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Abstract 

 
 

The main aim of this work is to generalize the study of the one-

dimensional integral equations to include the multi-dimensional integral 

equations.  

This study includes the classification of the multi-dimensional integral 

and integro-differential equations. 

Also, some extended theorems for the existence and uniqueness of 

solution for the multi-dimensional integral equations are given. 

Moreover, some generalized methods are used to solve the multi-

dimensional integral equations, with some illustrative examples. 
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Appendices 
 

Appendix A: 

The following remark whish be useful have: 

 

Remark: 

1. 2
2[ , ] :[ , ] , ( ) .

b

a

L a b f f a b D f x dx
  = → < ∞ 
  

∫  

2. ][2 DL  set of square lebsque integral function. 

3. ][2 DL  is Hilbert space. 

4. ( ), ( , ) ( , )
d b

c a

f g f x y g x y dxdy= ∫ ∫ . 

5. 2 ( , ) ( , )
d b

c a

f f x y g x y dxdy= ∫ ∫ . 

6. 2 2( , )
d b

c a

f f x y dxdy= ∫ ∫ . 

7. 
0

sup ,
u

Ku
K K is operator

u≠
= . 

8. 2: [ ]u D L D→ . 
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Appendix B (Some basic concepts of operator theory): 

B.1  Linear operator [Taylor, 1958]: 

An operator T : H H,→  {H is a Hilbert space} is called a linear 

operator if it satisfies. 

( ) ( ) , .i T x y Tx Ty x X+ = + ∀ ∈  

( ) ( ) , and  or . ii Y x x x X R Cα α α= ∀ ∈ ∈  

  

B.2  Bounded linear operator [Taylor, 1958]: 

Let  H  be a Hilbert space and  T : H H→  a linear operator. The 

operator T is said to be bounded if there is a real number M such that 

, .Tx M u x X≤ ∀ ∈  

 

The following are some useful examples. 

 

B.2.1  Examples [Taylor, 1958]: 

(i)  Identity operator : Let H is a Hilbert space, I : H H→  is a  

bounded. 
 

(ii)  Integral operator :   

We define an integral operator, ]1,0[]1,0[: CCT → , by: 

1

0

( ) ( , ) ( )Tx t k t x dτ τ τ= ∫ , 

Here  k  is given function, which is called the kernel of T  and is 

assumed to be continuous on the closed domain. This operator is linear and 

bounded. 
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B.3  Bounded operator [Hochstadt H., 1973]:   

An operator K  is said to be bounded if for some M we have  

fMKf ≤  

for all  f  in Hilbert space. 

 

B.4 Compact operator [Hochstadt H., 1973]:  

Let K  be a bounded, linear operator on a Hilbert space  H. Let { }nf  

be an infinite uniformly bounded sequence in H; that is for some  M we have 

nf M≤  for all n. K is said to be compact operator if from the sequence 

{ }nKf  one can extract a subsequence { }
knKf  that is a Cauchy sequence. The 

sequence { }
knKf  converge, of course, since H is a Hilbert space. 

 

B.4.1 Definition Cauchy sequence [Hochstadt H., 1973]:  

Let H be an inner product space and { }nf  a Cauchy sequence in H. 

Such a sequence has the property that for every  0ε >  we can find an ( )N ε  

such that  

n mf f ε− <    for   , ( ).n m N ε>  

in other words 

,
lim 0.n m

n m
f f

→∞
− =  

H is said to be a Hilbert space if every Cauchy sequence is converges to an 

element in H. 
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Appendix C: 

C.1 Equicontinuous set [Marsden, 1995]: 

A subset S  of  C[a,b] is said to be equicontinuous, for each 0ε > , 

there is a 0δ > , such that : 

 x y δ− <   and  Mu ∈  imply  
[ , ]( ) ( ) .

C a b
u x u y ε− <  

 

C.2  Schauder fixed point theorems [Hochstadt H., 1973]: 

Let  S  be closed convex and compact set in Hilbert space, and K  a 

continuous mapping of  S into itself. Then K has at least fixed point. 

 

C.3  Banach fixed point theorems [Hochstadt H., 1973]: 

Let T  be a contraction operator on Hilbert space, :T H H→  then 

T  has a unique fixed point. 

 

C.4  Arzela�’s theorem [Hochstadt H., 1973]: 

Let { })(xgn  be a set of continuous function defined on [0,1], that is 

uniformly bounded and equicontinuous. That is  

( )ng x M≤  for all n 

1 2( ) ( )n ng x g x ε− <  for  1 2 ( )x x δ ε− <  

where M and ( )δ ε  are independent of n. One can then extract a subsequence 

{ ( )}
kng x  that converge uniformly to a continuous function ( )g x . 

 

C.5  Convex set [Hochstadt H., 1973]: 

A set  S in a linear space is said to be convex, if for any two points X, 

Y  in  S  the set points  (1 ) , 0 1,tX t Y t+ − ≤ ≤  also belong to S. 
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C.6  Compact set [Hochstadt H., 1973]: 

A set  S in a Hilbert space is said to be compact if every infinite 

sequence of points in S, say { },nX  has a convergent subsequence, that 

converges to a point in S. 

 

Appendix D: 

D.1 Theorem (Cauchy-Schwarz inequality)[Hochstadt H., 1973]:  

Let f and g belong to an inner product space, then: 

( ),f g f g≤  

Equality is achieved if and only if  f  and  g  are linearly independent . 
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1.1 Introduction: 

Recall that the one-dimensional (denoted by 1-D) Integral equation is 

an equation in which the integration is carried out with respect to one variable. 

In this case, the unknown function depends only on one independent variable, 

[Delves L., Walsh J., 1974]. 

Moreover the mathematicians categorize the 1-D integral equation into 

linear, nonlinear, Volterra, Fredholm, homogeneous, nonhomogeneous and 

first kind, second kind, etc., [Chambers L., 1976]. 

The main aim of this chapter is to generalize the one-dimensional 

integral and integro-differential equations to the multi-dimensional integral 

and integro-differential equations.  

Also the relation between the partial differential equation and the 

multi-dimensional integral equations is studied. Moreover, some basic 

concepts for the partial integro-differential equations are given. 

This chapter consists of three sections. 

In section one and two, the classification of the one-dimensional 

integral and integro-differential equations are extended to include the multi-

dimensional integral and integro-differential equations. 

In section three, the special types of related to partial differential 

equations and the multi-dimensional integral equations are studied. 

In section four, a simple classification of partial integro-differential 

equations is devoted. 

 

 

 



Chapter One                                                     The Multi-Dimensional Integral Equations 

 2 

1.2  The Multi-Dimensional Integral Equations:  

It is known that the two-dimensional (denoted by 2-D) integral 

equation is an integral equation in which the integration is carried out with 

respect to two variables, [David K., 1999]. 

On the other hand; the m-dimensional (denoted by m-D) integral 

equation is an integral equation in which the integration is carried out with 

respect to m variables. 

An example of the 2-D integral equations: 

1 3
2

0 0

( , ) 3 4 (3 ) ( , ) xu x y xy xy z m ze u z m dzdm= + + +∫ ∫  

An example of the 3-D integral equations: 

2 4 5
2 2 3

1 3 0

( , , ) 4 5 5 (3 2sin ) ( , , ) zu x y z x e y xm k zy n u m n k dmdndk= + + + + + +∫ ∫ ∫
 

In this section, we extend the classification of the 1-D integral 

equations to include the m-D integral equations. 

A general form of the m-D linear integral equation is:  

+= ),...,,(),...,,(),...,,( 212121 mmm xxxfxxxuxxxh  

∫ ∫ ∫
−−

−

)( )( )(

21212121

11

1

11

1

 ) ,...,,( ) ,...,,, ,...,,(...
mm

m

mm

m

x x x

mmmm dzdzdzzzzuzzzxxxk
β

α

β

α

β

α

λ K  

 (1.1) 

where h and  f  are known functions of 1 2, ,..., mx x x , k  is a known function 

of 1 2 1 2, ,..., , , ,...,m mx x x z z z , iβ  is a known function of  xi  for each 

1,2,...,i m= , iα is a known constant for each 1,2,...,i m= , λ is a scalar 

parameter and  u  is the unknown function that must be determined. 
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This equation is said to be m-D Volterra linear integral equation when 

( )i i ix xβ = , 1,2,...,i m= . In this case, eq.(1.1) becomes: 

1 2 1 2 1 2( , ,..., ) ( , ,..., ) ( , ,..., )m m mh x x x u x x x f x x x= +  

1 1

1 1

1 2 1 2 1 2 1 2... ( , ,..., , , ,..., ) ( , ,..., ) 
m m

m m

x x x

m m m mk x x x z z z u z z z dz dz dz
α α α

λ
−

−
∫ ∫ ∫ K

 (1.2) 

where  i ixα ≤ < ∞   for each  1,2,...,i m= . 

When 1 2( , ,..., ) 0mh x x x = , eq.(1.2) is said to be m-D Volterra linear 

integral equation of the first kind and takes the form: 

1 1

1 1

1 1 1 1 1( ,...,   ) ... ( ,..., , ,..., ) ( ,..., )  
m m

m m

x x x

m m m m mf x x k x x z z u z z dz dz
α α α

λ
−

−

= − ∫ ∫ ∫ K  

 (1.3) 

Also if  1 2( , ,..., ) 1mh x x x = , then eq.(1.2) reduces to:   

1 2 1 2( , ,..., ) ( , ,..., )m mu x x x f x x x= +  

1 1

1 1

1 1 1 1... ( ,..., , ,..., ) ( ,..., ) 
m m

m m

x x x

m m m mk x x z z u z z dz dz
α α α

λ
−

−
∫ ∫ ∫ K  (1.4) 

this equation is said to be m-D Volterra linear integral equation of the second 

kind. Moreover, if  1 2( , ,..., ) 0mf x x x = , then eq.(1.2) becomes: 

1 2 1 2( , ,...,  ) ( , ,..., )m mh x x x u x x x =  

1 1

1 1

1 1 1 1... ( ,..., , ,..., ) , . ,  ...
m m

m m

x x x

m m m mk x x z z u(z . . z ) dz dz
α α α

λ
−

−
∫ ∫ ∫  (1.5) 
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this homogeneous equation is said to be the m-D Volterra generalized linear 

integral eigenvalue problem. Also if 1 2( , ,..., ) 1mh x x x =  in eq.(1.5) then this 

equation is said to be m-D Volterra standard linear integral eigenvalue 

problem. 

It is clear that 0u =  is a solution of eq.(1.5) for any values of  λ.  

Therefore the problem here is to determine the nontrivial solution u, which 

satisfy eq.(1.5). 

On the other hand, the m-D Fredholm linear integral equation is the 

m-D linear integral equation in which the upper limits of integrations are 

constants. In this case, eq.(1.1) becomes 

1 2, 1 2 1 2( , ..., ) ( , ,..., ) ( , ,..., )m m mh x x x u x x x f x x x= +  

1 1

1 1

1 1 1 1... ( ,..., , ,..., ) ( ,..., ) ...
m m

m m

m m m mk x x z z u z z dz dz
β β β

α α α
λ

−

−
∫ ∫ ∫  (1.6)  

The following integral equations are: 

1 1

1 1

1 1 1 1 1( ,..., ) ... ( ,..., , ,..., ) ( ,..., ) ...
m m

m m

m m m m mf x x k x x z z u z z dz dz
β β β

α α α
λ

−

−

= − ∫ ∫ ∫  

 (1.7) 

and  

1 2 1 2( , ,...,  ) ( , ,...,  )m mu x x x f x x x= +   

1 1

1 1

1 1 1 1 ... ( ,..., , ,..., ) ( ,..., ) ... 
m m

m m

m m m mk x x z z u z z dz dz
β β β

α α α
λ

−

−
∫ ∫ ∫  (1.8)  

are the m-D Fredholm linear integral equations of  the first and second kinds 

respectively. 
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Moreover the integral equations: 

1 1( ,..., ) ( ,..., )m mh x x u x x =    

1 1

1 1

1 1 1 1... ( ,..., , ,..., ) ( ,..., ) 
m m

m m

m m m mk x x z z u z z dz dz
β β β

α α α
λ

−

−
∫ ∫ ∫ K  

 (1.9) 

and  

1 ( ,..., )mu x x =
1 1

1 1

1 1 1 1... ( ,..., , ,..., ) ( ,..., ) ... 
m m

m m

m m m mk x x z z u z z dz dz
β β β

α α α
λ

−

−
∫ ∫ ∫  

 (1.10)  

are the m-D Fredholm generalized and standard linear integral eigenvalue 

problems respectively.  

More generally, we can recognize the m-D Fredholm and Volterra 

non-linear integral equations as: 

(1) The m-D Volterra non-linear integral equations of the: 

A. First kind:  

1 1

11

1 1 1 1 1( ,..., ) ... ( ,..., , ,..., , ( ,..., )) ...
m m

m m

x x x

m m m m mf x x k x x z z u z z dz dz
α α α

λ
−

−

= − ∫ ∫ ∫

 (1.11) 

B. Second kind: 

1 1( ,..., ) ( ,..., )m mu x x f x x= +  {
1 1

11

1... ( ,..., ,
m m

m m

x x x

mk x x
α α α

λ
−

−

∫ ∫ ∫  

}1 1 1,..., , ( ,...,  )) ... m m mz z u z z dz dz  (1.12) 
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Also, the m-D Volterra generalized and standard non-linear 

integral eigenvalue problems are: 

1 2 1 2( , ,...,  ) ( , ,...,  )m mh x x x u x x x = {
1 1

11

1 2... ( , ,...,
m m

m m

x x x

k x x
α α α

λ
−

−

∫ ∫ ∫      

}1 2 1 2 1 2, , ,..., , ( , ,..., ))  ...m m m mx z z z u z z z dz dz dz  (1.13) 

and 

{
1 1

11

1 2 1 2 1 2( , ,...,  ) ... ( , ,..., , , ,...,
m m

m m

x x x

m mu x x x k x x x z z
α α α

λ
−

−

= ∫ ∫ ∫  

}1 2 1 2, ( , ,..., ))  ...m m mz u z z z dz dz dz  (1.14) 

respectively. 

(2) The m-D Fredholm non-linear integral equations can be easily obtained 

form eq.(1.11)-(1.14) by replacing xi by the constants iβ  for each 

1,2,...,i m=  to get the same previous types. 

 

1.3 The Multi-Dimensional Integro-Differential Equations:   

It is known that, the one-dimensional integro-differential equation is a 

1-D integral equation in which the unknown function (depends only on one 

independent variable) appears under the ordinary derivative sign, [Delves L. 

and Mohamed J., 1985]. 

Also, the two-dimensional integro-differential equation is a 2-D 

integral equation in which the unknown function (depends only on two 

independent variables) appears under the partial derivative signs, [David K., 

1999]. 
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So, the multi-dimensional integro-differential equation is an m-D 

integral equation in which the unknown function (depends only on m 

independent variables) appears under the partial derivative signs, [Volterra 

V., 1959]. 

The general form for the n-th order 1-D linear integro-differential 

equation is: 

( )
( )

0

( ) ( ) ( ) ( , ) ( )
xn

i
i

i

a x u x f x k x y u y dy
β

α
λ

=
= +∑ ∫  (1.15) 

where ,   1 2ia i , ,...,m=  is a known function of  x  such that 0na ≠ ,  f  and β   

are known functions of x, k is a known function of x and y, α is a known 

constant, λ is a scalar parameter and u is the unknown function that must be 

determined, [Delves L. and Mohamed J., 1985]. 

An example of the second order 1-D linear integro-differential 

equation is: 

2 2

0

2 ( ) 3 ( ) 4 ( ) 3 2 (3 sin ) ( )
x

u x x u x u x x x y x u y dy′′ + + = + +∫  

The general form for the n-th order 2-D linear Volterra integro-

differential equation is: 

, 0

( , )
( , ) ( , )

i j n

n i j

ij i j
i j

u x y
a x y f x y

x y
+ ≤

+

=

∂ = +
∂ ∂∑  

2 1

2 1

( ) ( )

( , , , ) ( , ) 
y x

k x y z m u z m dzdm
β β

α α
λ ∫ ∫  (1.16)  

where aij  is a known function of  x and  y  for each ,  0,1,...,i j n=  such that 

i j n+ ≤  and 0ija ≠  for some i, j such that i j n+ = ,  f  is a known function 
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of  x and y, k  is a known function of  x, y, z and m, 1β  and 2β  are known 

functions of  x and y respectively, 1α  and 2α  are known constants, λ is a 

scalar parameter and  u  is the unknown function that must be determined. 

An example of the third order 2-D linear integro-differential equation 

is: 

3 2
3

2 2
0 0

3 sin 2 ( sin ) ( , ) 
y x

x zu u
x y x e y z m xe u z m dzdm

x y x
− −∂ ∂+ = + +

∂ ∂ ∂ ∫ ∫  

So, the general form for the n-th order m-D linear integro-differential 

equation is: 

1

1 2 1 2
1 2

1

1
... 1 1

, ,..., 0 1 2

0

( ,...,  )
( ,...,  ) ( ,...,  )

... 

m
k

k

m m
m

m
k

k

i
n

m
i i i m mi i i

i i i m

i n

u x x
a x x f x x

x x x

=

=

∑

=

≤ ≤∑

∂ = +
∂ ∂ ∂

∑  

1 1 1 1

1 1

( ) ( ) ( )

1 1 1 1... ( ,..., , ,..., ) ( ,..., ) ...
m m m m

m m

x x x

m m m mk x x z z u z z dz dz
β β β

α α α
λ

− −

−
∫ ∫ ∫

 

 (1.17) 

where 
1 2... mi i ia is a known functions of 1 2, ,..., mx x x  for each 

1 2, ,..., 0,1,...,mi i i n=  such that 
1

0
m

k
k

i n
=

≤ ≤∑  and 
1 2... 0

mi i ia ≠  for some 

1 2, ,..., mi i i  such that ∑
=

=
m

k
k ni

1

,  f  is  a  known function of 1 2, ,..., mx x x ,   k is 

a known function of mm zzzxxx ,...,,,,...,, 2121 , iβ   is a known function of  xi,  

αi  is a known constant for each 1,2,...,i m= ,  λ  is a scalar parameter  and  u  

is the unknown function that must be determined. 
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If ( )i i ix xβ =  for each 1,2,...,i m=  then eq.(1.17) is of Volterra 

type. On the other hand, eq.(1.17) is of  Fredholm type if ( )i i ixβ β=  for 

each 1,2,...,i m= , where iβ  is a known constant.  

Moreover if 
1 2 1 2... 1 2 ...( , ,..., ) ,

m mi i i m i i ia x x x a= where 
1 2... mi i ia is 

a known constant for each 1 2, ,..., 0,1,...,mi i i n=  such that 
1

0
m

k
k

i n
=

≤ ≤∑  

then eq.(1.17) is said to be the n-th order m-D integro-differential equation 

with constant coefficients, otherwise it is with non-constant coefficients. 

Also, if 1 2( , ,..., ) 0mf x x x =  in eq.(1.17) then the homogeneous equation: 

1

1 2 1 2
1 2

1

1 2
... 1 2

, ,..., 0 1 2

0

( , ,...,  )
( , ,...,  )

... 

m
k

k

m m
m

m
k

k

i
n

m
i i i m i i i

i i i m

i n

u x x x
a x x x

x x x

=

=

∑

=

≤ ≤∑

∂ =
∂ ∂ ∂

∑  

{
1 1 1 1

1 1

( ) ( ) ( )

1 1... ( ,..., , ,..., )
m m m m

m m

x x x

m mk x x z z
β β β

α α α
λ

− −

−
∫ ∫ ∫ }1 1( ,..., )  ...m mu z z dz dz

 

 (1.18) 

is the n-th order m-D generalized linear intgro-differential eigenvalue 

problem. 

The n-th order 1-D non-linear integro-differential equation may take 

the following form: 

( )( ), ( ), ( ),..., ( ), ( ) 0nF x u x u x u x Ku x′ =  

 

where:  
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( )
( )

( ) ( ) ( ) , , ( ), ( ), ( ), ( ),...,  ( ),  ( )  
x

n nK u x k x y u x u y u x u y u x u y dy
β

α

′ ′= ∫  

where  α  and  β(x) are defined similar to the previous, k  is known function of  

( ), , ( ), ( ), ( ), ( ),...,  ( )nx y u x u y u x u y u x′ ′  and ( ) ( )nu y  and  u  is the unknown 

function that must be determined.  

