X,) |
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From simple calculations the norm ofacobian matrix for
f (x(t),u(t)) is found
= [J,]< 025

= [T (% 0),u() - F (3 0),u®)] < 025, (t) = X, (1))
Thus, the non-linearity(x(t),u(t)) is satisfied a Lipschitz

condition with Lipschitz constark =0.25.

0

0.016sin(x; + X5) Sin(x, + X;)

(2) 9(x) =] 0.01750sK, + Xs)SiNE; +X,)
0.0275sin(x;) cosk,)

| 0002508k, +X)SINEK, +Xs)

From simple calculations the norm ofacobian matrix for
g(x(t)) is found

= |J,]|<0.062

= a0x(t) - g(x(®)] < 0.062x(t) - ()|
Thus, the non-linearity functiag(x(t)) is satisfied a Lipschitz
condition with Lipschitz constakt = 0.062.

Omin(P) _ 0.0342_

k+k, = 025+0.0622=0. 312 = =
Opax(PR)  0.0952

035

= kb <2mP) - 312<035
JmaX(PR)

Hence, Lipschitz constant issfadd.
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STEP (12)

Find the observer of this system, from (8q10), and simplified
the system, we get:

z, = -6z +5¢
2, =—-1z,+22;+3z, + 425 + 0.9334x;, + 2.5006x, + 4.174x; +
0.933%, +8.216%, + 04316, +1.179%,
Z; =22, —5z; + 27, + 575 +1.1668¢ +3.1258, + 52175, +
1.1668¢, + 0.4516, + 6.3696;, + 3.6417%,

2, = =3z, — 4z, + 3z +0.700X, +1.8755, +3.1305, + 0.700X, +
1.179%, +3.6417%, -85433,

7. = -9z, —1.9905x, — 5.0934x, — 9.1408x, —1.8441x, +

0.4504cos(t) + 0.052325cos(t) sin(X, + X,) *

sin(X; + X,) + 0.00392375cos(t) cos(X, + X,) *

cos(X; + X5) + 0.0000432cos(t) sin(X,) cos(Xs) +
0.0013075cos(t) cos(X, + Xs)sin(X; + X,) + 0.00621555*
sin(X, + X5)sin(X, + X3) + 0.00549325c0s(X, + Xg) *
sin(X; + X,) + 0.000594sin(X;) cos(X,) + 0.00013075
coS(X; + X;)sin(X, + X;) — 6.0623e, — 7.3481e, -
8.543%,

STEP (13)

Find the solutions of the dynamicaystem, By MATLAB,
we used the fourth-order ( BesKutta) method to find the
solutions of x. Problem (23) of illustrations (2.6) case (2) tind

the solutions of;,x»%, X%, % and % see (@ppendix ( C).

'Y,
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STEP (14)
Find the solution of the error by the dmqma(2.20) .

By MATLAB, we used the fourth-order ( Runge-kKuj method to
find the solutions oé. The numerical solution of error can be
found in Figure (2.12Problem (24) of illustrations (2.6) case(2)
to find the error solutenof ¢ e, &, €& and € see
( appendix (C). The results of error solution ( errorlusons)

are ploted in the fllowing graphs.

10

— &l
—_— 2
— &3
— ed ]
—_— g5

(]
T

STATE RECOMNSTRUCTION ERRORS eit)

2 1 1 1 1 1
3 4 5 B

TIME (sec.)

o
—_
]

Figure (2.11) The non-linear system of illustrations (2.6) If u =1
represented the states[e; e, e; e, and e] with initial conditions
[e1(0), &(0), e3(0), e4(0) and e5(0)]=[0.001 0.002 0.005 0.009 0.008]
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1D T T T T T T T T T
— ¢l

— g2
— a3
—_— i ]
— &b

[m}
T

STATE RECONSTRUCTION ERRORS eft)

TIME {sec.)

Figure (2.12) The non-linear system of illustration (2.6)
If u =cos(t) represented the states[e; e, e; e, and es] with initial
conditions [ey(0), ex(0), e3(0), e4(0) and e5(0)]=[0.0001 0.0002 0.0005
0.0009 0.00075]
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CONCLUSIONS

A simple method has been presented for designing state-observers
of non-linear singular systems. Assuming that the non-linear function is
globally Lipschitz, it is permitted to set the dynamics of the linear part
while ensuring the global stability.

Necessary and sufficient conditions for existence and stability of
the proposed observer have been established. The observer system andits
solution are found to be a suitable applicable procedure based on the
theoretical result and have avery interested real life application. The stability
behaviors of the dynamical systems are also been considered in this

work.
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Future Work

In the future work, one can precede and developed hiswork based
on the present study to includea large class of nonlinear control systems;
1. The studying the non-linear dynamic control system observer in
stochastic nature not in deterministic case.