As an example of the second order 1-D nonlinear integro-differential 

equation is: 

2 ( ) ( )

1

( ) 2 ( ) ( ) 3 [ ( ) sin( ( ))] 
x

yu y u yu x u x u x x u y e yu y dy′+′′ ′ ′ ′′+ = + +∫  

Also, the n-th order 2-D non-linear integro-differential equation may 

take the following form:      

1 2

1 2

( , )
, , ( , ), , ( , ) 0

i i

i i

u x y
F x y u x y Ku x y

x y

+ ∂ =  ∂ ∂ 
 

where 

2 1

2 1

( ) ( )
( , ) ( , )

 ( , ) , , , , ,  
y x i j k

i j k
u x y u z m

K u x y k x y z m dzdm
x y x y

β β

α α

+ + ∂ ∂=   ∂ ∂ ∂ ∂ 
∫ ∫

l

l

 

α1  and  α2  are known constants, 1β  and 2β  are known functions of  x and  y 

respectively and i1, i2, , , , 0,1,...,i j k n=l  such that  1 20 i i n≤ + ≤ , 

nji ≤+≤0  and nk ≤+≤ l0 . 

As an example of the third order 2-D nonlinear integro-differential 

equation is: 

( )
6 4

2
 

1 2

   
y x

xyy xxy yxy x yy z m z m zzu u u u u u u u z u dz dm+ + + = + +∫ ∫  

where ( , )u u x y= . 
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Thus, the n-th order m-D non-linear integro-differential equation may 

take the following form: 

1

1 2

1 2
1 2 1 2

1 2

( , ,..., )
, ,..., , , ,..., , ,  0

... 

m
k

k

m

i

m
m m i i i

m

u x x x
F x x x z z z K u

x x x

=
∑

 
 ∂  =
 ∂ ∂ ∂
 
 

 

where: 

1 1 1 1

1
1 1

1

1

( ) ( )
1

1 1
1

1
1

1

( ,..., )
 ... ,..., , ,..., , ,

...

( ,..., )
...

...

m
k

m m m m k

m
m m

m
k

k

m

x x
m

m m
m

j

m
mj j

m

u x x
K u k x x z z

x x

u z z
dz dz

z z

β β β

α α α

− − =

−

=

∑

∑


 ∂=
 ∂ ∂




∂ 
∂ ∂



∫ ∫ ∫

l

l l

 

iβ  is a known function of   ix , iα  is a known constant for each 1,2,...,i m= , 

1

0 .
m

k
k

i n
=

≤ ≤∑  k  is a known function of 1 1,..., , ,..., ,m mx x z z  

1

1

1

1

( ,..., )

...

m
k

k

m

m

m

u x x

x x

=
∑

∂
∂ ∂

l

l l

 and 
1

1

1

1

( ,..., )

...

m
k

k

m

j

m
j j

m

u z z

z z

=
∑

∂
∂ ∂

 for each 1 1, ,..., ,ml l l  

1 2, ,...,j j 0,1,2,,...,mj n=  such that 
1

0
m

k
k

n
=

≤ ≤∑ l  and  
1

0
m

k
k

j n
=

≤ ≤∑ . 

Moreover niii m ,...,2,1,0,...,, 21 =  such that  ∑
=

≤≤
m

k
k ni

1

0 . βi(xi), αi are defined 

similar to the previous for each i1, i2,…, im = 0, 1, 2,…, n; such that:   
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As an example of the second order 3-D nonlinear integro-differential 

equation is: 

2 2 2
1 2 3 1 2 3

0 0 0

(3 ) ( , , ) 
yz x

z xx xyu u yu x y z u z z z dz dz dz+ + = + + + ∫ ∫ ∫  

In this work we restrict our discussion to the special types of the n-th 

order m-D non-linear integro-differential equation of the form: 

1

1 2 1 2
1 2

1

1 2
... 1 2 1 2

, ,..., 0 1 2

0

( , ,..., )
( , ,..., ) ( , ,..., )

... 

m
k

k

m m
m

m

k
k

i
n

m
i i i m mi i i

i i i m

i n

u x x x
a x x x f x x x

x x x

=

=

∑

=

≤ ≤

∂ = +
∂ ∂ ∂

∑

∑  

(
1 1 1 1

1 1

1

1 2

( ) ( ) ( )

1 2 1 2

1 2
1 2

1 2

... , ,..., , , ,..., ,

( , ,..., )
... 

...

m m m m

m m

m
k

k

m

x x x

m m

j

m
mj j j

m

k x x x z z z

u z z z
dz dz dz

z z z

β β β

α α α
λ

− −

−

=
∑


∂ 
∂ ∂ ∂



∫ ∫ ∫

 

where αi, iβ ,  λ  and  f  are defined similar to the previous,  k  is a known 

function of 1 2 1 2, ,..., , , ,...,m mx x x z z z , 1 2( , ,..., )mu z z z  and its partial 

derivatives up to n times and either 
1 2... 0

mi i ia ≠  for some 1 2, ,..., mi i i =  

0,1,...,n ; such that  
1

m

k
k

i n
=

=∑   or  
1

m

k
k

i n
=

=∑   for some 1 2, ,..., mj j j =  

0,1,...,n . 

As an example of the second order 2-D nonlinear integro-differential 

equation is: 

2

0 0

3 ( , )
y x

yy xu xu x y u z m dzdm+ = + + ∫ ∫  
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1.4 The Relation Between the m-D Integral and Integro-

differential Equations and The Partial Differential 

Equations: 

Many problems in the field of ordinary differential equations can be 

recast as a 1-D integral and integro-differential equations, [Delves L. and 

Mohamed J., 1985]. 

In this section, we give some partial differential equations that can be 

expressed as m-D integral and integro-differential equations. To do this, first 

consider:  

( , , ),         ,   xyu f x y u  a x b y= < < ∞ < < ∞                                           

with the initial and boundary conditions: 
 (1.19) 

( , ) ( ),u a y h y=  b y≤ < ∞  

( , ) ( ),u x b g x=  a x≤ < ∞  

where ( ) ( )h b g a= . 

Then by integrating the above partial differential equation with respect to x 

one can get: 

( , ) ( , ) ( , , ( , )) 
x

y y
a

u x y u a y f z y u z y dz− = ∫  

Again by integrating the above integral equation with respect to y, one can  

obtain:  

( , ) ( , ) ( , ) ( , ) ( , , ( , )) 
y x

b a

u x y u x b u a y u a b f z m u z m dzdm− − + = ∫ ∫  

Thus: 
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( , ) ( ) ( ) ( ) ( , , ( , )) 
y x

b a

u x y g x h y g a f z m u z m dzdm= + − + ∫ ∫  

which is a 2-D Volterra integral equation. It is easy to check that the solution 

of the above integral equation satisfy eq.(1.19). Moreover if  f   is a linear 

function with respect to u in eq.(1.19) then the above 2-D integral equation is 

linear. Otherwise it is nonlinear. 

Second, consider the non-linear hyperbolic partial differential 

equation: 

( , , , , )xy x yu f x y u u u= ,  a x< < ∞ , b y< < ∞  

with the initial and boundary conditions: 
 (1.20) 

( , ) ( )u x b g x= , a x≤ < ∞ ; ( , ) ( )u a y h y= , b y≤ < ∞  

where; h(b) = g(a). 

Then by integrating the above partial differential equation first with respect to  

x and second with respect to  y  one can obtain: 

( , ) ( ) ( ) ( ) ( , , ( , ), ( , ), ( , )) 
y x

z m
b a

u x y g x h y g a f z m u z m u z m u z m dzdm= + − + ∫ ∫
 

which is a 2-D Volterra integro-differential equation. It is easy to check that 

the solution of the above integro-differential equation satisfy eq.(1.20). 

Moreover if   f   is a linear function with respect to   u,  ux and yu  in eq.(1.20) 

then the above 2-D integro-differential equation is linear. Otherwise it is 

nonlinear. 
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1.5 The Partial Integro-Differential Equations: 

It is known that, partial integro-differential equation is an integro-

differential equation in which the unknown function appears under the partial 

derivatives as well as the unknown function or it's partial derivatives appear 

under an integral sign, [Volterra V., 1959]. 

In this section, we concerns with the partial integro-differential 

equations in which the integration is carried out with respect to one variable. 

The general form of the first order linear partial integro-differential 

equation is:   

1
1 1 1

1

( ,..., )
( ,..., ) ( ,..., ) ( ,..., )

m
m

i m m m
ii

u x x
a x x b x x u x x

x=

∂ + =
∂∑ 1( ,..., )mf x x +  

( )
1 2 1 1

1 2
1

( , ,..., , , ,..., )
( , ,..., , )

jx m
j j m

m
ii

u x x x t x x
k x x x t

x

β

α
λ − +

=

 ∂ + ∂
∑∫  

1 2 1 1
1 1 2

( , ,..., , , ,..., )
( , ,..., , ) j j m

m
u x x x t x x

x x x t
t

− +∂
+

∂
l  

}2 1 2 1 2 1 1( , ,..., , ) ( , ,..., , , ,..., )m j j mx x x t u x x x t x x dt− +l  

where ai  and  b are known functions of  1 2, ,..., ,mx x x  ki, 1 2andl l  are 

known functions of 1 2, ,..., mx x x  and t, f  is a known of 1 2, ,..., ,mx x x  β  is a 

known function of  xj  for some  1 ,j m≤ ≤  λ  is a scalar parameter, α  is a 

known constant and  u is the unknown function that must be determined.    

As an example of the first order linear partial integro-differential 

equation is: 

( )
2

2

1

( , )
sin( ) cos( ) ( , )

u x y
x y xt yt u x t dt

x

∂ = +
∂ ∫  
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A general form for the second order linear partial integro-differential 

equation is: 

1 2
, 0 11 2 22

2
1

1 1
, 1

( ,..., )
( ,..., ) ( ,..., )

i j
i j

m i j
m

i i ij m mji
ii i i

u x x
a x x f x x

x x=
+ ≤

+

=

∂ = +
∂ ∂

∑ ∑  

1 2
, 0 11 2 22

( ) 2
1 1 1

1
, 1

( ,..., , , ,..., )
( ,..., , )

k

i j
i j

x m i j
k k m

i i ij m ji
ii i i

u x x t x x
k x x t

x x

β

α
λ

=
+ ≤

+
− +

=


∂ +

∂ ∂


∑ ∑∫   

2
1 2 1 1

1 2
0

( , ,..., , , ,..., )
( , ,..., , )

i
k k m

i m i
i

u x x x t x x
x x x t dt

t
− +

=

∂ 


∂ 
∑ l  

where 
1 2i i i ja and  f  are known functions of 1 2, ,..., ,mx x x  

1 2i i i jk  and 

il  are known functions of  x1, x2,…, xm and t, λ  is a scalar parameter, α is a 

known constant, β is a known function of  xk, 1≤ k ≤ m  and  u  is the unknown 

function that must be determined. 

As an example of the second order linear partial integro-differential 

equation is: 

2
2 2

0

( ) 2 (3 ) (3 ) ( , , )t
xx xzx y u yu x y z x y ze u x y t dt+ + = + + + +∫  

Therefore, the general form for the n-th order partial integro-differential 

equation is: 
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1

1 1 1 2
1 1 1 2

1

1
... ... 1

,..., 1; ,..., 0

( ,..., )
( ,..., )

... 

n
i

i

n n m
n n n

n
j ni

i

j
m n

m
i i j j m j j j

i i j j i i i

u x x
a x x

x x x

=

≤
=

∑

= =

∂ =
∂ ∂ ∂

∑

∑ ∑

 

1 1
11

1

( )

1 ... ... 1
,..., 0,..., 1;

( ,..., ) ( ,..., , )
k

n m
nn

n
i

i

x m n

m i i j j m
j ji i

j n

f x x k x x t
β

α
λ

=

==

≤∑




+ 





∑ ∑∫  

1

1 2
1 2

1 1 1
1

0

( ,..., , , ,..., )
( ,..., , )

... 

n
i

i

m
n

j
n

k k m
i mj j j

ii i i

u x x t x x
x x t

x x x

=
∑

− +

=

∂ +
∂ ∂ ∂

∑ l  

1 1 1( ,..., , , ,..., )

 

i
k k m

i

u x x t x x
dt

t
− + ∂ 


∂ 

 

where 
1 2 1 2... ...n ni i i j j ja and f  are known functions of  1 2, ,..., mx x x ,  

1 2 1 2... , ...n mi i i j j jk   is a known function of  x1, x2,…, xm and t, λ  is a scalar 

parameter, α  is a known constant,  β  is a known function of  xk, 1 ≤ k ≤ m  

and  u  is the unknown function that must be determined. 

As an example of the third order partial integro-differential equation 

is: 

2
1

0

( , ) ( , )yt
xxxu x y xy e u x t dt= + ∫  

Thus, the n-th order non-linear partial integro-differential equation 

may takes the following form 
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1

1 2
1 2

1 2
1 2 1 2

( , ,..., )
, ,..., , , , ( , ,..., 0

... 

n
i

i

m
n

j

m
m nj j j

i i i

u x x x
F x x x t Ku x x x

x x x

=
∑

 
 ∂  =
 ∂ ∂ ∂
 
 

 

where: 

1( ,..., )nKu x x = (1 2 1 2
1 2 1 2

1
, ,...,1 2

( )

... ... 1
, ,..., 1 , ,..., 0

,..., ,
k

n
n n

n
j ni

i
j j j kn

x m n

i i i j j j n n
i i i j j j

k x x
β

α

≤
=

≠

= =

∑

∑ ∑∫  

1

1 2
1 2

1 1 1( ,..., , , ,..., )

... 

n
i

i

m
n

j

k k m
j j j

i i i

u x x t x x
t dt

x x x

=
∑

− +


∂ 
∂ ∂ ∂



 

here  f  is a non-linear function with respect to 
1

1 2
1 2

1( ,..., )

... 

n
i

i

m
n

j

m
j j j

i i i

u x x

x x x

=
∑

∂
∂ ∂ ∂

 or Ku, 

1 2 1 2... ...ni i i j j j nk is a known of 1,..., , ,nx x t
1

1 2
1 2

1 1 1( ,..., , , ,..., )

... 

n
i

i

m
n

j

k k m
j j j

i i i

u x x t x x

x x x

=
∑

− +∂
∂ ∂ ∂

,  

α and β are defined similar to the previous. 

As an example of the second order nonlinear partial integro-

differential equation is: 

1
2

0

( , , ) 3 ( , , )zt
xxu x y z xyz e u x y t dt= + ∫  



Chapter Two                  Existence and Uniqueness Theorems for the Multi-Dimensional  
                                                      Volterra and Fredholm Integral Equations 

 ١٩ 

2.1 Introduction: 

It is known that, the existence and the uniqueness theorems of the 

solution for the one-dimensional Fredholm and Volterra linear and nonlinear 

integral equations due to fixed point theorems are devoted by Hochstadt H. in 

1973. 

Moreover, some of these theorems are generalized to include system 

of the one-dimensional integral equations, [Mustafa M., 2004]. On the other 

hand, these theorems are extended to include the one-dimensional Fredholm 

and Volterra fuzzy integral equations, [Najieb, S., 2002]. 

The purpose of this chapter is to modify some of these theorems to 

ensure the existence and uniqueness solution for the multi-dimensional 

Fredholm and Volterra integral equations. This chapter consists of the main 

part of this work. 

This chapter consists of three sections  

In section one and two, we give some extended theorems for the 

existence and uniqueness of the solution for the multi-dimensional uniqueness 

Fredholm and Volterra linear integral equations. 

In section three, the existence and uniqueness theorems for special 

type of the multi-dimensional Fredholm non-linear integral equations are 

introduced. 

 

2.2 Existence and Uniqueness Theorems for the Multi-

Dimensional Fredholm linear Integral Equations: 

In This section we shall develop some existence and uniqueness 

theorems for the 1-D Fredholm linear integral equations to be valid for the m-

D Fredholm linear integral equations. 
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We start this section by recalling the following definition and lemma 

that we needed later. 

  

Definition (2.1), [Hochstadt H.,1973]: 

Let  H  be a Hilbert space and  T   be is a bounded operator on  H.  T   

is said to be a contraction operator if there exists a positive constant 1<α  

such that:  

1 2 1 2 − ≤ −Tf Tf f fα  

for all  f1,  f2  in  H. 

  

Lemma (2.1), [Hochstadt H.,1973]:  

Let T  be a contraction operator defined on a Hilbert space H. The 

equation 

=Tf f  (2.1) 

has a unique solution  f  in  H. Such a solution is said to be a fixed point of  T. 

Proof: 

Suppose there are two fixed points  f  and  g so that 

fTf =  

and 

gTg =  

 

Then  

gfTgTfgf −≤−=− α  

and 

0)1( ≤−− gfα  
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Since gf −  is necessarily non-negative we see that 

0− =f g  

so that =f g . It follows that if eq.(2.1) have a solution it must be unique.  

To show that eq.(2.1) has a solution we shall set up an iteration procedure. 

Select any  f0  and then construct a sequence { }nf  defined by:  

1  ,+ =n nf T f  0,1,2,...=n   

We shall first show that this sequence is a Cauchy sequence, and then that its 

limit is indeed a solution of eq.(2.1). That it has a limit will follow from the 

fact that a Cauchy sequence must have a unique limit in a Hilbert space. The 

limit will be independent of the initial choice f0, since it will be a solution of 

eq.(2.1), which must be unique, 

First we note that:  

1 1 1+ − −− = − ≤ −n n n n n nf f Tf Tf f fα  

By a successive application of the above we have  

0
2

1 1 1 2 1 + − − −− ≤ − ≤ − ≤ ≤ −L
n

n n n n n nf f f f f f f fα α α  

More generally we have, if  n > m, 

1 1 2 1 ( ) ( ) ( ) − − − +− = − + − + + −Ln m n n n n m mf f f f f f f f  

1 1 2 1n n n n m mf f f f f f− − − +≤ − + − + + −L  

( )1 2
1 0 n n m f fα α α− −≤ + + + −L  

( )1
1 0 1 0 

1

m
m m f f f f

αα α
α

+≤ + + − = −
−

L  

so that:  
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,
lim 0

→∞
− =n m

n m
f f  

It follows that { }nf  is a Cauchy sequence, and we denote its limit by  f. 

We shall have to show that the limit  f   is a solution of eq.(2.1). In 

view of the fact that  T  is a continuous operator, we have: 

lim
→∞

 =  
 

n
n

Tf T f  

lim
→∞

= n
n

Tf  

1lim +
→∞

= =n
n

f f .    � 

 

Now, recall that the 1-D Fredholm linear integral operator K defined 

by:   

( , ) ( )= ∫
b

a

Ku k x y u y dy  (2.2) 

is bounded in case ( , )k x y  is continuous function for all , [ , ],∈x y a b  

[Hohstadt H., 1979]. 

 

The following theorem is a modification of the above fact to include 

the 2-D and hence the m-D Fredholm linear integral operator. 

 

Theorem (2.1): 

Consider ][2 DL  where { }dycbxayxD ≤≤≤≤=   ,  ),( . Suppose  

k(x,y,z,m)  is continuous for all  x, z  in [a,b] and for all  y, m  in [c,d]. Then 

the operator  
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( , , , ) ( , )= ∫ ∫
d b

c a

Ku k x y z m u z m dzdm  

is bounded. 

Proof: 

Since k(x,y,z,m) is continuous on a closed and bounded set, it must be 

bounded. Then, there exists 0>M  such that ( , , , ) .≤k x y z m M  Hence: 

 ( , , , ) ( , )= ∫ ∫
d b

c a

Ku k x y z m u z m dzdm  

( , , , )   ( , )
d b

c a

k x y z m u z m dzdm≤ ∫ ∫  

( , )≤ ∫ ∫
d b

c a

M u z m dzdm ,  

and y using Cauchy Schwarz  inequality  

|Ku| 

1/ 2 1/ 2
2( , )

   
   ≤
   
   
∫ ∫ ∫ ∫
d b d b

c a c a

M u z m dzdm dzdm  

( ) ( )1/ 2 1/ 2  = − −M u b a d c  

Thus: 

1/ 2
2 

 =
  
∫ ∫
d b

c a

Ku Ku dxdy   

( ) ( )
1/ 2

22   
d b

c a

M u b a d c dxdy
 
 ≤ − −
  
∫ ∫  
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( ) ( )
1/ 2

1/ 2 1/ 2 
 
 = − −
  
∫ ∫
d b

c a

M u b a d c dxdy  

( ) ( )  = − −M u b a d c  

Therefore:  

( ) ( )  ≤ − −Ku M u b a d c  

and hence 

( ) ( )  ≤ − −K M b a d c .    � 

 

Theorem (2.2): 

Consider 2[ ]L D , where { }.,...,2,1,),...,,( 21 mixxxxD iiim =≤≤= βα  

Suppose ),...,,,,...,,( 2121 mm zzzxxxk  is continuous for all 

.,...,2,1,, mizx iiii =≤≤ βα  Then the operator:  

1 1

1 1

1 1 1 1... ( ,.., , ,.., ) ( ,.., ) ...
−

−

= ∫ ∫ ∫
m m

m m

m m m mKu k x x z z u z z dz dz
β β β

α α α
 

is bounded. 

 

Next, remember that a sufficient condition for the 1-D Fredholm 

linear integral operator given by eq.(2.2) to be bounded is: 

2 2( , ) = < ∞∫ ∫
b b

a a

k x y dxdy M  

[Hochstadt H., 1973].  

 

The following theorem is an extension of the above fact to include the 

2-D and hence the m-D Fredholm linear integral operators. 
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Theorem (2.3): 

Consider 2[ ]L D  where If  { }( , )   ,   = ≤ ≤ ≤ ≤D x y a x b c y d . If 

2 2( , , , ) = < ∞∫ ∫ ∫ ∫
d b d b

c a c a

k x y z m dzdmdxdy M  

then the operator: 

( , , , ) ( , ) = ∫ ∫
d b

c a

Ku k x y z m u z m dzdm  

is bounded. 

Proof: 

By Cauchy-Schwarz inequality:  

1/ 2 1/ 2
2 2( , , , )   ( , )

   
   ≤
      
∫ ∫ ∫ ∫
d b d b

c a c a

Ku k x y z m dzdm u z m dzdm  

1/ 2
2( , , , )

 
 ≤
  
∫ ∫
d b

c a

k x y z m dzdm u  

Then 

2/1

2 













= ∫ ∫

d

c

b

a

dzdmKuKu  

2/1

22
),,,(




























≤ ∫ ∫ ∫ ∫

d

c

b

a

d

c

b

a

dxdyudzdmmzyxk  

1/ 2
2 ( , , , )

 
 =
  
∫ ∫ ∫ ∫
d b d b

c a c a

u k x y z m dzdmdxdy  

Therefore    ≤K u M u .    � 
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Theorem (2.4): 

Consider 2[ ]L D  where { }1( ,..., ) , 1,...,= ≤ ≤ =m i i iD x x x i mα β . If: 

1 1 1 1

1 1 1 1

2 2
1 1 1 1( , , , , , ) ,  

m m m m

m m m m

m m m mk x x z z dz dz dx dx M
β β β β β β

α α α α α α

− −

− −

= < ∞∫ ∫ ∫ ∫ ∫ ∫K K K K K K  

then the operator: 

1 1

1 1

1 1 1 1... ( ,.., , ,.., ) ( ,.., ) ...
−

−

= ∫ ∫ ∫
m m

m m

m m m mKu k x x z z u z z dz dz
β β β

α α α
 

is bounded. 

 

Now, recall that the 1-D Fredholm linear integral equation:  

( ) ( ) ( , ) ( )= + ∫
b

a

u x f x k x y u y dyλ  

has a unique solution for all  f  and sufficiently small ,λ  provided K  is a 

bounded operator, where K  is defined by eq.(2.2), [Hochstadt H., 1973].  

The following theorem generalize the above fact to be valid for the 2-

D Fredholm linear integral equations and hence for the m-D Fredholm linear 

integral equations. 

 

Theorem (2.5): 

Consider the 2-D Fredholm linear integral equation  

( , ) ( , ) ( , , , ) ( , )= + ∫ ∫
d b

c a

u x y f x y k x y z m u z m dzdmλ  (2.3) 

If the operator K defined by: 
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( , , , ) ( , )= ∫ ∫
d b

c a

Ku k x y z m u z m dzdm  

is a bounded linear operator, then eq.(2.3) has a unique solution for all  f  in 

2[ ]L D  and for sufficiently small λ , where { }( , ) ,= ≤ ≤ ≤ ≤D x y a x b c x d . 

Proof: 

Rewrite eq.(2.3) in the form  

=Tu u  

where  

= +Tu f Kuλ  

Then  

1 2 1 2Tu Tu f Ku f Kuλ λ− = + − −  

21 KuKu λλ −=  

21 KuKu −= λ  

But K  is a linear operator then  

)( 2121 -uuKTuTu λ=−  

Since  K  is a bounded operator then there exists a constant 0>M  such that 

≤Ku M u  

for all  u  in the Hilbert space 2[ ]L D . Therefore:  

2121  -uuM TuTu λ≤−  

For  1<Mλ , T  is a contraction operator, so by using lemma (2.1), T  has a 

unique fixed point  u  in 2[ ]L D  which is the unique solution of eq.(2.3).    � 
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The proof of the following corollary is easy, so we omitted it. 

 

Corollary (2.1): 

Consider eq.(2.3). If 

2( , , , ) < ∞∫ ∫ ∫ ∫
d b d b

c a c a

k x y z m dzdmdxdy  

then eq.(2.3) has a unique solution for all  f   in 2[ ]L D  and for sufficiently 

small λ .  

 

Next, the proofs of the following generalized theorem and its corollary 

are easy, thus we omitted them. 

 

Theorem (2.6): 

Consider the m-D Fredholm linear integral equation:  

1 2 1 2( , , , ) ( , , , )= +K Km mu x x x f x x x    

1 1

1 1

1 1 1 1( , , , , , ) ( , , ) 
m m

m m

m m m mk x x z z u z z dz dz
β β β

α α α
λ

−

−
∫ ∫ ∫K K K K K  (2.4) 

If the operator K  defined by: 

1 1

1 1

1 1 1 1( , , , , , ) ( , , )  
m m

m m

m m m mKu k x x z z u z z dz dz
β β β

α α α

−

−

= ∫ ∫ ∫K K K K K  

is bounded operator then eq.(2.4) has a unique solution for all f in 2[ ]L D  and 

for sufficiently small λ , where { }1( , , ) , 1 ,= ≤ ≤ =K Km i i iD x x x i , mα β .  
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Corollary (2.2): 

Consider eq.(2.4). If: 

1 1 1 1

1 1 1 1

2
1 1 1 1( , , , , , ) ,  

m m m m

m m m m

m m m mk x x z z dz dz dx dx
β β β β β β

α α α α α α

− −

− −

< ∞∫ ∫ ∫ ∫ ∫ ∫K K K K K K
 

then eq.(2.4) has a unique solution for all  f  in ][2 DL  and for sufficiently 

small λ . 

 

Next, recall that the 1-D Fredholm linear integral operator defined by 

1

0

( , ) ( )= ∫Ku k x y u y dy  

has at least one positive eigenvalue, corresponding to a positive eigenfunction 

in case ( , )k x y  be a continuous, positive function for all  0 , 1≤ ≤x y .  

The following theorem generalize the above fact to be valid for the 2-

D Fredholm linear integral equations and hence for the m-D Fredholm linear 

integral equations. 

 

Theorem (2.7): 

Let  ( , , , )k x y z m  be a continuous, positive function for all 

0 , , z, 1≤ ≤x y m . Consider the operator  

∫ ∫=
1

0

1

0

 ),( ),,,( dzdmmzumzyxkuK  

K has at least one positive eigenvalue, corresponding to a positive 

eigenfunction. 

Proof: 

Since ( , , , )k x y z m  is positive and continuous, then we can assume 

that 0 ( , , , )< ≤ ≤m k x y z m M . Let: 
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1 1
2

0 0

( , ) ( , ) 0, ( , ) 1
  = ≥ ≤ 
  

∫ ∫S u x y u x y u x y dxdy    

We show that  S  is convex subset of 2[ ]L D . To do this, let  u1 and  u2 in  S, 

0 1≤ ≤t    then   1 2 (1 ) 0+ − ≥t u t u  

1 1 1 1
2 22

1 2 1
0 0 0 0

 ( , ) (1 ) ( , ) ( , )+ − ≤ +∫ ∫ ∫ ∫t u x y t u x y dxdy t u x y dxdy    

1 1 1 1
22

1 2 2
0 0 0 0

2 (1 ) ( , ) ( , ) (1 ) ( , )− + −∫ ∫ ∫ ∫t t u x y u x y dxdy t u x y dxdy  

1 1 1 1
2 22

1 2 1
0 0 0 0

1/ 21 1
2 2

2
0 0

(1 ) 2 (1 ) ( , )

( , ) (1 )


+ − ≤ + −



 + −


∫ ∫ ∫ ∫

∫ ∫

tu t u dxdy t t t u x y dxdy

u x y dxdy t

 

2 22 (1 ) (1 ) 1≤ + − + − =t t t t  

Therefore  S  is convex subset of 2[ ]L D . 

Also, we show that  S  is closed, to do this, let { } nu   be a sequence in  S  

such that →nu u . Then   →nu u . But   1≤nu , thus  1≤u  and 

hence  ∈u S . Therefore  S  is closed subset of  ][2 DL .  

Since  ( , , , ) 0≥ >k x y z m m , we have: 

1 1

0 0

1 1
( , , , ) ( , )     + = +     ∫ ∫K u k x y z m u z m dzdm

n n
 

if ∈u S , then ( , ) 0≥u z m , hence: 



Chapter Two                  Existence and Uniqueness Theorems for the Multi-Dimensional  
                                                      Volterra and Fredholm Integral Equations 

 ٣١ 

1 1
( , ) + ≥u z m

n n
, 

But  

( , , , )≥k x y z m m    then   
1

( , , , ) ( , ) + ≥  

m
k x y z m u z m

n n
 

then 

1 1 1 1

0 0 0 0

1
( , , , ) ( , ) + ≥  ∫ ∫ ∫ ∫

m
k x y z m u z m dzdm dzdm

n n
= m

n
 

thus  
1

, + ≥ ∈  

m
k u u S

n n
 

where  n  is a positive integer. From the above inequality we see that  

1/ 221 1 1 1

0 0 0 0

1 1
  ( , , , ) ( , )  

       + = +           

∫ ∫ ∫ ∫K u k x y z m u z m dzdm dxdy
n n

 

≥ 
m

n
 (2.5) 

Consider now the mapping of  S  into itself defined by  

1

1
  

 +  =
 +  

n

K u
nT u

K u
n

 (2.6) 

Evidently the denominator is bounded away from 0 by use of ineq.(2.5). Also 

  1=nT u  and for  u  in  S  we clearly have    0≥nT u , so that  Tn  maps  S  

into itself. It is also easy to see that Tn is continuous mapping.  

Since ( , , , )≤k x y z m M  and u  is  in  S, we observe that    



Chapter Two                  Existence and Uniqueness Theorems for the Multi-Dimensional  
                                                      Volterra and Fredholm Integral Equations 

 ٣٢ 

1/ 21 1 1 1 2
2

0 0 0 0

1 1
   ( , , , )  ( , )

     + ≤ +        
∫ ∫ ∫ ∫K u k x y z m dzdm u z m dzdm

n n
 

2≤ M  

so that the numerator of eq.(2.6) is uniformly bounded. Similarly: 

1 1
             + ≥ ≥  

m
K u K   

n n n
 

so that  

2
  ≤n

nM
T u

m
 

so that the set of functions { }  nT u , ∈u S  is uniformly bounded, and also 

continuous. Similarly they are equicontinuous so that ( )nT S   is compact and  

nT  has fixed point so that for some  un  we have 

  =n n nT u u  (2.7) 

We shall now show that we can select a subsequence of { } nu  that converges 

to an eigenfunction of  k, corresponding to a positive eigenvalue. 

By the above equation and eq.(2.6) we obtain 

1
  + =  

n n nK u u
n

λ  (2.8) 

where: 

1
    = +  

n nK u
n

λ  (2.9) 

Since  (1/ )   1/  2+ ≤ + ≤n nu n u n . we see that the set { } 1/+nu n  is 

uniformly bounded in 2[ ]L D . The linear integral operator K  is a compact 
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operator, and therefore we can extract a subsequence { 1/ }+
kn ku n  such that 

the sequence {  [ 1/ ]}+
kn kK u n  converges to some function, say ψ . 

We shall now show that the sequence { }
knλ  also converges to some positive 

limit. We see that: 

1 1
 

1 1

n

 = +  

 ≥ ≥  

n n
n

n n

u K u
n

m
K

n

λ

λ λ

 

From eq.(2.9) and also that  un(x,y)  is a positive continuous function on  D. 

Let 

0 1

0 1

min ( , ) 0
≤ ≤
≤ ≤

= >n nx

y

u x y β  

so that 

 
≥n

n

m

n
β

λ
 

We can refine these estimates by suing eq.(2.9) again so that  






 +≥




 +=
n

m
m

n
uKu n

n
n

n
n β

λλ
111

 

and it follows that 

1  ≥ +  
n n

n

m
m

n
β β

λ
 

The last estimate shows that ≥n mλ  and is therefore bounded away from the 

origin. Eq.(2.9) shows that 
1

    ,
 

= + → 
 

k kn n
k

K u
n

λ ψ  and we shall 

denote that limiting value by 0 ≥ mλ .  
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Finally we see from eq.(2.8) that  
0

1
knu ψ

λ
→ . Accordingly: 

1 1 
+ → 

 
kn

k o
K u K

n
ψ

λ
   and also  

1 
+ → 

 
kn

k
K u

n
ψ ,   

so that 
0

1
K ψ ψ

λ
 

= 
 

, or more explicitly: 

1 1

0
0 0

( , , , ) ( , ) ( , )k x y z m z m dzdm x yψ λ ψ=∫ ∫  

The left side of the above equation is continuous and positive so that ),( yxψ  

is continuous and positive.    � 

 

Theorem (2.8): 

Let 1 2 1 2( , ,..., , , ,..., )m mk x x x z z z be a continuous positive for all 

0 , 1≤ ≤i ix z . Consider operator K  defined by: 

1 1 1

1 1 1 1
0 0 0

( , , , , , ) ( , , )  = ∫ ∫ ∫K K K K Km m m mKu k x x z z u z z dz dz  

K has at least one positive eigenvalue, corresponding to a positive 

eigenfunction. 

 

2.3 Existence and Uniqueness Theorems for The Multi-

Dimensional Volterra Linear Integral Equations: 

In this section we modify some existence and uniqueness theorems for 

the 1-D Volterra linear integral equations to be valid for the m-D Volterra 

linear integral equations.  

We start this section by the following lemma which we need it later. 
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Lemma (2.2), [Hochstadt H.,1973]: 

Let  T  be an operator defined on a Hilbert space  H, such that the nth 

power of  T, namely nT  is a contraction operator. Then the equation: 

=Tf f  

has a unique solution  f  in H. 

Proof: 

By lemma (2.1) we can assert that the equation: 

=nT f f  

has a unique solution. In fact, we can obtain the solution by finding  

 
0lim

→∞
=k n

k
T f f  

for an arbitrary initial function f0 In particular, we see that, by letting   

0 =f Tf  

 lim
→∞

=k n

k
T Tf f  

But since  =nT f f  we also have 
 =k nT f f

, so that: 

lim lim

lim
→∞ →∞

→∞

=

= =

k  n k  n

k k

k

T Tf T  T f

Tf Tf
  

so that Tf = f. 

To show that this solution is unique we note that if: 

,fTf =   gTg =  

then we also have: 

,=nT f f   =nT g g  
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and since nT  is a contraction operator with a unique fixed point then 

=f g .  � 

 

Now, recall that, the 1-D Volterra linear integral equation: 

0

( ) ( ) ( , ) ( )= + ∫
x

u x f x k x y u y dyλ  (2.10) 

has a unique solution ( )u x  for all λ  and ( )f x  in 2[0,1]L  in case ( , )k x y  is 

a continuous function for , [0,1]∈x y  and therefore uniformly bounded, say 

( , ) ,≤k x y M  [Hochstadt H.,1973]. 

The following theorem is a generalization of the above fact to be hold 

for the 2-D and hence for the m-D Volterra linear integral equations. 

 

Theorem (2.9): 

Consider the 2-D Volterra linear integral equation: 

0 0

( , ) ( , ) ( , , , ) ( , )= + ∫ ∫
y x

u x y f x y k x y z m u z m dzdmλ  (2.11) 

where ( , )∈f x y 2[ ]L D  and suppose that  k(x, y, z, m)  is a continuous 

function for , , , [0,1]∈x y z m  and therefore uniformly bounded, say 

( , , , ) .≤k x y z m M  Then eq.(2.10) has a unique solution, for all λ   and  f  in  

2[ ]L D , where { }( , )  0  1,   0 1= ≤ ≤ ≤ ≤D x y x y   

Proof: 

Rewrite eq.(2.11) in the form: 

=Tu u  

where: 
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= +Tu f Kuλ     and    
0 0

( , , , ) ( , )= ∫ ∫
y x

Ku k x y z m u z m dzdm   

Then, we use the mathematical induction to prove  

1 1− −= + + + +L
n n n n nT u f Ku K f K fλ λ λ  (2.12) 

For   n = 1,   = +Tu f Kuλ   

For   n=2,   one can get    

( ) ( ) ( )2 2= = + = + + = + +T u T Tu T f Ku f f Ku f f Kuλ λ λ λ λ    

Assume eq.(2.11) hold for  = ln , then:  

( )1+ =l lT u T T u  

( )1 1− −= + + + +l l l l
LT f Kf K f K uλ λ λ  

( )1 1− −= + + + + +l l l l
Lf K f Kf K f K uλ λ λ λ  

2 2 1 1+ += + + + + +l l l l
Lf Kf K f K f K uλ λ λ λ  

Therefore  

1 1− −= + + + +L
n n n n nT u f Kf K f K uλ λ λ  

Next, we also use the mathematical induction to prove  

0 0

( , ) ( , , , ) ( , )  = ∫ ∫
y x

n
nK u x y k x y s t u s t ds dt  

where  

1( , , , ) ( , , , )=k x y s t k x y s t   

and 
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1( , , , ) ( , , , ) ( , , , ) ,  2,3,−= =∫ ∫ K

y x

n n
t s

k x y s t k x y z m k z m s t dzdm n  

For n=1, one can get  

1
1

0 0 0 0

( , ) ( , , , ) ( , ) ( , , , ) ( , )= =∫ ∫ ∫ ∫
y yx x

K u x y k x y s t u s t dsdt k x y s t u s t dsdt  

For n=2, one can get 

2

0 0

( , ) ( , , , ) ( , )
 
 =
  
∫ ∫
y x

K u x y K k x y z m u z m dzdm   

0 0 0 0

( , , , ) ( , , , ) ( , )
 
 =
  

∫ ∫ ∫ ∫
y x m z

k x y z m k z m s t u s t dsdt dzdm        

where:      

2( , , , ) ( , , , ) ( , , , )= ∫ ∫
y x

t s

k x y s t k x y z m k z m s t dzdm  

hence 

2
2

0 0

( , ) ( , , , ) ( , ) = ∫ ∫
y x

K u x y k x y s t u s t dsdt  

Assume   

0 0

( , ) ( , , , ) ( , ) = ∫ ∫
l

l

y x

K u x y k x y s t u s t dsdt   

where 

1( , , , ) ( , , , ) ( , , , ) −= ∫ ∫l l

y x

t s

k x y s t k x y z m k z m s t dzdm   
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then 

( )1 ( , ) ( , )+ =l lK u x y K K u x y  

0 0

( , , , ) ( , )= ∫ ∫
l

y x

k x y z m K u z m dzdm  

0 0 0 0

( , , , ) ( , , , ) ( , )
 
 =
  

∫ ∫ ∫ ∫ l

y x m z

k x y z m k z m s t u s t dsdt dzdm  

0 0

 ( , , , ) ( , , , ) ( , )
 
 =
  

∫ ∫ ∫ ∫ l

y yx x

t s

k x y z m k z m s t dzdm u s t dsdt  

1
0 0

 ( , , , ) ( , )   += ∫ ∫ l

y x

k x y s t u s t dsdt  

since k(x,y,s,t) is bounded, then there exists a constant M such that 

( , , , ) ≤k x y s t M for all  ( , ),   ( , ) D∈x y s t . Then we shall show that 

( ) ( )
( )

1 1

2
( , , , )

1  !