2. Studying the non-linear dynamic fuzzy observer for some class of
non-linear dynamic control system.

3. Studying the case when the non-singular matrix of singular dynamic
control system are of type fat, skinny, etc. .

4. Generalized the present work to include a large class of system

uncertainty.
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INTRODUCTION

Observers use the plant input and ougpghals to generate an
estimate of the plant’'s state, which isnthemployed to close the control
loop. Observers are utilized to augmentreplace sensors in a control
system. The observer was first proposed aedeloped by Luenberger
in the early sixties of the last cent(ilyuenberger, 1966; 1971; 1979)
[34], [35] and [36].

Since the early developments, observéos plants with both
known and unknown inputs have been Ildpeel resulting in the
so called unknown input observer aratitees, such as, for example,
those in ( Bhattacharyya, 1978 [1]e@G& al., 1996 [8]; Corless and
Tu, 1998 [10]; Darouaclet al., 1994 [12]; Hostetter and Meditch, 1973
[17]; Hou and Midller, 1992 [18]; Hostal., 1999 [19] ; Hui and Yy Zak,
1993 [21]; 2005 [22]; Kudvatal., 1980 [30]; Kurek, 1983 [30];
Krzemi” nski and Kaczorek, 2004 [31]; Sumdavararetal., 1977 [46];
Wanget al., 1975 [54]; Yang and Wilde, 1988 [57] ).

More recently , observer architecturesizutg the concept of sliding
modes were proposed for uncertain systents,, $er example, (Edwards
and Spureon, 1998 [13]; Hhal., 2003 [16]; Hui and y Zak, 1990 [20];
Koshkouei and Zinober, 2004 [28]; Utlanal., 1999 [48]; Walcott and
y Zak, 1987 [5Q] 1988 [51]; Walcott and y Zak ,1990 [52]; Hui an&gk,
1993 [21]).

Other methods of observer design for linsgstems developed up
to 1983 are reported by O’Reilly in (19882]. Observers for systems
with unknown inputs play an essential role robust model-based fault
detection ( Edwardat al., 2000 [14]; Edwards and Spurgeon, 1998];[13
Jianget al., 2004 [24]; Saif and Xiong, 2003 [43]).



I ntroduction

The basic idea behind the use of obserf@rsfault detection is to form
residuals from the difference between th@wacsystem outputs and the
estimated outputs using an observer .

Once a fault occurs, the residuale expected to react by
becoming greater than a prespecified tlmdshwhen the system under
consideration is subject to unknown disamces or unknown inputs,
their effect has to be decoupled from theddreds to avoid false alarms.

State observation of non-linear dynamisyistems is becoming
a growing topic of investigationn i the specialised literature
( Tsinias, 1989 [47]), (Walcott, 1987 [50]). &h reconstruction of state
variables remains a major problem both amtiwl theory and process
diagnosis (Magni, 1991 [37]). Researcher &tian is being particularly
focused on the design of adaptiveseolers for on-line process
state estimation. There is Iincreasiag wareness that to ensure
robustness in performance requires simpler atable adaptive observer
schemes. Linear systems have received ideyable attention leading
to the several stable adaptive obsersgstems .

Linear observers involving unknownnputs have also been
developed and analysed (Chang, 1995 [5]), (Gaun@ol996 [15]).

Nevertheless, the design of asymptoticatable observers for
non-linear dynamic control system remainshard task, even when the
non-linearities are fully known. The nommglar problem because
a new task for design an stabilized eober.

Based on the results of [2], [5], [10], [LE}7], [38], [44], [50], and
[53], our aim in this work is tdesign an stabilized full-order
observer for some class of non-linear (@iagcontrol system).

In this work, some suggested scheme and estggy procedure
for nonlinear dynamical control system are psmmb and developed.



I ntroduction

This thesis, consists of two chaptdige first chapter s
devoted some basic mathematicabncepts, dynamical control
equation, the formulation of contrgbroblems, basic concepts and
definitions,  singular value decommiion, Lyapunove  stability,
controllability and observability.

The second chapter is concerned with théoleno of observability
and stabilizability of uncertain non-lare dynamical control system
and some simulation and graphs concludmarks, comments, useful
mathematical facts, conclusions, futuwork, references and three

appendices have also been presented.
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ABSTRACT

This work deals with the problem of dynamic state estimator
for a class of non-linear singular dynamic systems. Sufficient
conditions for the existence of such observers are provided and the
design of such observer isexamined.

Since our nonlinear dynamic system is singular and assuming
that the singular matrix is full row rank involves many
calculation simplifications; therefore specia emphasis in the
computational aspect of the observer matrices is discussed supported
by some useful comments.

In this work, scheme and procedure work  for nonlinear
dynamical observer control system are proposed and developed to
estimate the unmeasured state space points.

The proofs of the theorems of this scheme as well as their
computationa algorithm have been developed and presented. The concluding
and necessary remarksand lemmas have also been discussed.

Finally, severa problems are given to demonstrate the validity
and the effectiveness of present work before and after their behaviors

are simulated and are shown in graphs.
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