− −− −
≤

−  

n nn

n
M x s y t

k x y s t
n

,0 ,0≤ ≤ ≤ ≤s x t y  (2.13) 

To do this, we use the mathematical induction. 

For n=1, the above inequality is obviously valid. For n=2, 

2( , , , ) ( , , , ) ( , , , )= ∫ ∫
y x

t s

k x y s t k x y z m k z m s t dzdm  

( , , , )  ( , , , )≤ ∫ ∫
y x

t s

k x y z m k z m s t dzdm  

∫ ∫≤
y

t

x

s

dzdmM 2  ))((2 tysxM −−=  
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For n = 3 

3 2( , , , ) ( , , , ) ( , , , )= ∫ ∫
y x

t s

k x y s t k x y z m k z m s t dzdm  

2( , , , ) ( , , , )≤ ∫ ∫
y x

t s

k x y z m k x y z m dzdm  

2( )( )≤ − −∫ ∫
yx

t s

MM z s m t dzdm  
2 2

3
2

( ) ( )

(2!)

− −= x s y t
M  

Assume  

( ) ( )
( )

1 1

2
( , , , )

1  !

− −− −
≤

−  

l ll

l

l

M x s y t
k x y s t ,  0 ,   0≤ ≤ ≤ ≤s x t y  

then 

1 1( , , , ) ( , , , ) ( , , , )+ −= ∫ ∫l l

y x

t s

k x y s t k x y z m k z m s t dzdm  

1( , , , )  ( , , , )−≤ ∫ ∫ l

y x

t s

k x y z m k z m s t dzdm  

( )

1 1

2
( ) ( )

1  !

− −− −≤
−  

∫ ∫
l l l

l

y x

t s

MM z s m t
dzdm  

( )
( ) ( )

2

1

1  !
     

+

−

   − −
   =
         

l ll

l
l l

yx

s t

M z s m t
 

( )
( ) ( )

2

1

  
1  !

  
+

−

− −
=
  

l l l

l
l l

M x s y t
 

( ) ( )
[ ]2

1

 !

M x s y t+ − −
=

l ll

l

 

Thus ineq.(1.13) holds. Therefore, we have: 
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1 1
1 2 1

1 1
2

− −

− −

− = + + + + − − −

− −

L

L

n n n n n n

n n n n

T u T u f Kf K f K u f Kf

K f K u

λ λ λ λ

λ λ
 

1 2= −n n n nK u K uλ λ  

( )n
1 2  = −nK u uλ  

( )n
1 2

0 0

 ( , , , ) ( , ) ( , )= −∫ ∫
y x

nk x y s t u s t u s t dsdtλ  

( )1 2
0 0

( , , , )  ( , ) ( , )≤ −∫ ∫
y x

n
nk x y s t u s t u s t dsdtλ  

( ) ( )
( )

( )
1 1

1 22
0 0

 ( , ) ( , )
1  !

− −− −
≤ −

−  
∫ ∫
y n nx n

n M x s y t
u s t u s t dsdt

n
λ  

But since 0 1≤ ≤ ≤s x , then 0 1 1≤ − ≤ − ≤x s s  and hence( ) 1− ≤nx s . 

Similarly, one can get  ( ) 1− ≤ny t , therefore: 

( )
( )1 2 1 22

0 0

( , ) ( , )  
1  !

yn xn
n n M

T u T u u s t u s t dsdt
n

λ
− ≤ −

−  
∫ ∫  

( )[ ] 212
 

! 1
uu

n

M nn

−
−

≤
λ

 

For n sufficiently large 

( ) 2
1

1  !

n nM

n

λ
<

−  

 

so that  nT  is a contraction operator and hence by using lemma (2.2), 

eq.(2.11) has a unique solution.    � 
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Now, the proof of the following theorem is easy to be satisfied, thus 

we omitted it.   

 

Theorem (2.10): 

Consider the m-D Volterra linear integral equation:  

+= ),,,(),,,( 2121 mm xxxfxxxu KK  

1 1

1 1 1 1
0 0 0

( , , , , , ) ( , , )
m mx x x

m m m mk x x z z u z z dz dzλ
−

∫ ∫ ∫K K K K K  

where 1 2( , , , )mf x x x ∈K 2[ ]L D  and 1 2 1 2( , , , , , , , )m mk x x x z z zK K  is a 

continuous function for all mm zzzxxx ,,,,,,, 2121 KK  in [0,1] and therefore 

uniformly bounded, say 1 2 1 2( , ,..., , , ,..., ) .m mk x x x z z z M≤  Then this 

integral equation has a unique solution for all λ  and 1 2( , , , )mf x x xK  in 

2[ ]L D , where { }1 2, , ,  0  1,  1,2, ,mm iD x x x x i= ≤ ≤ =K K . 

 

2.4 Existence and Uniqueness Theorems For The Multi-

Dimensional Fredholm non-linear Integral Equations: 

In This section we shall develop some existence and uniqueness 

theorems for the 1-D Fredholm non-linear integral equations to be valid for 

the m-D Fredholm non-linear integral equations. 

We start this section by recalling that, the 1-D non-linear integral 

equation:  

( ) ( ) ( , , ( ))
b

a

u x f x k x y u y dyλ= + ∫  

has a unique solution in ],[2 baL  if the following conditions are satisfied 
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(i) Suppose ( , , ( ))
b

a

k x y u y dy M u≤∫ . 

(ii)  1 2( , , , ) ( , , , ) ( , )k x y z m k x y z m N x y z z− ≤ − . 

(iii)  2 2( , )
b b

a a

N x y dxdy P= < ∞∫ ∫ . 

(iv) 1Pλ < , [Hochstadt H., 1973]. 

The following theorem is a generalization of the above fact to include 

the 2-D and hence the m-D Fredholm non-linear integral equations. 

 

Theorem (2.11), [Hochstadt H., 1973]: 

Consider the 2-D Fredholm non-linear integral equation  

( , ) ( , ) ( , , , , ( , ))
d b

c a

u x y f x y k x y z m u z m dzdmλ= + ∫ ∫  (2.14) 

Suppose that: 

( , , , , ( , ))
b b

a a

k x y z m u z m dzdm M u≤∫ ∫   

and  

1 2 1 2( , , , , ) ( , , , , ) ( , , , )  k x y z m u k x y z m u N x y z m u u− ≤ −  

where:  

2 2( , , , )
d b d b

c a c a

N x y z m dzdmdxdy P= < ∞∫ ∫ ∫ ∫  

If 1,Pλ <  then eq.(2.14) has a unique solution for all f in 2[ ]L D , where  
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Proof: 

Rewrite eq.(2.5) in the form  

Tu u=  

where      

Tu f Kuλ= +    

and 

( , ) ( , , , , ( , ))
d b

c a

Ku x y k x y z m u z m dzdm= ∫ ∫  

Then 

1/2
2

1 2 1 2

d b

c a

Tu Tu Tu Tu dxdy
 
 − = −
  
∫ ∫    

1/ 22

1 2
0

( , , , , ( , )) ( , , , , ( , )) 
d b d b d b

c a c a c

k x y z m u z m dzdm k x y z m u z m dzdm dxdyλ λ
 
 = −
 
  

∫ ∫ ∫ ∫ ∫ ∫  

1/ 22

1 2( , , , , ( , )) ( , , , , ( , ))  
d b d b

c a c a

k x y z m u z m k x y z m u z m dzdm dxdyλ
   

 = − 
    

∫ ∫ ∫ ∫  

1/ 22

1 2( , , , ) ( , ) ( , )
d b d b

c a c a

N x y z m u z m u z m dzdm dxdyλ
   

 ≤ − 
    

∫ ∫ ∫ ∫  

2

1/ 2

2
1 2

0 0

( , , , ) ( , ) ( , )
d b d b d b

c a c a

N x y z m dzdm u z m u z m dzdm dxdyλ
   

 ≤ − 
    

∫ ∫ ∫ ∫ ∫ ∫  
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1/ 2

2 2
1 2( , , , )   

d b d b

c a c a

N x y z m dzdm u u dxdyλ
   

 ≤ − 
    

∫ ∫ ∫ ∫  

1/ 2
2

1 2   ( , , , )  
d b d b

c a c a

u u N x y z m dzdm dxdyλ
 
 = −
  
∫ ∫ ∫ ∫  

1 2   P u uλ≤ −  

It follows that for  1Pλ < , T  is a contraction operator so that it has a  

unique fixed point. By using lemma (2.1) this fixed point is a solution of  

eq.(2.14).    � 

 

In a similar manner, one can prove the following theorem. 

 

Theorem (2.12): 

Consider the m-D Fredholm non-linear integral equation, 

1 2 1 2( , , , ) ( , , , )m mu x x x f x x x= +K K   

1 1

1 1

1 1 1 1( , , , , , , ( , , ))
m m

m m

m m m mk x x z z u z z dz dz
β β β

α α α
λ

−

−
∫ ∫ ∫K K K K K  (2.15) 

Suppose: 

1 1

1 1

1 1 1 1( , , , , , , ( , , ))
m m

m m

m m m mk x x z z u z z dz dz M u
β β β

α α α

−

−

≤∫ ∫ ∫K K K K K  

and that  

1 1 1 1 1 2( , , , , , , ) ( , , , , , , )m m m mk x x z z u k x x z z u− ≤K K K K  

1 1 1 2( , , , , , )  m mN x x z z u u−K K  
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where: 

1 1 1 1

1 1 1 1

2 2
1 1 1 1( , , , , , )

m m m m

m m m m

m m m mN x x z z dz dz dx dx P
β β β β β β

α α α α α α

− −

− −

= < ∞∫ ∫ ∫ ∫ ∫ ∫K K K K K K

 

If  1,  Pλ < then eq.(2.15) has a unique solution for all  f  in 2[ ]L D  where 

{ }1 2( , , , )  , 1 2m i i iD x x x x  i , ,...,mα β= ≤ ≤ =K . 

 

Next, recall that the 1-D non-linear integral equation: 

1

0

( ) ( , ) ( , ( ))u x k x y y u y dyλ ψ= ∫  (2.16) 

has a unique solution in ]1,0[2L  if the following condition: 

(i) ( , )k x y  is continuous for all  x, y  in [0,1] and that ( , )y tψ  is continuous 

for all  y  in [0,1] and all  t. 

(ii)  
1

2 22

0

( , ( ))y u y A uψ ≤∫ . 

(iii) ( , )y tψ  satisfies the Lipschitz condition  

1 2 1 2( , ) ( , )y t y t B t tψ ψ− ≤ −  

where  B  is independent of  y.  

(iv)  ( , )k x y C≤ . 

(v) 
1

BC
λ < , [Hochstadt H., 1973]. 

 

The following theorem is a generalization of the above fact to include 

the 2-D and hence the m-D Fredholm non-linear integral equations. 
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Theorem (2.13): 

Consider the 2-D Fredholm non-linear integral equation    

( )
1 1

0 0

( , ) ( , , , ) , , ( , )   u x y k x y z m z m u z m dz dmλ ψ= ∫ ∫  (2.17) 

and that  , , ,  in [0,1] x y z m  is continuous for all ( , , , )k x y z m suppose that 

is continuous for all  z, m in [0,1] and all  t and that   ( , , )z m tψ  

( )
1 1

2 22

0 0

  , , ( , )   z m u z m dzdm A uψ ≤∫ ∫  

Suppose that  ( , , )z m tψ  also satisfies the Lipschitz condition  

1 2 1 2 ( , , )  ( , , )   z m t z m t B t tψ ψ− ≤ −  

where B is independent of  z  and  m, and let  

 ( , , , ) k x y z m C≤  

Then eq.(2.17) has a unique solution in 2[ ]L D  provided 
1

  
BC

λ <  where 

( ){ },   0 1, 0  1D x y x y= ≤ ≤ ≤ ≤ . 

Proof: 

Define the operator T  by  

( )
1 1

0 0

 ( , , , ) ( )  T u k x y z m z,m,u z,m dzdmλ ψ= ∫ ∫  

so that a solution of eq.(2.17) is a fixed point. T  is a bounded operator since: 

1/ 21 1
2 2

0 0

  T u Tu dxdyλ
 
 =
  

∫ ∫  
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2/11

0

1

0

2














= ∫ ∫ dxdyTuλ  

( )
1/ 221 1 1 1

0 0 0 0

( , , , ) , , ( , )  k x y z m z m u z m dzdm dxdyλ ψ
 
 =
 
  

∫ ∫ ∫ ∫
 

( )

2/1

1

0

1

0

22/11

0

1

0

2

2/11

0

1

0

2
 ),(,, ),,,(




























































≤ ∫∫ ∫∫∫∫ dxdydzdmmzumzdzdmmzyxk ψλ  

( )
2/11

0

1

0

1

0

1

0

1

0

1

0

22
 ),(,, ),,,(














≤ ∫ ∫∫ ∫ ∫ ∫ dzdmmzumzdzdmdxdymzyxk ψλ  

1/222 2  λ  C  A  u  ≤   
    C A uλ= . 

Therefore T  is a bounded operator. Now: 

( ) ( )∫ ∫∫∫ −=−
1

0

1

0

2

1

0

1

1

0

21  )(,,,( )(,,,( dzdmz,mz,m,u) ψmzyxkdzdmz,mz,m,u) ψmzyxkTuTu λλ
 

( ) ( )
1/221 1 1 1

1 2
0 0 0 0

  ( , , , ) , , ( , ) , , ( , )
 
 ≤ −   
 
 

∫∫ ∫∫k x y z m  ψ z m  u z m ψ z m  u z m  dzdm dxdyλ

 

Thus: 

( ) ( )
1/221 1 1 1

1 2 1 2
0 0 0 0

( , , , ) , , ( , ) , , ( , )
   

 − ≤ − 
    

∫∫ ∫∫Tu Tu k x y z m  ψ z m  u z m ψ z m  u z m dzdm dxdyλ

( ) ( )

2/1

1

0

1

0

22/11

0

1

0

2
21

2/11

0

1

0

2
),(,,),(,,),,,(














































−














≤ ∫∫ ∫∫∫∫ dxdydzdmmz umzψmz umzψdzdm mzyxkλ
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( ) ( )
2/11

0

1

0

1

0

1

0

2
21

1

0

1

0

2 ),(,,),(,,),,,(












−≤ ∫ ∫ ∫ ∫∫ ∫ dzdmmz umzψmz umzψdzdmdxdy mzyxkλ

1/21 1 1 1 1 1
22 2

1 2
0 0 0 0 0 0

( , ) ( , )C dzdmdxdy  B u z m u z m dzdmλ
  ≤ − 
  
∫∫∫∫ ∫∫  

1/ 21 1
2

1 2
0 0

   ( , ) ( , )  CB u z m u z m dzdmλ
 
 ≤ −
  
∫ ∫ 1 2    CB u uλ≤ −  

But 1,CBλ <  thus T is contraction operator and by using lemma (2.1), thus a 

unique fixed point of  T  exists which is the solution of eq.(2.17).    � 

 

Now, recall that eq.(2.16) has at least one solution in ]1,0[2L  if the 

following conditions are satisfied: 

(i) ( , )k x y  is continuous for all  x, y  in [0,1] and that ( , )y tψ  is continuous 

for all y  in [0, 1] and all  t. 

(ii) ( , )y tψ  satisfies the Lipschitz condition  

1 2 1 2( , ) ( , )y t y t B t tψ ψ− ≤ −  

where  B  is independent of  y.  

(iii) ( , )k x y C≤ , ( , )y t Bψ ≤ . 

(iv)  
1

BC
λ ≤ . 

(v) for every 0ε <  we can find a ( )δ ε , such that:  

1
2

1 2
0

( , ( )) ( , ( ))y u y y u y dyψ ψ ε− <∫     if    1 2 ( )u u δ ε− <  

where  u1 and u2  are in 2[ ]L D , [Hochstadt H., 1973]. 
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The following theorem is an extension of the previous fact to include 

the 2-D and hence the m-D Fredholm non-linear integral equations. But 

before that we need the following lemma. 

 

Lemma (2.3): 

Let  S  be a closed and convex set in a Hilbert space and  T  is a 

continuous mapping of  S  into itself. Suppose that T(S) is compact. that  T  

has at least one fixed point in  S. 

 

Theorem (2.14): 

Consider eq.(2.17) with the same previous conditions on 

( , , , )k x y z m  and ( , , )z m tψ  in theorem (2.13). Let ( , , , )k x y z m  be 

continuous for all ( , , , )x y z m  in [ ]0,  1 , where: 

 ( , , ) z m t Bψ ≤  

and for every 0ε >   we can find a )(εδ , such that: 

( ) ( )
1 1

2
1 2

0 0

, , ( , ) , , ( , )z m u z m z m u z m dzdmψ ψ ε− <∫ ∫   if  1 2 ( )u u δ ε− <  

where  u1 and u2  are in 2[ ]L D . Then eq.(2.17) has at least one solution in 

2[ ]L D  provided 

1

BC
λ <  

Proof:  

Let { }2[ ] 1S u L D u= ∈ ≤ .  

We prove  S  is convex, to do this Then let 1 2,u u S∈ , then:  
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1 2 1 2 (1 )    (1 )   t u t u t u t u+ − ≤ + −  (1 ) 1t t≤ + − =    for   10 ≤≤ t  

since 1 2 (1 ) t u t u S+ − ∈ . Therefore  S  is convex. 

Moreover, we show that  S  is closed. To do this, let { } nu   be a sequence in  

S  such that nu u→ . 

Then   nu u→ . But  1nu ≤ , thus  1u ≤  and hence u S∈ . Therefore  

S  is closed subset of  2[ ]L D .  

Define  the operator  T  by:  

( )
1 1

0 0

 ( , , , ) , , ( , )  T u k x y z m z m u z m dzdmλ ψ= ∫ ∫  

if u S∈ , then: 

( )
1/ 221 1 1 1

0 0 0 0

( , , , ) , , ( , )Tu k x y z m z m u z m dzdm dxdyλ ψ
 
 ≤
 
  

∫ ∫ ∫ ∫  

( )
1/ 221 1 1 1

0 0 0 0

( , , , ) , , ( , )  
  
  ≤
     

∫ ∫ ∫ ∫ k x y z m z m u z m dzdm dxdyλ ψ  

( )
1/ 21 1 1 1

22

0 0 0 0

( , , , ) , , ( , )  
 
 ≤
  
∫ ∫ ∫ ∫ k x y z m dzdmdxdy z m u z m dzdmλ ψ  

   1≤ ≤BCλ  

So  T  maps  S   into itself. Also we show that T  is a continuous mapping. To 

do this, consider: 
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1/ 21 1
2

1 2 1 2
0 0

Tu Tu Tu Tu dxdy
 
 − ≤ −
  
∫ ∫               

( )

( )

1 1 1 1

1
0 0 0 0

1/ 221 1

2
0 0

( , , , ) , , ( , )  

( , , , ) , , ( , )  


≤ −








∫ ∫ ∫ ∫

∫ ∫

k x y z m z m u z m dzdm

k x y z m z m u z m dzdm dxdy

λ ψ

λ ψ

 

( )

( )

1 1 1 1

1
0 0 0 0

1/ 22

2

( , , , ) , , ( , )

, , ( , )

k x y z m z m u z m

z m u z m dzdm dxdy

λ ψ

ψ

 
 ≤ −
 


 

∫ ∫ ∫ ∫

 

( )

( )

1 1 1 1 1 1
2

1
0 0 0 0 0 0

1/ 22
1

( , , , ) , , ( , )

, , ( , )

k x y z m dzdmdxdy z m u z m

z m u z m dzdm

λ ψ

ψ


≤


−


∫ ∫ ∫ ∫ ∫ ∫

 

( ) ( )
1/ 21 1

2
1 2 1 1

0 0

, , ( , ) , , ( , )Tu Tu C z m u z m z m u z m dzdmλ ψ ψ
 
 − ≤ −
  
∫ ∫  

then   1/ 2
1 2Tu Tu Cλ ε− ≤     if   1 2 ( )u u δ ε− <  

let  1/ 2Cε λ ε∗ = ,  then: 

1 2Tu Tu ε ∗− ≤   if  1 2 ( )u u δ ε ∗− <   

Therefore T is a continuous mapping. We note that Tu is a continuous 

function of  x, y  and that  
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( )
1 1

0 0

      ( , , , )  , , ( , )  T u k x y z m z m u z m dzdmλ ψ= ∫ ∫     CBλ≤     

so that the set  T(S)  is uniformly bounded. 

Next, consider  

( ) ( )   ),(,, ),,,( ),(,, ),,,(  
1

0

1

0

22

1

0

1

0

11 dzdmmzumzmzyxkdzdmmzumzmzyxk ψλψλ ∫∫∫∫ −
 

If: 

1 1 2 2 ( , ) ( , ) ( )x y x y δ ε− <   

1 1

1 1 2 2
0 0

   ( , , , ) ( , , , )  B k x y z m k x y z m dzdmλ ε≤ − <∫∫  

Therefore  T(S)  is equicontinuous. By using Arzelà’s theorem, T(S) is 

compact. 

Hence, by using lemma (2.3) T has at least fixed point in S and therefore 

eq.(2.17) has at least one solution in2[ ]L D .    � 

 

Now, recall that the eq.(2.16) has at least one solution in S if the 

following conditions are satisfied: 

(i)  ( , )k x y  and  ( , )x yψ  are continuous functions of their variables. 

(ii)  
M

BC
λ ≤ . 

(iii)  S  be the set of functions  u  in 2[0,1]L  for which  u M≤ . 

(iv)  ( , )k x y C≤ ,   1,0 ≤≤ yx . 
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(v) 
1

2
1 2

0

( , ( )) ( , ( ))y u y y u y dyψ ψ ε− <∫    if    )(21 εδ<− uu . 

 

The following theorem is a generalization of the above fact to include 

the 2-D and hence the m-D Fredholm non-linear integral equations. 

 

Theorem (2.15): 

Consider the 2-D Fredholm non-linear integral equation given by 

where ( , , , )k x y z m  and ( ), , ( , )z m u z mψ  are continuous functions of their 

variables. Let  S  be the set of functions  u  in 2[ ]L D  for which   u M≤ . 

Suppose that:  

 ( , , , ) k x y z m C≤ ,  0 ,  , , 1x y z m≤ ≤  

( )
1 1

2 2

0 0

, , ( , )z m u z m dzdm Bψ ≤∫ ∫     for all  u  such that    u M≤  

and for every positive ε  we can find ( )δ ε  such that  

( ) ( )
1 1

2
1 2

0 0

, , ( , ) , , ( , )z m u z m z m u z m dzdmψ ψ ε− ≤∫ ∫   if   1 2 ( )u u δ ε− <  

then eq.(2.17) has at least one solution in  S  for   
M

CB
λ ≤  

Proof: 

Define  the operator  T  by  

( )
1 1

0 0

 ( , , , ) , , ( , )  T u k x y z m z m u z m dzdmλ ψ= ∫ ∫  

for  u S∈ ,   { }2[ ] 1S u L D u= ∈ ≤ . 
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( )
1 1

0 0

( , , , ) , , ( , )  Tu k x y z m z m u z m dzdmλ ψ= ∫ ∫  

( )
1 1

0 0

( , , , )  , , ( , )  k x y z m z m u z m dzdmλ ψ≤ ∫ ∫  

by using Cauchy Schwarz inequality  

( )
1/ 21/ 21 1 1 1

22

0 0 0 0

( , , . ) , , ( , )Tu k x y z m dzdm z m u z m dzdmλ ψ
  
  =

   
   
∫ ∫ ∫ ∫  

from the condition  ( , , , ) k x y z m C≤  and from the other condition 

( )
1 1

2 2

0 0

, , ( , )z m u z m dzdm Bψ ≤∫ ∫     for all  u  such that    u M≤  

Thus  Tu CBλ≤ , and 

1 1

1 1 2 2 1 1
0 0

( , ) ( , ) ( , , , ) ( , , ( , )Tu x y Tu x y k x y z m z m u z m dzdmλ ψ− = ∫ ∫     

1 1

2 2
0 0

( , , , ) ( , , ( , )k x y z m z m u z m dzdmλ ψ− ∫ ∫  

1 1

1 1 2 2
0 0

( , , , ) ( , , , )B k x y z m k x y z mλ≤ −∫ ∫  

1/ 21 1
2

1 1 2 2
0 0

( , , , ) ( , , , )B k x y z m k x y z m dzdmλ
 
 ≤ −
  
∫ ∫  

since  k  is continuous, then: 

( ) ( ) ε<− 2
2211 ,,,,,, mzyxkmzyxk   if  1 1) 2 2( , ( , ) ( )x y x y δ ε− <  
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Thus 

1 1 2 2( , ) ( , )Tu x y Tu x y Bλ ε− <    if    1 1) 2 2( , ( , ) ( )x y x y δ ε− <  

1 1 2 2( , ) ( , )Tu x y Tu x y ε ∗− <    if    1 1) 2 2( , ( , ) ( )x y x y δ ε ∗− <  

We prove  S  is convex, to do this Then let 1 2,u u S∈ , then: 

1 2 1 2 (1 )    (1 )   t u t u t u t u+ − ≤ + −  

(1 )t M t M M≤ + − =    for   0 1t≤ ≤  

since 1 2 (1 ) t u t u S+ − ∈ . Therefore,  S  is convex. 

Moreover, we show that  S  is closed. To do this, let { }nu   be a sequence in  S  

such that nu u→  

Then uun   → . But  Mun ≤ , thus  u M≤  and hence  u S∈ . 

Therefore  S  is closed subset of  2[ ]L D .  

To show that  T  is continuous 

( ) ( )
1/ 21 1

2
1 2 1 1

0 0

, , ( , ) , , ( , )Tu Tu C z m u z m z m u z m dzdmλ ψ ψ
 
 − ≤ −
  
∫ ∫  

by the conditions   ( , , , ) k x y z m C≤  and for every 0ε >   we can find a 

( )δ ε  such that 

( ) ( )
1 1

2
1 2

0 0

, , ( , ) , , ( , )z m u z m z m u z m dzdmψ ψ ε− <∫ ∫   if  1 2 ( )u u δ ε− <  

then   1/ 2
1 2Tu Tu Cλ ε− ≤     if   1 2 ( )u u δ ε− <  

let  1/ 2Cε λ ε∗ = ,  then: 
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1 2Tu Tu ε ∗− ≤   if  1 2 ( )u u δ ε ∗− <   

Therefore T is a continuous mapping. We note that Tu is a continuous 

function of  x, y  and that. 

If  u S∈ , then:  

1/ 21 1
2

0 0

Tu Tu dxdy
 
 =
 
 
∫ ∫  

   BC Mλ≤ ≤   for all u s∈  

So  T  maps  S   into itself. So that the set  T(S)  is uniformly bounded. 

Therefore  T(S)  is equicontinuous and bounded.  By using Arzelà’s theorem, 

T(S)  is compact. Hence, by using lemma (2.3) T has at least fixed point in S 

and therefore eq.(2.17) has at least one solution in 2[ ]L D .    � 

 

Now, recall that the eq.(2.16) has at least one solution in S if the 

following conditions are satisfied: 

(i)  ( , )k x y  and  ( , )x yψ  are continuous functions of their variables. 

(ii)  
M

BC
λ ≤ . 

(iii) 
1 1

2 2

0 0

( , )k x y dxdy C< < ∞∫ ∫ . 

(iv)  ( , , , ) k x y z m C≤ ,     0 ,  , , 1x y z m≤ ≤  

(v) ( )
1 1

2 2

0 0

, , ( , )z m u z m dzdm Bψ ≤∫ ∫    for all  u  such that    u M≤ . 
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The following theorem is a generalization of the above fact to be hold 

for the 2-D and hence for the m-D Fredholm non-linear integral equations. 

 

Theorem (2.16): 

Consider eq.(2.17) with the same conditions on  ( )),(,, mzumzψ  as in 

the theorem (2.15). Let  k(x, y, z, m)  be such that  

1 1 1 1
2 2

0 0 0 0

( , , , )k x y z m dxdydzdm C< < ∞∫ ∫ ∫ ∫  (2.18) 

Then eq.(2.17) has at least one solution in  S  for  

  
M

CB
λ ≤ . 

Proof: 

Let ( , , , )nk x y z m  be a sequence of continuous kernels, such that:  

1 1 1 1
2

0 0 0 0

lim  ( , , , ) ( , , , ) 0n
n

k x y z m k x y z m dxdydzdm
→∞

− =∫ ∫ ∫ ∫  (2.19) 

since ineq.(2.18) holds, then we can assume 

1 1 1 1
2 2

0 0 0 0

 ( , , , ) nk x y z m dxdydzdm C≤∫ ∫ ∫ ∫  

We can define a sequence of integral operators 

( )
1 1

0 0

 ( , , , ) , , ( , )  n nT u k x y z m z m u z m dzdmλ ψ= ∫ ∫   

We also see that:  
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( )
1 1

0 0

( , , , ) , , ( , )  = ∫ ∫Tu k x y z m z m u z m dzdmλ ψ  

( )
1/ 21 1 1 1 1 1

22

0 0 0 0 0 0

 ( , , , ) , , ( , )  
 
 ≤
  
∫ ∫ ∫ ∫ ∫ ∫nk x y z m dzdmdxdy z m u z m dzdmλ ψ  

MCB ≤≤    λ  if   
CB

M≤  λ  

and also MuTn ≤   , so that  T  and all Tn  map S into itself. These mapping 

are also continuous, and if  T(S)  is compact we would be done. On the other 

hand, from the proof of theorem (2.15), all  Tn(S) are compact. 

Consider: 

≤−     uTuT n  
1 1 1 1

2

0 0 0 0

   ( , , , ) ( , , , ) nk x y z m k x y z m dzdmdxdyλ
 −

∫ ∫ ∫ ∫  

( )
1/ 21 1

2

0 0

 , , ( , )  z m u z m dzdmψ




∫ ∫   

1/ 21 1 1 1
2

0 0 0 0

( , , , ) ( , , , )n
MB

k x y z m k x y z m dydzdxdy
CB

  ≤ − 
  
∫ ∫ ∫ ∫  

< ε,   if  ( )n N ε>  (2.20) 

Then ineq.(2.20) is clearly uniform for all  u in S. 

Let { }nu  be any sequence in S. We can select a subsequence (1){ }
n

u  

such that (1)1{ }
n

T u  converges. From that subsequence we can extract a new 

subsequence (2){ }
n

u  so that (2)2{ }
n

T u  converges, and so on. In this fashion 

we obtain a chain of subsequences 
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(1) (2) ( ){ } { } { } { }kn n n n
u u u u⊃ ⊃ ⊃ ⊃ ⊃L L  

such that the sequence ( ){ }ki n
T u  converges for all 1,2,...,i k= . Finally, we 

take the sequence ( ){ }nn
u  which is a subsequence of every ( ){ }kn

u  except 

for a finite number of elements and clearly ( ){ }nk n
T u  converges for every k. 

Now: 

( ) ( ) ( ) ( ) ( ) ( ) n m n n n mk k kn m n n n m
Tu Tu Tu T u T u T u− = − + − +  

( ) ( )m mk m m
T u Tu−  

( ) ( ) ( ) ( )  n n n mk k kn n n m
Tu T u T u T u≤ − + − +  

( ) ( ) m mk m m
T u Tu−  

The first and third terms on the right of above inequality can be made small 

for large  k  by use of  eq.(2.18). The middle term becomes small for large n 

and m since  

( ) ( )   2 ,n mn m
T u T u ε− <   n,  m > M ( )ε  

and this implies that the sequence ( ){ }nn
Tu  is a Cauchy sequence so that  T(S) 

is compact and by using lemma (2.3), T  must have a fixed point.    � 
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3.1 Introduction: 

Recall that there are many methods for solving the one-dimensional 

integral equations. These methods depend on the structure of the one-

dimensional integral equations, [Golberg A., 1979]. 

On the other hand, some of these methods are extended to solve the 

multi-dimensional integral equations like the variational method and the 

Taylor´s expansion method, [Hasson H., 2005] and the expansion methods, 

[Al-Bayati, B., 2005]. 

This chapter concerned with modifying another methods for solving 

the multi-dimensional Fredholm and Volterra linear integral equations. 

This chapter consists of two sections. 

In section one, we generalize three methods for solving the multi-

dimensional Fredholm linear integral equations, namely the degenerate kernel 

method, the method of iterated kernels and the method of Fredholm resolvent 

kernel. 

In section two, we modify two methods for solving the multi-

dimensional Volterra linear integral equations, namely the resolvent kernel 

method: Neumann series and the method of successive approximation.  

 

3.2  Some Methods for Solving the Multi-Dimensional Fredholm 

Linear Integral Equations: 

It is known, there are many methods for solving the 1-D Fredholm 

linear integral equations, say the Taylor expansion method, [kanwal R. and 

Liv k., 1989], the degenerate kernel method, [Delves L. and Walsh J., 1974], 

the expansion methods, [Delves L. and Mohamed J., 1985],  the quadrature 

methods, [Chombers L., 1976], the variational method, [Zaboon A., 1993], 
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the method of iterated kernels and the method of Fredholm resolvent kernel, 

[Jerri J., 1985] and etc. 

In this section, we generalize some of there methods to solve the m-D 

Fredholm linear integral equations, say the degenerate kernel method, the 

method of iterated kernels and the method of Fredholm resolvent kernel. 

 

3.2.1 The Degenerate Kernal Method: 

It is known that, the degenerate kernel method is a method for solving 

the homogeneous and the nonhomogeneous 1-D Fredholm integral equations 

when the kernels of them are degenerate. Also, this method can be also 

modified to solve the homogeneous and the nonhomogeneous 1-D Fredholm 

integral equations of nondegenerate kernels, [Jerri A, 1985]. 

In this section, we generalize this method to include the homogeneous 

and the nonhomogeneous m-D Fredholm integral equations when the kernels 

of them are also degenerate. Also a modification of this method for solving 

the homogeneous and nonhomogeneous m-D Fredholm integral equation with 

nondegenerate kernels is presented. For simplicity, we use this method to 

solve the homogeneous and the nonhomogeneous 2-D Fredholm integral 

equations. 

First, consider the nonhomogeneous 2-D Fredholm linear integral 

equation of the second kind with degenerate kernel 

1

( , , , ) ( , ) ( , )
n

k k
k

k x y z m a x y b z m
=

= ∑  (3.1) 

that is, consider  

( , ) ( , ) ( , , , ) ( , )
d b

c a

u x y f x y k x y z m u z m dzdmλ= + ∫ ∫  (3.2) 
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after using eq.(3.1) and exchanging summation with integration, one can get:  

1

( , ) ( , ) ( , ) ( , ) ( , )
d b n

k k
kc a

u x y f x y a x y b z m u z m dzdmλ
=

= + ∑∫∫  

1

( , ) ( , ) ( , ) ( , )
d bn

k k
k c a

f x y a x y b z m u z m dzdmλ
=

= + ∑ ∫∫  (3.3) 

In the following we show how the solution of this 2-D Fredholm 

integral equation with degenerate kernel reduces to solving a system of linear 

equations. If we define  ck  as the integrals in the above equation, 

( , ) ( , )
d b

k k
c a

c b z m u z m dzdm= ∫ ∫  (3.4) 

Then eq.(3.3) becomes  

1

( , ) ( , ) ( , )
n

k k
k

u x y f x y a x y cλ
=

= + ∑  (3.5) 

If we multiply both sides of eq.(3.5) by bm(z,m) and integrate the 

resulting equation first from  a  to  b and second from  c  to  d, we produce  cm  

on the left hand side, 

∫ ∫ ∑ ∫∫∫ ∫
=

+=
d

c

b

a

n

k

d

c

b

a

kmkm

d

c

b

a

m dxdyyxayxbcdxdyyxfyxbdxdyyxuyxb
1

),(),(),(),(),(),( λ  

 (3.6) 

If we define the integrals in eq.(3.6) as: 

( , ) ( , )
d b

m m
c a

f b x y f x y dxdy= ∫ ∫  (3.7)  

and 
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( , ) ( , )
d b

mk m k
c a

a b x y a x y dxdy= ∫ ∫  (3.8) 

then eq.(3.6) becomes:  

1

n

m m mk k
k

c f a cλ
=

= + ∑ ,  1,2,...,m n=  (3.9) 

which is a set of  n  linear equations in  c1,c2,…,cn. Here  fm  and  amk are 

considered known since we are given  bm(x,y),  fm(x,y)  and  ak(x,y). 

So the solution to the 2-D Fredholm integral equation of the second 

kind given by eq.(3.2) with degenerate kernel given by eq.(3.1) reduces to 

solving for  cm  from the system of the  n  linear equations given by eq.(3.9), 

since cm will then be used in the series given in eq.(3.5) to obtain the solution  

u(x,y)  of eq.(3.2). 

If we use matrix notation, the system of  n  linear equations given by 

eq.(3.9) can be written in the form 

1 1 11 12 1 1

2 2 21 22 2 2

1 2

n

n

n n n n nn n

c f a a a c

c f a a a c
C

c f a a a c

λ

       
       
       = = +
       
       
       

K

K

M M M M O M M

K

F ACλ= +  (3.10) 

or as 

( )I A C Fλ− =  (3.11) 

From the theory of linear systems of equations, we known that eq.(3.11) has a 

unique solution if 0I Aλ− ≠  and has either infinite or no solution when 

0I Aλ− = . 

To illustrate this approach, see the following examples. 
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Example (3.1):    

Consider the nonhomogeneous 2-D Fredholm integral equation of the 

second kind 

2 1

0 0

2 4
( , ) ( ) ( , )

3 3
u x y x y x y x z y m u z m dzdm= − − + +∫ ∫  (3.12)                    

This Fredholm integral equation has a degenerate kernel of the form given by 

eq.(3.1), since  

( , , , )k x y z m x z ym= +  

2

1

( , ) ( , )k k
k

a x y b z m
=

= ∑  (3.13) 

where   1( , )a x y x= , 2( , )a x y y= , 1( , )b z m z=   and  2( , )b z m m= . 

To solve for  cm  in eq.(3.9) and hence  u(x,y) of eq.(3.12) we must 

prepare  f1, f2 from eq.(3.7) and 11 12 21 22, , ,a a a a  from eq.(3.8). From 

eq.(3.12) we have  

2 4
( , )

3 3
f x y xy x y= − −  

hence according to eq.(3.7), 

2 1 2 1

1 1
0 0 0 0

2 4 10
( , ) ( , )

3 3 9
f b x y f x y dxdy x xy x y dxdy = = − − = − 

 ∫ ∫ ∫ ∫ · 

2 1 2 1

2 2
0 0 0 0

2 4 26
( , ) ( , ) ( )

3 3 9
f b x y f x y dxdy y xy x y dxdy= = − − = −∫ ∫ ∫ ∫ · 

and the column matrix  F  of eq.(3.10) becomes: 
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1

2

10

9

26

9

f

F

f

 
  − 
   = =     −  

 

 

To prepare the matrix  A  in eq.(3.10), we use eq.(3.8) to evaluate the 

elements  amk  with  ak(x,y)  and  bk(x,y)  as in eq.(3.13) for k, m = 1, 2, 

2 1 2 1
2

11 1 1
0 0 0 0

2
( , ) ( , )

3
a b x y a x y dxdy x dxdy= = =∫ ∫ ∫ ∫  

2 1 2 1

12 1 2
0 0 0 0

( , ) ( , ) 1a b x y a x y dxdy xydxdy= = =∫ ∫ ∫ ∫  

2 1 2 1

21 2 1
0 0 0 0

( , ) ( , ) 1a b x y a x y dxdy yxdxdy= = =∫ ∫ ∫ ∫  

2 1 2 1
2

22 2 2
0 0 0 0

8
( , ) ( , )

3
a b x y a x y dxdy y dxdy= = =∫ ∫ ∫ ∫  

Hence  C F ACλ= +  of eq.(3.10) becomes: 

1 1

2 2

10 2
1

9 3
826 1
39

c c

c c

      −       = +           −        

                                            

and if we transform the matrix product to the left side, we obtain 

,C AC F− =  that is:  

1

2

101
1

93
5 261
3 9

c

c

     −− −       =        − − −       
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The solution of the above system is  1
2

3
c =   and  2

4

3
c = . Thus  ( , )u x y xy=  

is the solution of eq.(3.12).  

 

Example (3.2): 

Consider the nonhomogeneous 2-D Fredholm integral equation of the 

second kind 

1 1
2 2

0 0

( , ) ( ) ( , )u x y x y x y z m u z m dzdmλ= + + + + +∫ ∫  (3.14) 

This Fredholm integral equation has a degenerate kernel of the form given by 

eq.(3.1), since: 

2

1

( , , , ) ( , ) ( , )k k
k

k x y z m x y z m a x y b z m
=

= + + + = ∑  (3.15) 

where 1( , ) ,a x y x y= +  2( , ) 1,a x y =  1( , ) 1b z m =  and 2( , )b z m z m= + . 

To solve for mc  in eq.(3.9) and hence  u(x, y)  of eq.(3.14), we must 

prepare f1, f2 from eq.(3.7) and 11 12 21 22, , ,a a a a from eq.(3.8). From eq.(3.14) 

we have 2 2( , ) ,f x y x y= +  hence according to eq.(3.7), 

1 1
2 2

1
0 0

2
( )

3
f x y dxdy= + =∫ ∫ . 

1 1
2 2

2
0 0

5
( )( )

6
f x y x y dxdy= + + =∫ ∫ . 

and the column matrix  F of eq.(3.10) becomes: 

1

2

2

3

5

6

f

f

 
   
   =    
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To prepare the matrix A in eq.(3.10), we use eq.(3.8) to evaluate the elements 

mka   with ( , )ka x y  and ( , )kb z m  as in eq.(3.15) for  k, m = 1, 2,  

1 1

11
0 0

( ) 1a x y dxdy= + =∫ ∫  

1 1

12
0 0

1a dxdy= =∫ ∫  

1 1
2

21
0 0

7
( )

6
a x y dxdy= + =∫ ∫  

1 1

22
0 0

( ) 1a x y dxdy= + =∫ ∫  

Hence C F ACλ= +  of eq.(3.10) becomes  

1 1

2 2

2
1 1

3
7

15
6

6

c c

c c

λ

 
     
     = +             

 

 

and if we transfer the matrix product to the left side, we obtain 

1

2

2
1

3
7

1 5
6

6

c

c

λ λ

λ λ

 
 − −   
    =  − −       

 

                                                                  

In general, before solving the above system, we must evaluate the determinant 

of the matrix ,I Aλ−  

2 2
1

7
(1 )

6
7

1
6

I A

λ λ
λ λ λ

λ λ

− −
− = = − −

− −

21
1 2

6
λ λ= − −  
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If  21
1 2 0

6
λ λ− − ≠ , the above linear system has a unique solution for c1  and 

c2  which we can evaluate by finding the inverse 1)( −− AI λ  

2 2
1

2 2

6( 1 ) 6

6 12 6 12
( )

7 6( 1 )

6 12 6 12

I A

λ λ
λ λ λ λλ
λ λ
λ λ λ λ

−

− + − 
 − + + − + + − =
 − − +
 

− + + − + + 

 

Therefore 

2 2
1

2
2 2

6( 1 ) 6 2
6 12 6 12 3

57 6( 1 )
66 12 6 12

C

C

λ λ
λ λ λ λ
λ λ
λ λ λ λ

− + −  
    − + + − + + =     − − +   

   − + + − + + 

 

Thus 

1 2
4( 1 ) 5

6 12
c

λ λ
λ λ

− + −=
− + +

   and   2 2 2
14 5( 1 )

3( 6 12 ) 6 12
c

λ λ
λ λ λ λ

− += − +
− + + − + +

       

and hence the solution of eq.(3.12) is given by:  

2 2
2 2

4( 1 ) 5 14
( , ) ( )

6 12 3( 6 12 )
u x y x y x y

λ λ λλ
λ λ λ λ

 − + −= + + + − +
− + + − + +

 

2
5( 1 )

6 12

λ
λ λ

− + 
− + + 

 

 

Remark (3.1): 

The degenerate kernel method can be also used to solve the multi-

dimensional Fredholm linear integral equation of the second kind 

+= ) ,...,,() ,...,,( 2121 mm xxxfxxxu    

1 1

11

1 1 1 1... ( ,..., , ,..., ) ( ,..., ) ...
m m

m m

m m m mk x x z z u z z dz dz
β β β

α α α
λ

−

−

∫ ∫ ∫  (3.16) 
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in case  1 2 1 2( , ,..., , , ,..., )m mk x x x z z z  takes the degenerate form: 

1 1 1 1
1

( ,..., , ,..., ) ( ,..., ) ( ,..., )
n

m m k m k m
k

k x x z z a x x b z z
=

= ∑  (3.17)  

In this case, the solution of the above integral equation takes the form:  

1 2 1 2 1 2
1

( , ,...,  ) ( , ,...,  ) ( , ,..., )
n

m m k m k
k

u x x x f x x x a x x x cλ
=

= + ∑  

where: 

1

n

k k k i i
i

c f a cλ
=

= + ∑ ,  1,2,...,k n=  

1 1

11

1 2 1 2 1 2... ( , ,...,  ) ( , ,...,  ) ... 
m m

m m

k k m m mf b x x x f x x x dx dx dx
β β β

α α α

−

−

= ∫ ∫ ∫  

1 1

11

1 2 1 2 1 2... ( , ,...,  ) ( , ,...,  ) ... 
m m

m m

ki k m i m ma b x x x a x x x dx dx dx
β β β

α α α

−

−

= ∫ ∫ ∫  

and , 1,2,..., .k i n=  

Second, consider the homogeneous 2-D Fredholm integral equation 

( , ) ( , , , ) ( , )
d b

c a

u x y k x y z m u z m dzdmλ= ∫ ∫  (3.18)         

where  k(x,y,z,m)  is a degenerate kernel given by eq.(3.1) then 

1

( , ) ( , ) ( , ) ( , )
d bn

k k
k c a

u x y a x y b z m u z m dzdmλ
=

= ∑ ∫∫  (3.19) 

we will follow the same steps as those we used for the nonhomogeneous 

equation to reduce eq.(3.18) to 
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1

( , ) ( , )
n

k k
k

u x y c a x yλ
=

= ∑  (3.20) 

and then to a system of n homogeneous equation in cm 

1

,
n

m m k k
k

c a cλ
=

= ∑  1,2,...,m n=  (3.21) 

Or in matrix notation 

( ) 0I A Cλ− =  (3.22) 

Instead of the nonhomogeneous system of linear equations given in 

eq.(3.9) and eq.(3.10). Here A and C are defined as in eq.(3.10). 

From the theory of systems of linear equations we can conclude that if  

0I Aλ− ≠  then the only solution to the homogeneous equation given by 

eq.(3.22) is the trivial solution 0c ≡ . By using eq.(3.20), the solution to the 

homogeneous 2-D Fredholm integral equation given by eq.(3.18) is the trivial 

solution 0),( ≡yxu  when 0I Aλ− ≠ . On the other hand, when 

0I Aλ− = , then eq.(3.22) and hence eq.(3.18) may have either no solution 

or infinitely many solutions. To determine which of those possibilities, we 

need to discuss next the eigenvalue and eigenfunctions of the homogeneous 

problem.   

For the homogeneous 2-D Fredholm integral equation given by 

eq.(3.18), the parameter 0λ ≠  for which eq.(3.18) does not a trivial solution 

is called the eigenvalue or characteristic value of eq.(3.18). The nontrivial 

solution ( , ) 0u x y ≠  corresponding to the eigenvalue is called the 

eigenfunction or characteristic function of eq.(3.18). 

In this sense, the eigenvalues of eq.(3.18) are the solutions of 

0I Aλ− = , since if  λ is not the solution of this equation, then 0I Aλ− ≠ , 
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and hence eq.(3.21) and in turn eq.(3.18) have the trivial solution. There may 

exist more than one eigenfunction ( , )j x yψ corresponding to a specific 

eigenvalue λj. Then number  p of such eigenfunctions 1 2, ,...,j j j pψ ψ ψ+ + +  is 

called the multiplicity or degeneracy of ,jλ  and jλ  is called a simple 

eigenvalue when  p = 1 . 

To illustrate this approach, consider the following example. 

 

Example (3.3): 

Consider the homogeneous 2-D Fredholm integral equation: 

( )2

0 0

( , ) cos2 cos2 cos cos ( , )u x y my x z z x y m u z m dzdm
π π

λ= +∫ ∫  (3.23)                         

This is a homogeneous 2-D Fredholm integral equation with degenerate 

kernel 

2( , , , ) cos2 cos2 cos cosk x y z m my x z z x y m= +  

1

( , ) ( , )
n

k k
k

a x y b z m
=

= ∑  

hence 1( , ) cos2a x y y x= , 2( , ) cosa x y x y= , 1( , ) cos2b z m m z= , 

2
2( , ) cosb z m z m= . 

We follow the previous method to find c1 and c2 from eq.(3.21) or 

eq.(3.22). The solution  ( , )u x y  of eq.(3.23) is: 

1

( , ) ( , )
n

k k
k

u x y c a x yλ
=

= ∑  

1 2cos2 cosc y x c x yλ λ= +  
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To evaluate  c1  and  c2  from eq.(3.20) we must evaluate  a11, a12, a21 and a22, 

the elements of matrix  A: 

11 1 1
0 0

( , ) ( , )a b z m a x y dzdm
π π

= ∫ ∫
4

2 2

0 0

cos2 cos 2
6

m z z dzdm
π π π= =∫ ∫ ·    

12 1 2
0 0

( , ) ( , )a b z m a x y dzdm
π π

= ∫ ∫
0 0

cos cos2 0mz m z dzdm
π π

= =∫ ∫ .  

21 2 1
0 0

( , ) ( , )a b z m a x y dzdm
π π

= ∫ ∫
2

0 0

cos cos2z m m z dzdm
π π

π= = −∫ ∫ .      

22 2 2
0 0

( , ) ( , )a b z m a x y dzdm
π π

= ∫ ∫
5

3 2

0 0

cos
8

z m dzdm
π π π= =∫ ∫ · 

Hence eq.(3.22) becomes: 

4

1

5

2

01 0
6

01
8

c

c

πλ

πλπ λ

 
   − 
     =       −    

 

 (3.24) 

For 1

2

c
c

c

 
=  
 

 not to be the trivial solution, we must have a zero determinant 

for I Aλ−   in eq.(3.24), 

4

4 5

5

1 0
6 (1 )(1 ) 0

6 8
1

8

πλ π πλ λ
πλπ λ

−
= − − =

−

 

which a quadratic equation in λ   whose solution are 1 4
6λ

π
=  and 2 5

8λ
π

=   

which in turn are the eigenvalues of eq.(3.23). As a solution to eq.(3.23), we 
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have two eigenfunctions 1( , )u x y  and 2( , )u x y , corresponding to the two 

eigenvalues 1 4
6λ

π
=   and  2 5

8λ
π

=   respectively.  

Next we consider the two eigenvalues separately and find their 

corresponding eigenfunctions. 

(a)  1 4
6λ

π
=  

If we substitute 1 4
6λ

π
=  in eq.(3.24) to solve for 1c  and  c2, we have:  

3

1 2
6

1
6 8

c c
π λ = − 

 
 

From eq.(3.20) the eigenfunction  1( , )u x y  corresponding to 1 4
6λ

π
=  is:  

[ ]1 1 24
6

( , ) cos(2 ) cosu x y c y x c x y
π

= +  

2 24
1 6 6

1 cos(2 ) cos
8

c y x c x yπ
π π
 = − + 
 

 

This means that the eigenfunction is known except for 2c , which 

determines it's amplitude, we may arbitrarily let 2c λ=  to have  

1 3
6 6

( , ) 1 cos(2 ) cos
8

u x y y x x yπ
π

 = − + 
 

 

Now we consider the case of the second eigenvalue: 

(b) 2 5
8λ

π
=  

We again substitute 2 5
8λ

π
=  in eq.(3.24) to obtain 1 0c = . 
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From eq.(3.20), the eigenfunction 2( , )u x y  corresponding to 2 5
8λ

π
=  is 

2 25
8

( , ) cosu x y c x y
π

=  

Now we may let  
5

2 8
c

π=  to have  2( , ) cosu x y x y= . 

 

Example (3.4):  

Consider the homogeneous 2-D Fredholm integral equations  

1 1
2 2

1 1

( , ) ( ) ( , )u x y x z y m u x y dzdmλ
− −

= +∫ ∫  (3.25) 

This integral equation has degenerate kernel 

2 2( , , , )k x y z m x z y m= +  

2

1

( , ) ( , )k k
k

a x y b z m
=

= ∑  

where 2 2
1 2 1 2( , ) , ( , ) , ( , ) and ( , ) .a x y x a x y y b z m z b z m m= = = =  The 

solution ),( yxu  of eq.(3.25) is 

2
2 2

1 2
1

( , ) ( , )k k
k

u x y c a x y c x c yλ λ λ
=

= = +∑  

To evaluate 1c  and 2c  from eq.(3.21) we must evaluate 11 12 21 22, , anda a a a , 

the elements of the matrix  A: 

1 1
3

11
1 1

0.a x dxdy
− −

= =∫ ∫  

1 1
2

12
1 1

0.a xy dxdy
− −

= =∫ ∫  
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1 1
2

21
1 1

0.a yx dxdy
− −

= =∫ ∫  

1 1
3

22
1 1

0.a y dxdy
− −

= =∫ ∫  

Hence eq.(3.22) becomes:  

1

2

1 0 0

0 1 0

c
c
    

=    
    

 (3.26) 

Therefore  1 0I Aλ− = ≠  then the only solution to eq.(3.26) is the trivial 

solution 0.C =  By using eq.(3.20), the solution of eq.(3.25) is ( , ) 0u x y = . 

 

Remark (3.2): 

The degenerate kernel method can be also used to solve the multi-

dimensional Fredholm linear integral equation: 

1 1

11

1 1 1 1 1( ,..., ) ... ( ,..., , ,..., ) ( ,..., ) ...
m m

m m

x x x

m m m m mu x x k x x z z u z z dz dz
α α α

λ
−

−

= ∫ ∫ ∫  (3.27) 

where 1 2 1 2( , ,...,  , , ,...,  )m mk x x x z z z  takes the degenerate form given by 

eq.(3.17). In this case, the solution of eq.(3.27) takes the form: 

1 2 1 2
1

( , ,..., ) ( , ,..., )
n

m k m k
k

u x x x a x x x cλ
=

= ∑  

where  

1

n

k k i i
i

c a cλ
=

= ∑ ,  1,2,...,k n=  

1 1

11

1 2 1 2 1 2... ( , ,...,  ) ( , ,...,  ) ... 
m m

m m

ki k m i m ma b x x x a x x x dx dx dx
β β β

α α α

−

−

= ∫ ∫ ∫  

and , 1,2,..., .k i n=  
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Now, in many cases a nondegenerate kernel ( , , , )k x y z m s  may be 

approximated by a degenerate kernel as a partial sum of the Taylor (or other) 

series expansion of ( , , , )k x y z m . 

Let us consider the nonhomogeneous 2-D Fredholm integral equation 

given by eq.(3.2) and its associated equation  

1( , ) ( , ) ( , , , ) ( , )
d b

c a

v x y f x y k x y z m v z m dzdmλ= + ∫ ∫  (3.28) 

with kernel  1k  as the degenerate kernel approximation to ( , , , ).k x y z m  In 

principle, we may use the previous method to solve eq.(3.28) for ( , )v x y , 

which is considered as an approximate to the solution  ( , )u x y  of eq.(3.2). Of 

course, there will be an error involved in such an approximation, which is 

defined as ( , ) ( , )u x y v x yε = − , and we may attempt to estimate this error 

to give us a measure of how good this approximation is. 

To illustrate this fact, consider the following example. 

 

Example (3.5):  

Consider the nonhomogenuous 2-D Fredholm integral equation  

1 1

0 0

( , ) sin 1 [ cos( )] ( , )u x y x y y x x z u z m dzdm= − + + −∫ ∫  (3.29)  

We note here that the kernel 

( , , , ) cos( )k x y z m y x x z= −  

is not degenerate, but a finite number of terms of its Maclaurion series 

2 2 4 4 3 2 5 4
1

2! 4! 2! 4!

x z x z x z x z
y x y x

 
− − + − = − + − + 

  
L L (3.30) 
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is degenerate, or in other words, separable in (x,y)  and  (z,m). 

So, if we consider only two terms of the series in eq.(3.30), we have a 

degenerate kernel: 
 

3 2

1( , , , )
2!

x z
k x y z m y x= − +  

as an approximation to ( , , , ) cos( )k x y z m y x xz= −  of eq.(3.29). The 

associated equation in  ),(1 yxu   

1 1 3 2

1 1
0 0

( , ) sin 1 ( , )
2!

x z
u x y x y y x u z m dzdm

 
= − + + − + 

  
∫ ∫  (3.31) 

has a degenerate kernel and can be solved by the previous method. 

Hence from eq.(3.1), we have:  

23 2

1
1

( , , , ) ( , ) ( , )
2! k k

k

x z
k x y z m y x a x y b z m

=
= − + = ∑  

where 1( , ) ,a x y y x= −  
3

2( , )
2!

x
a x y = ,  1( , ) 1b z m =   and  2

2( , )b z m z= . 

Also, from eq.(3.7), one can get  

∫ ∫ +−=+−=
1

0

1

0

1 2

3
)1cos()1(sin dxdyyxf · 

1 1
2

2
0 0

11
(sin 1) cos(1) 2sin(1)

6
f x x y dxdy= − + = + −∫ ∫ · 

Moreover, the elements of the matrix  A  are 

1 1

11
0 0

( ) 0a y x dxdy= − =∫ ∫ . 

1 1 3

12
0 0

1

2! 8

x
a dxdy= =∫ ∫ · 
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1 1
2

21
0 0

1
( )

12
a x y x dxdy= − = −∫ ∫ · 

1 1 5

22
0 0

1

2! 12

x
a dxdy= =∫ ∫ · 

Therefore eq.(3.11) becomes 

1

2

1 3
1 cos(1)

8 2
111 11

cos(1) 2sin(1)
612 12

c

c

    − − +     =    
     + −       

 

which has the solution: 

1c  = 0.854cos(1) 1.236 0.27sin(1)− + +  

and 

2c = 1.169 cos(1) 2.112 2.157 sin(1)− +  

Thus, by using eq.(3.5), the solution of eq.(3.31) is 

[ ]1( , ) sin 1 0.854cos(1) 1.236 0.27sin(1) ( )u x y x y y x= − + + − + + −  

[ ]
3

1.169cos(1) 2.112 2.157sin(1)
2

x+ − +  

which is approximation solution to eq.(3.29). In this special case, the exact 

solution of eq.(3.29) is ( , ) 1u x y = . 

The following table shows that the approximated solution 1( , )u x y  

and the exact solution ( , ) 1u x y =  of eq.(3.29) at some specific points in the 

region {( , ) 0 1, 0 1}.D x y x y= ≤ ≤ ≤ ≤  
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Table (3.1): The approximated solution and the exact solution of 

example(3.5) at some specific points. 

(x, y) 
The Exact Solution 

u(x, y) 
The Approximated 
Solution u1(x, y) 

(0,0) 1 1 

(0.1,0) 1 1 

(0.1,0.1) 1 1 

(0.9,0.0002) 1 1.004 

(0.01,0.5) 1 1.01 

(0.5,0.5) 1 1 

(0.9,0.07) 1 1.004 

(0.02,0.3) 1 1 

(0.5,1) 1 1.001 

(1,0) 1 1.007 

(0,1) 1 1.001 

(0.8,1) 1 1.003 

(1,0.65) 1 1.008 

(1,1) 1 1.009 
 

On the other hand, if we consider three terms of the series in eq.(3.30), 

we have also a degenerate kernel:  

3 2 5 4

2( , , , )
2! 4!

x z x z
k x y z m y x= − + −  

as an approximation to ( , , , ) cos( )k x y z m y x x z= −  of eq.(3.29). The 

associated equation in 2( , )u x y , 

1 1 3 2 5 4

2 2
0 0

( , ) sin 1 ( , )
2! 4!

x z x z
u x y x y y x u z m dzdm

 
= − + + − + − 

  
∫ ∫ (3.32) 
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has a degenerate kernel:  

3

2
1

( , , , ) ( , ) ( , )k k
k

k x y z m a x y b z m
=

= ∑  

where:   

3 5

1 2 3 1( , ) , ( , ) , ( , ) , ( , ) 1,
2! 4!

x x
a x y y x a x y a x y b z m

−= − = = =  

2
2( , )b z m z=  and  4

3( , )b z m z= · 

Also from eq.(3.7), one can get 

1 1

1
0 0

3
(sin 1) cos( 1)

2
f x y dxdy= − + = − +∫ ∫ · 

1 1
2

2
0 0

11
(sin 1) cos( 1) 2sin(1)

6
f x y x dxdy= − + = + −∫ ∫ · 

1 1
4

3
0 0

241
(sin 1) 13cos( 1) 20sin(1)

10
f x y x dxdy= − + = − − +∫ ∫ · 

Moreover, the elements of the matrix  A  are  

1 1

11
0 0

( ) 0a y x dxdy= − =∫ ∫ . 

1 1 3

12
0 0

1

2! 8

x
a dxdy= =∫ ∫ · 

1 1 5

13
0 0

1

4! 144

x
a dxdy= − = −∫ ∫ · 

1 1
2

21
0 0

1
( )

12
a x y x dxdy= − = −∫ ∫ · 

1 1 5

22
0 0

1

2! 12

x
a dxdy= =∫ ∫ · 
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1 1 7

23
0 0

1

4! 192

x
a dxdy= − = −∫ ∫ · 

1 1
4

31
0 0

1
( )

15
a x y x dxdy= − = −∫ ∫ · 

1 1 7

32
0 0

1

2! 16

x
a dxdy= =∫ ∫ · 

1 1 9

33
0 0

1

4! 240

x
a dxdy= − = −∫ ∫ · 

Therefore eq.(3.11) becomes  

1 1 3
1 cos( 1)

8 144 2
11 11 1 11

cos( 1) 2sin (1)212 12 192 6
31 1 241 241

13cos( 1) 20sin (1)
15 16 240 10

c

c

c

−   − +   
    
    = + −    
     −   − − +  

  

 

which has the solution   

1 0.757cos(1) 1.056 0.42sin(1)c = − + + , 

2 1.233cos(1) 23.791 19.804sin(1)c = − + −   

and 

3 12.819cos(1) 23.791 19.804sin(1)c = − + −  

Thus by using eq.(3.5), the solution of eq.(3.32) is 

[ ]2( , ) sin 1 0.757cos(1) 1.056 0.42sin(1) ( )u x y x y y x= − + + − + + − +  

          [ ]
3

1.233cos( 1) 23.791 19.804sin(1)
2!

x− + − −
 

          [ ]
5

12.819cos( 1) 23.791 19.804sin(1)
4!

x− + −  

which is the approximation solution to eq.(3.29). 
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The following table shows that the approximated solution 2( , )u x y  

and the exact solution ( , ) 1u x y =  of eq.(3.29) at some specific points in the 

region D. 
 

Table (3.2): The approximated solution and the exact solution of example 

(3.5) at some specific points. 

(x, y) 
The Exact Solution 

u(x, y) 
The Approximated Solution 

u2(x, y) 

(0,0) 1 1 

(0.97,0.008) 1 1.089 

(0.01,0.001) 1 1 

(0,0.5) 1 1 

(0.7,0.1) 1 1 

(0.9,0) 1 1 

(0.8,0.07) 1 1 

(0.1,0) 1 1 

(0.9,0.8) 1 1 

(1,0) 1 1 

(0,1) 1 1 

(0.007,0.85) 1 1 

(0.9,0.9) 
 

1 1 

(0.99,1) 1 1 

(1,1) 1 1 
 

Now, if we consider four terms of the series in eq.(3.30), we have also 

a degenerate kernel  

3 2 5 4 7 6

3( , , , )
2! 4! 6!

x z x z x z
k x y z m y x= − + − +  

as an approximate to ( , , , ) cos( )k x y z m y x x z= −  of eq.(3.29). The 

associated equation in 3( , )u x y , 
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1 1 3 2 5 4 7 6

3 3
0 0

( , ) sin 1 ( , )
2! 4! 6!

x z x z x z
u x y x y y x u z m dzdm

 
= − + + − + − + 

  
∫ ∫  

 (3.33) 

has a degenerate kernel:  

3

3
1

( , , , ) ( , ) ( , )k k
k

k x y z m a x y b z m
=

= ∑  

where: 

3 5 7

1 2 3 4( , ) , ( , ) , ( , ) , ( , ) ,
2! 4! 6!

x x x
a x y y x a x y a x y a x y

−= − = = =
 

1( , ) 1,b z m = 2 4
2 3( , ) , ( , )b z m z b z m z= =  and  6

4( , )b z m z= . 

Also from eq.(3.7), one can get: 

1 1

1
0 0

3
(sin 1) cos( 1)

2
f x y dxdy= − + = − +∫ ∫ · 

1 1
2

2
0 0

11
(sin 1) cos( 1) 2sin(1)

6
f x y x dxdy= − + = + −∫ ∫ · 

1 1
4

3
0 0

241
(sin 1) 13cos( 1) 20sin(1)

10
f x y x dxdy= − + = − − +∫ ∫ · 

1 1
6

4
0 0

10079
(sin 1) 389cos(1) 606sin(1)

14
f x y x dxdy= − + = − +∫ ∫ . 

Moreover, the elements of the matrix  A  are  

1 1

11
0 0

( ) 0a y x dxdy= − =∫ ∫ . 

1 1 3

12
0 0

1

2! 8

x
a dxdy= =∫ ∫ · 
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1 1 5

13
0 0

1

4! 144

x
a dxdy= − = −∫ ∫ · 

1 1 7

14
0 0

1

6! 5760

x
a dxdy= =∫ ∫ · 

1 1
2

21
0 0

1
( )

12
a x y x dxdy= − = −∫ ∫ · 

1 1 5

22
0 0

1

2! 12

x
a dxdy= =∫ ∫ · 

1 1 7

23
0 0

1

4! 192

x
a dxdy= − = −∫ ∫ · 

7200

1

!6

1

0

1

0

9

24 == ∫∫ dxdy
x

a · 

1 1
4

31
0 0

1
( )

15
a x y x dxdy= − = −∫ ∫ . 

1 1 7

32
0 0

1

2! 16

x
a dxdy= =∫ ∫ · 

1 1 9

33
0 0

1

4! 240

x
a dxdy= − = −∫ ∫ · 

1 1 11

34
0 0

1

6! 8640

x
a dxdy= =∫ ∫ · 

1 1
6

41
0 0

3
( )

56
a x y x dxdy

−= − =∫ ∫ · 

1 1 9

42
0 0

1

2! 20

x
a dxdy= =∫ ∫ · 
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1 1 11

43
0 0

1

4! 288

x
a dxdy

− −= =∫ ∫ · 

1 1 13

44
0 0

1

6! 10080

x
a dxdy= =∫ ∫ · 

Therefore eq.(3.11) becomes  

1

2

3

4

31 1 1 cos( 1)1
257608 144

111 11 1 1 cos( 1) 2sin(1)
6720012 12 192

2411 1 241 1 13cos( 1) 20sin(1)
10864015 16 240

100793 1 1 10079 389cos(1) 606sin(1)
56 20 288 10080 14

c

c

c

c

−  − + 
  
  + − 
   =   − −   − − + 
  

 − − + 
  










 
 



 

which has the solution: 

1 0.831cos(1) 1.194 0.304sin(1)c = − + + , 

2 1.18cos(1) 2.134 2.174sin(1)c = − + , 

3 12.773cos(1) 23.705 19.732sin(1)c = − + −   

and 

4 389.187cos(1) 720.253 606.221sin(1)c = − + . 

Thus by using eq.(3.5), the solution of eq.(3.33) is: 

]3( , ) sin 1 0.831cos(1) 1.194 0.304sin(1) ( )u x y x y y x= − + + − + + −  

          [
3

1.18cos(1) 2.134 2.174sin(1)
2!

x+ − + −
 

          [ ]
5

12.773cos(1) 23.705 19.732sin(1)
4!

x− + − +  

          [ ]
7

389.187cos(1) 720.253 606.221sin(1)
6!

x− +  

which is the approximation solution to eq.(3.29). 
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The following table shows that the approximated solution 3( , )u x y  

and the exact solution ( , ) 1u x y =  of eq.(3.29) at some specific points in the 

region D. 

 

Table (3.3): The approximation solution and the exact solution of the 

example (3.5) at some specific points. 

(x, y) 
The Exact Solution 

u(x, y) 
The Approximated Solution 

u3(x, y) 

(0,0) 1 1 

(0.97,0.008) 1 1 

(0.01,0.001) 1 1 

No (0,0.5) 1 1 

(0.7,0.1) 1 1 

(0.9,0) 1 1 

(0.8,0.07) 1 1 

(0.1,0) 1 1 

(0.9,0.8) 1 1 

(1,0) 1 1 

(0,1) 1 1 

(0.007,0.85) 1 1 

(0.9,0.9) 1 1 

(0.99,1) 1 1 

(1,1) 1 1 
 

3.2.2 The Method of Iterated Kernels:    

It is known, the method of iterated kernels is one of the important 

methods that can be used to solve the 1-D to Fredholm linear integral 

equation of the second kind, [Jerri J., 1985].  
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In this section we generalize this method to solve the 2-D and hence 

the m-D Fredholm linear integral equations.  

To do this, consider the 2-D Fredholm linear integral equation of the 

second kind  

( , ) ( , ) ( , , , ) ( , )= + ∫ ∫
d b

c a

u x y f x y k x y z m u z m dzdmλ  (3.34) 

We use the method of iterated kernels to find the solution of eq.(3.34). 

This method starts by the zeroth approximation 0( , ) ( , )=u x y f x y  for the 

solution ),( yxu  in the integrals of eq.(3.34) to obtain the first approximation 

1( , ),u x y  

1( , ) ( , ) ( , , , ) ( , )= + ∫ ∫
d b

c a

u x y f x y k x y z m f z m dzdmλ  

1( , ) ( , )= +f x y x y sλϕ  (3.35) 

where: 

1( , ) ( , , , ) ( , )= ∫ ∫
d b

c a

x y k x y z m f z m dzdmϕ  (3.36) 

The function 1( , )u x y  defined in eq.(3.35) is substituted again in the integrals 

of eq.(3.34) to obtain the second approximation ).,(2 yxu  

2 1( , ) ( , ) ( , , , ) ( , )= + ∫ ∫
d b

c a

u x y f x y k x y z m u x y dzdmλ  

( , ) ( , , , ) ( , )= + +∫ ∫
d b

c a

f x y k x y z m f z mλ   

( , , , ) ( , )




∫ ∫
d b

c a

k z m s t f s t dsdt dzdmλ  
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( , ) ( , , , ) ( , )= + +∫∫
d b

c a

f x y k x y z m f z m dzdmλ   

2 ( , , , ) ( , , , ) ( , )
 
 
 

∫ ∫ ∫ ∫
d b d b

c a c a

k x y z m k z m s t dzdm f s t dsdtλ
 

2
1 2( , ) ( , ) ( , , , ) ( , )= + + ∫ ∫

d b

c a

f x y x y k x y s t f s t dsdtλϕ λ  (3.37) 

with  

2 1( , , , ) ( , , , ) ( , , , )= ∫ ∫
d b

c a

k x y s t k x y z m k z m s t dzdm  (3.38) 

and  

1( , , , ) ( , , , )=k z m s t k z m s t .  

If we define      

2 2( , ) ( , , , ) ( , )= ∫ ∫
d b

c a

x y k x y s t f s t dsdtϕ  

Then ),(2 yxu  in eq.(3.37) becomes 

2
2 1 2( ) ( ) ( ) ( )...= + +u x f x x xλϕ λ ϕ  

This second approximation is then substituted in eq.(3.34) and following the 

same steps as those used above to obtain ),(3 yxu  

2 3
3 1 2 3( , ) ( , ) ( , ) ( , ) ( , , , ) ( , )= + + + ∫ ∫

d b

c a

u x y f x y x y x y k x y s t f s t dsdtλϕ λ ϕ λ  

2 3
1 2 3( , ) ( , ) ( , ) ( , )= + + +f x y x y x y x yλϕ λ ϕ λ ϕ  (3.39) 

where 

3 2( , , , ) ( , , , ) ( , , , )= ∫ ∫
d b

c a

k x y s t k x y z m k z m s t dzdm  
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3 3( , ) ( , , , ) ( , )= ∫ ∫
d b

c a

x y k x y s t f s t dsdtϕ  

and 2( , , , )k z m s t  is given by eq.(3.38). If this process is continued n times, 

we obtain ( , )nu x y , the nth approximation for the solution of eq.(3.34) as  

2
1 2( , ) ( , ) ( , ) ( , ) ( , )= + + + +L

n
n nu x y f x y x y x y x yλϕ λ ϕ λ ϕ  

1

( , ) ( , )
=

= + ∑
n

i
i

i

f x y x yλ ϕ  (3.40) 

where  

( , ) ( , , , ) ( , )= ∫ ∫
d b

i i

c a

x y k x y s t f s t dsdtϕ  (3.41) 

and 

1( , , , ) ( , , , ) ( , , , ) , 2,3,...,−= =∫ ∫
d b

i i

c a

k x y s t k x y z m k z m s t dsdt i n  

 (3.42) 

( , )ik x y  is called the i-th iterate kernel. It remains to find under what 

condition the series give by eq.(3.40) converges to ( , )u x y ,   the solution of 

eq.(3.34). It turns out that the series give by eq.(3.40) converges for  1<Bλ ,  

where : 

1
2

2 ( , , , )
 

=  
 
∫ ∫ ∫ ∫
d b d b

c a c a

B k x y z m dz dm dx dy  

The convergent series  

1

( , ) ( , ) ( , )
∞

=

= +∑ i
i

i

u x y f x y x yλ ϕ  (3.43) 

is called the Neumann series. 
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To illustrate this approach, consider the following example.  

 

Example (3.6): 

Consider the 2-D Fredholm linear integral equation of the second kind 

1 1

0 0

1
( , ) 1 ( , )

2
+= + ∫ ∫

z mu x y x ye u z m dzdm  (3.44) 

We start by the zeroth approximation ( , ) ( , ) 1= =u x y f x y , then the first 

approximation 1( , )u x y is given by 

1 1

1

0 0

1
( , ) 1

2
+= + ∫ ∫

z mu x y x ye dz dm  

1 21
1 ( 1)

2
= + −x y e  

Here 1 2
1( , ) ( 1)= −x y e xyϕ . 

The second approximation 2( , )u x y is obtained form:-                       

1 1 1 11
1 22

2

0 0 0 0

1
( , ) 1 ( 1)

4
+ += + − + ∫ ∫ ∫ ∫

z m s tu x y e xy xye zme dzdmdsdtλ  

1 2 1 21 1
1 ( 1) ( 1)

2 4
= + − + −e x y x y e  

here 1 2
2( , ) ( 1)= −x y xy eϕ . 

It this process is continued n times, we obtain ( , )nu x y , the n-th 

approximation for the solution of eq.(3.41) 
 

( )1
2

1

( , ) 1 ( , )
=

= + ∑
in

n i
i

u x y x yϕ  

1 21 ( 1) .= + −e xy  

To arrive at the Neumann series solution given by eq.(3.43) for 

eq.(3.44) we must prepare  ( , , , )ik x y z m , the i-th iterated of the kernel  
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( , , , ) .+= z mk x y z m xye  Here we have 1( , , , ) ( , , , )= =k x y z m k x y z m  

+z mxye . For  i = 2 we obtain the second iterate 2( , , , ),k x y z m  

1 1

2

0 0

( , , , ) ( , , , ) ( , , , )= ∫ ∫k x y s t k x y z m k z m s t dzdm  

1 1

0 0

+ += ∫ ∫
z m s txye zme dzdm  

1 1

0 0

+ + += =∫ ∫
s t z m s txye zme dzdt xye  (3.45) 

Now, we use this result again in eq.(3.41) for  i = 3  to obtain  

1 1

3 2

0 0

( , , , ) ( , , , ) ( , , , )= ∫ ∫k x y s t k x y z m k z m s t dzdm  

1 1

0 0

+ + += =∫ ∫
z m s t s txye zme dsdt xye  (3.46) 

and it obvious from eq.(3.45)-(3.46) and eq.(3.41) that if these calculations 

are repeated, we obtain the general expression for the i-th iterate of the kernel 

as  

( , , , ) .+= s t
ik x y s t xye  

By substituting ( , , , )ik x y s t  in eq. (3.41) are can obtain  

1 1
1 2

0 0

( , ) ( 1) .+= = −∫ ∫
s t

i x y xye dsdt xy eϕ  

this is now substituted in the Neumann series given by eq.(3.43) to obtain the 

final solution of eq.(3.44): 

1

( , ) 1 ( , )
∞

=

= +∑ i
i

i

u x y x yλ ϕ  

1 2

1

1
1 ( 1)

2

∞

=

 = + − 
 

∑
i

i

xy e  1 21 ( 1)= + −xy e . 
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Not that  

1 1 1 1
2 2 2 2

0 0 0 0

+= ∫ ∫ ∫ ∫
z mB x y e dzdmdxdy   

2 21
( 1)

36
= −e . 

and  
1

,
2

=λ  so 2 21
( 1) 0.567 1.

72
= − = <B eλ  

 

Remark (3.3): 

The method of iterated kernels can be also used to solve the multi-

dimensional Fredholm linear integral equation of the second kind given by 

eq.(3.16). In this case the solution of eq.(3.16) takes the form  

1 2 1 2 1 2
1

( , ,..., ) ( , ,..., ) ( , ,..., )
∞

=

= +∑ i
m m i m

i

u x x x f x x x x x xλ ϕ  

where 

1 1

1 1

1 1 1 1 1( ,..., ) ... ( ,..., , ,..., ) ( ,..., ) ...
−

−

= ∫ ∫ ∫
m m

m m

i m i m m m mx x k x x z z f z z dz dz
β β β

α α α
ϕ

 

1 2 1 2( , ,..., , , ,..., )=i m mk x x x z z z  

1 1

1 1

1 1 1 1 1 1... ( ,..., , ,..., ) ( ,..., , ,..., ) ...
−

−

−∫ ∫ ∫
m m

m m

i m m i m m mk x x s s k s s z z ds ds
β β β

α α α
 

and 

1 2 1 2 1 2 1 2( , ,..., , , ,..., ) ( , ,..., , , ,..., )=i m m m mk x x x z z z k x x x z z z . 
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3.2.3 The Method of Fredholm Resolvent Kernel:  

It is Known that, the method of Fredholm resolvent kernel can be used 

to solve the 1-D Fredholm linear integral equation of the second kind, [Jerri 

A., 1985]. In this section, we modify it to be a method for solving the 2-D and 

hence the m-D Fredholm linear integral equation of the second kind. To do 

this, consider the 2-D Fredholm linear integral equation given by eq.(3.34). 

The solution of the integral equation may often appear as an integral  

( , ) ( , ) ( , , , ; ) ( , )= + Γ∫ ∫
d b

c a

u x y f x y x y z m f z m dzdmλ λ  

where                    

( , , , ; )
( , , , ; )

( )
Γ = D x y z m

x y z m
D

λλ
λ

, ( ) 0≠D λ                

where ( , , , ; ), ( , , , ; )Γ x y z m D x y z mλ λ  and ( )D λ  are called the Fredholm 

resolvent  kernel of eq.(3.34), the Fredholm minor and the Fredholm 

determinant, respectively. The function ( , , , ; )D x y z m λ is defined as: 

1

( )
( , , , ; ) ( , , , ) ( , , , )

!

∞

=

−= +∑
n

n
n

D x y z m k x y z m B x y z m
n

λλ  

where  

1( , , , ) ( , , , ) ( , , , ) ( , , , )−= − ∫∫
d b

n n n

c a

B x y z m C k x y z m n k x y s t B s t z m dsdt ,  

( , , , ) ( , , , )=oB x y z m k x y z m  

where  

1( , , , )−= ∫ ∫
d b

n n

c a

C B z m z m dzdmλ , 1,2,...=n , 1=oC  

and )(λD is defined as 

0

( )
( )

!

∞

=

−=∑
n

n
n

D C
n

λλ ,  1=oC . 
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To illustrate this approach consider the following example. 

 

Example (3.7): 

Consider example (3.6) according to eq.(3.34). We use the method of 

Fredholm resolvent kernel to solve this example. Therefore the solution of 

this example takes the form   

1 1

1
2

0 0

1
( , ) 1 ( , , , ; )

2
= + Γ∫ ∫u x y x y z m dzdm   

To evaluate the resolvent kernel 1
2( , , , ; )Γ x y z m we must find the 

functions ( , , , ; )D x y z m λ  and ( ).D λ  For this purpose, we must find the 

functions );,,,( λmzyxD  and ).(λD  For this purpose, we must find 

),,,( mzyxBn  and .nC  Here: 

( , , , ) ( , , , ) , 1+= = =z m
o oB x y z m k x y z m xye C  

1 1

1 0

0 0

( , , , )= ∫ ∫C B z m z m dzdm  

1 1

0 0

1+= =∫ ∫
z mxzme dzdm . 

For  2C  we need ),,,(1 mzmzB which can evaluated below: 

1 1

1 1 0

0 0

( , , , ) ( , , , ) ( , , , ) ( , , , )= − ∫ ∫B x y z m C k x y z m k x y s t B s t z m dsdt    

1 1

0 0

+ + += − ∫ ∫
z m s t z mxye xye ste dsdt   

0+ += − =z m z yxye xye  

Therefore  
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1 1

2 1

0 0

( , , , )= ∫ ∫C B z m z m dzdm .0=  

and 

1 1

2 2 1

0 0

( , , , ) ( , , , ) ( , , , ) ( , , , )= − ∫ ∫B x y z m C k x y z m k x y s t B s t z m dsdt  

Thus 

0, 2,3,...= =nC n  

and 

0, 1,2,...= =nB n  

Hence: 

( ) ( )1
2

0

1
2 !

∞

=

− = = 
 

∑
n

n
n

D D C
n

λ  

0

1

1 1
2 2
− −   = +   
   

oC C  

1
1

2
= −  

1
2

= 0≠ . 

and 

1
2( , , , ; ) += z mD x y z m xye  

Therefore     

1
2

1
( , , , ; )

2( , , , ; ) 2
1
2

+Γ = =
 
 
 

z m
D x y z m

x y z m xye
D

 

and the solution of this example is: 
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1 1

0 0

1
( , ) 1 ( , , , ; )

2
= + Γ∫ ∫u x y x y z m dzdmλ  

1 1

0 0

1 += + ∫ ∫
z mxye dzdm  

1 21 ( 1)= + −xy e . 

 

Remark (3.4): 

The method of Fredholm resolvent kernel can be also used to solve the 

m-D Fredholm linear integral equation of the second kind given by eq.(3.16). 

In this case, the solution of eq.(3.16) takes the form 

1 2 1 2( , ,... ) ( , ,... )= +m mu x x x f x x x  

1 1

1 1

1 1 1 1... ( ,..., , ,..., ; ) ( ,..., ) ...
−

−

Γ∫ ∫ ∫
m m

m m

m m m mx x z z f z z dz dz
β β β

α α α
λ λ  

where 

1 1
1 1

( ,..., , ,..., ; )
( ,..., , ,..., ; ) , ( ) 0

( )
Γ = ≠m m

m m
D x x z z

x x z z D
D

λλ λ
λ

 

1 2 1 2 1 2 1 2( , ,..., , , ,..., ; ) ( , ,..., , , ,..., )= +m m m mD x x x z z z k x x x z z zλ  

1 2 1 2
1

( )
( , ,..., , , ,..., ),

!

∞

=

−
∑

n

n m m
n

B x x x z z z
n

λ
 

1 2 1 2 1 2 1 2( , ,..., , , ,..., ) ( , ,..., , , ,..., )= −n m m n m mB x x x z z z c k x x x z z z  

1 1

1 1

1 1 1 1 1 1... ( ,..., , ,..., ) ( ,..., , ,..., ) ... ,
−

−

−∫ ∫ ∫
m m

m m

m m n m m mn k x x s s B s s z z ds ds
β β β

α α α  
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1 1

1 1

1 1 1 1... ( ,..., , ,..., ) ... , 1,..., , 1
−

−

−= = =∫ ∫ ∫
m m

m m

n n m m m oC B z z z z dz dz n n C
β β β

α α α

 

and ( )D λ  is defined as:  

0
0

( )
( ) , 1

! n
n

D C C
n

λλ
∞

=

−= =∑ , 0 1C = .   

 

3.3 Some Methods for Solving The Multi-Dimensional Volterra 

Linear Integral Equations: 

Recall that these are many methods for solving the 1-D volterra linear 

integral equations, like the Laplace transform method, the method of 

successive approximations and the resolvent kernel method, [Jerri A., 1985], 

the expansion methods, [Delves L. and Mohamed J., 1985], the quadrature 

methods, [Chambars L., 1976] and the variationl method, [Zaboon A., 1993] 

and etc. 

In this section, we generalize some of these methods like the resolvent 

kernel method and the method of successive approximations to solve the m-D 

volterra linear integral equation. 

 

3.3.1 The Resolvent Kernel Method : Neumann Series: 

It is known the resolvent kernel method is a method that can be used 

to solve the 1-D linear Volterra  integral equation of the first kind.  

Here, we use the same method to solve the 2-D linear Volterra integral 

equation of the second kind  

( , ) ( , ) ( , , , ) ( , )
y x

c a

u x y f x y k x y z m u z m dzdmλ= + ∫ ∫  (3.47) 
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The solution of the 2-D linear Volterra linear integral equation of the second 

kind may often appear as an integral  

( , ) ( , ) ( , , , ; ) ( , )
y x

c a

u x y f x y x y z m f z m dzdmλ λ= + Γ∫ ∫  (3.48) 

in terms of the given function ( , )f x y  where  );,,,( λmzyxΓ  is called the 

resolvent kernel of the integral equation given by eq.(3.47). 

When ),,,( mzyxk  and ),( yxf  in eq.(3.47) are both continuous, it is 

easy to construct the resolvent kernel );,,,( λmzyxΓ  for eq.(3.47) in terms of 

the following Neumann series : 

1
0

( , , , ; ) ( , , , )n
n

n

x y z m k x y z mλ λ
∞

+
=

Γ = ∑  (3.49) 

where 1( , , , )nk x y z m+ , the iterated kernel, is evaluated as follows: 

1( , , , ) ( , , , ) ( , , , )
y x

n n
m z

k x y z m k x y s t k s t z m dsdt+ = ∫ ∫  (3.50) 

and 

1( , , , ) ( , , , )k x y s t k x y s t=  

This is easily shown by assuming the following series form for the solution 

),( yxu : 

2
0 1 2( , ) ( , ) ( , ) ( , )= + + +Ku x y u x y u x y u x yλ λ  (3.51) 

and substituting it in eq.(3.47) to obtain  

2
0 1 2( , ) ( , ) ( , ) ( , )u x y u x y u x y f x yλ λ+ + + = +K    

0 1( , , , ) ( , ) ( , , , ) ( , )
y yx x

c a c a

k x y z m u z m dzdm k x y z m u z m dzdmλ λ+∫ ∫ ∫ ∫  

                           + 2 2( , , , ) ( , )
y x

c a

k x y z m u z m dzdmλ +∫ ∫ K (3.52) 
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Now, we equate the coefficients of each  λ  of the same power on both 

sides of eq.(3.52) to obtain  

0( , ) ( , )u x y f x y=  (3.53) 

1 0( , ) ( , , , ) ( , )
y x

c a

u x y k x y z m u z m dzdm= ∫ ∫  (3.54) 

2 1( , ) ( , , , ) ( , )
y x

c a

u x y k x y z m u z m dzdm= ∫ ∫  (3.55) 

                           M  

1( , ) ( , , , ) ( , )
y x

n n
c a

u x y k x y z m u z m dzdm−= ∫ ∫  

So if we substitute  0( , ) ( , )u x y f x y=  from eq.(3.53) in eq.(3.54), we get: 

1( , ) ( , , , ) ( , )
y x

c a

u x y k x y z m f z m dzdm= ∫ ∫  (3.56) 

then use this resulting value of  ),(1 yxu  in eq.(3.0) to get:   

      2( , ) ( , , , ) ( , , , ) ( , )
y yx x

c a c a

u x y k x y z m k z m s t f s t dsdt dzdm
 
 =
  

∫ ∫ ∫ ∫  (3.57) 

and interchange the integral in eq.(3.57) to obtain  

      2( , ) ( , ) ( , , , ) ( , , , )
y yx x

c a t s

u x y f x y k x y z m k z m s t dzdm dsdt
 
 = +
  

∫ ∫ ∫ ∫  (3.58) 

That is: 

2 2( , ) ( , ) ( , , , )
y x

c a

u x y f s t k x y s t dsdt= ∫ ∫  (3.59) 
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Just as the function ),,,( mzyxk  in eq.(3.54) is taken as 1( , , , )k x y z m  to give 

1( , )u x y , the inside integrals in eq.(3.58) defines 2( , , , )k x y s t , the iterated 

kernel, to give ),,(2 yxu  

2( , , , ) ( , , , ) ( , , , )
y x

t s

k x y s t k x y z m k z m s t dzdm= ∫ ∫  

1( , , , ) ( , , , )
y x

t s

k x y z m k z m s t dzdm= ∫ ∫  (3.60) 

since 1( , , , ) ( , , , )k z m s t k z m s t= . 

 In general, following the same steps, we can derive the general term 

for the iterated kernel, 

1 1( , , , ) ( , , , ) ( , , , )
y x

n n
t s

k x y s t k x y z m k z m s t dzdm+ −= ∫ ∫  (3.61) 

The final solution given by eq.(3.48) is then obtained from ( , )u x y  

given by eq.(3.51) with 0( , ) ( , )u x y f x y=  as in eq.(3.53), ),(1 yxu as in 

eq.(3.54), 2( , )u x y  as in eq.(3.55), and so on. 

To illustrate this method, consider the following example.  

 

Example (3.8): 

Consider the 2-D volterra linear integral equation of the second kind 

0 0

( , ) ( , ) ( , )
y x

x y z mu x y f x y e u z m dzdmλ + − −= + ∫ ∫  (3.62) 

Here we have  

1( , , , ) ( , , , ) x y s tk x y s t k x y s t e + − −= =  (3.63) 
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So, if we use  ( , , , ) x y z mk x y z m e + − −=  and 1( , , , ) ( , , , )k z m s t k z m s t= =  

z m s te + − −  in eq.(3.60), we obtain:  

2 1( , , , ) ( , , , ) ( , , , )
y x

t s

k x y s t k x y z m k z m s t dzdm= ∫ ∫  

y x
x y z m z m s t

t s

e e dzdm+ − − + − −= ∫ ∫  

y x
x y s t

t s

e dzdm+ − −= ∫ ∫ ( )( ) x y s tx s y t e + − −= − − (3.64) 

From eq.(3.61) with n = 2, we have: 

3 2( , , , ) ( , , , ) ( , , , )
y x

t s

k x y s t k x y z m k z m s t dzdm= ∫ ∫  

( )( )
y x

x x z m z m s t

t s

e z s m t e dzdm+ − − + − −= − −∫ ∫  

( )( )
y x

x y s t

t s

e z s m t dzdm+ − −= − −∫ ∫  

2 2

2 2

yx
x y s t

s t

z m
e s z t m+ − −    

= − −      
   

  

tsyxe
tysx −−+−−=

2

)(

2

)( 22

 (3.65) 

Similarly, from eq.(3.61) with n = 3, we have 

4 3( , , , ) ( , , , ) ( , , , )
y x

t s

k x y s t k x y z m k z m s t dzdm= ∫ ∫  

2 2( ) ( )

2 2

y x
x y z m z m s t

t s

z s m t
e e dzdm+ − − + − −− −= ∫ ∫  
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3 3

4
( ) ( )

( , , , )
3 3

yx
x y s t

s t

z s m t
k x y s t e + − − − −=  

3 3( ) ( )

6 6

x y s t
x s y t

e

+ − −
− −=  (3.66) 

These calculations can be continued to find that  

1 2
( ) ( )

( , , , )
( !)

n n
x y s t

n
x s y t

k x y s t e
n

+ − −
+

− −=  (3.67) 

Hence from eq.(3.49) and (3.67), the resolvent kernel for eq.(3.62) is  

2
1 2 3

1

( , , , ; ) ( , , , ) ( , , , ) ( , , , )

( , , , )n
n

x y s t k x y s t k x y s t k x y s t

k x y s t

λ λ λ

λ +

Γ = + + + +K

 

2 2
2

3 3
3

2

( )( )

( ) ( )

2

( ) ( )

3

( ) ( )

( !)

x y s t x y s t

x y s t

x y s t

n n
n x y s t

e x s y t e

x s y t
e

x s y t
e

x s y t
e

n

λ

λ

λ

λ

+ − − + − −

+ − −

+ − −

+ − −

= + − − +

− − +

− − + +

− − +

K

K

 

2
1

( ) ( )

( !)

n n
x y s t

n

x s y t
e

n

∞
+ − −

=

− −= ∑  (3.68) 

So from eq.(3.48) and the resolvent kernel given by eq.(3.68), the solution of 

the integral equation given by eq.(3.62) is 

      
2

10 0

( ) ( )
( , ) ( , ) ( , )

( !)

y x n n
x y s t

n

x s y t
u x y f x y e f s t dsdt

n

∞
+ − −

=

− −= + ∑∫ ∫  (3.69) 
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Remark (3.5): 

It is not often that the series representation of ( , , , ; )x y z m λΓ  will 

converge to an expression in closed form (see example (3.7)). In this case, we 

may have to evaluate numerically a finite number of terms of the Neumann 

series gives by eq.(3.49) which gives only an approximation of the resolvent 

kernel ( , , , ; )x y z m λΓ . 

 

Remark (3.6): 

The resolvent kernels method can be also used to solve the m-D 

volterra linear integral equation of the second kind given by eq.(1.4).   

In this case, the solution of eq.(1.4) takes the form 

1 2 1 2( , ,..., ) ( , ,..., )m mu x x x f x x x= +  

1 1

1 1

1 1 1 1... ( ,..., , ,..., ; ) ( ,..., ) ...
m m

m m

x x x

m m m mx x z z f z z dz dz
α α α

λ λ
−

−

Γ∫ ∫ ∫  

where  

1 1 1 1 1
0

( ,..., , ,..., ) ( ,..., , ,..., )n
m m n m m

n

x x z z k x x z zλ
∞

+
=

Γ = ∑  

=+ ),...,,,,...,,( 21211 mmn zzzxxxk  

1 1

1 1

1 1 1 1 1... ( ,..., , ,..., ) ( ,..., , ,..., ) ...
m m

m m

x x x

m m n m m m
z z z

k x x s s k s s z z ds ds
−

−
∫ ∫ ∫  

and 

1 1 2 1 2 1 2 1 2( , ,..., , , ,..., ) ( , ,..., , , ,..., ).m m m mk x x x s s s k x x x s s s=  
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3.3.2 The Method of Successive Approximations: 

This method can be used to solve the 1-D Volterra linear integral 

equations of the second kind, [Jerri J., 1985].  

Here, we use this method to solve the 2-D Volterra linear integral 

equation of the second kind given by eq.(3.47). 

This method starts with substituting a zeroth approximation ),( yxuo  

in the integral (of eq.(3.47) with λ = 1) to obtain a first approximation 

),(1 yxu , 

1 0( , ) ( , ) ( , , , ) ( , )
y x

c a

u x y f x y k x y z m u z m dzdmλ= + ∫ ∫  (3.70)  

Then ),(1 yxu  is substituted again in the integral of eq.(3.47) to obtain a 

second approximation ),(2 yxu ,  

2 1( , ) ( , ) ( , , , ) ( , )
y x

c a

u x y f x y k x y z m u z m dzdmλ= + ∫ ∫  

This process can be continued to obtain the nth approximation,  

1( , ) ( , ) ( , , , ) ( , )
y x

n n
c a

u x y f x y k x y z m u z m dzdmλ −= + ∫ ∫  (3.71) 

Notice that if ),( yxf  is continuous for a x b≤ ≤ , c y d≤ ≤  and if 

( , , , )k x y z m  is also continuous for ,bxa ≤≤  dyc ≤≤  and  ,a z b≤ ≤  

c m d≤ ≤ , then it can be proved that the sequence  ),( yxun  will converge to 

the solution ( , )u x y  of eq.(3.47). 

To illustrate this method, consider the following example.  
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Example (3.9): 

Consider the 2-D Volterra integral equation of the second kind  

0 0

( , ) ( ) ( , )
y x

u x y x y x m u z m dzdm= + ∫ ∫  (3.72) 

we may first remark here that is always an advantage in making a reasonable 

zeroth approximation, a matter that becomes clearer after solving a number of 

problems. 

We start with 0( , ) 0u x t =  in the above integral equation to obtain 

),(1 yxu  according to eq.(3.70)  

1( , )u x y x y=  (3.73) 

so if we let  ),(),( 1 yxuyxu =  in eq.(3.70)  we obtain 

2 1
0 0

( , ) ( ) ( , )
y x

u x y x y x m u z m dzdm= − ∫ ∫  

0 0

( )( )
y x

x y x m z m dzdm= − ∫ ∫  

3 31
.

6
x y x y= −  (3.74) 

Now, 

3 2
0 0

( , ) ( ) ( ) ( , )
y x

u x y x y x m u z m dzdx= − ∫ ∫  

3 3
3

0 0

1
( , ) ( )

6

y x

u x y x y x m z m z m dzdm = − − 
 

∫ ∫          
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3 3 5 51 1

6 120
x y x y x y= − +  

3 3 51 1
.

3! 5!
x y x y x y= − +  (3.75) 

From eq.(3.73), eq.(3.74) and eq.(3.75) it looks clear now that if we continue 

this process, we obtain the nth approximation  ( , )nu x y  as 

2 1
3 3 5 51 1 ( )

( , ) ( 1)
3! 5! (2 1)!

n
n

n
x y

u x y x y x y x y
n

+
= − + − + −

+
L  (7.76) 

which is obviously the nth partial sum of Maclaurian series of )sin(xy . Hence 

the solution to eq.(3.72) is  

( , ) lim ( , ) sin( ).n
n

u x y u x y xy
→∞

= =  (3.77) 

 

Remark (3.7): 

Recall that the 2-D Volterra integral equation of the first kind takes 

the form  

( , ) ( , , , ) ( , )
y x

c a

f x y k x y z m u z m dzdmλ= ∫ ∫  (3.78) 

which can be reduced to the 2-D Volterra integral equation of the second kind 

when ( , , , ) 0k x y x y ≠  since if we differentiate both side of eq. (3.78) with 

respect to y and with respect to x we can obtain: 

2 2( , ) ( , , , )
( , ) ( , , , ) ( , )

y x

c a

f x y k x y z m
u z m dzdm k x y x y u x y

y x y x
λ λ∂ ∂= +

∂ ∂ ∂ ∂∫ ∫  

This can easily be rewritten 

∫ ∫ ∂∂
∂−

∂∂
∂=

y

c

x

a

dzdmyxu
xy

mzyxk

yxyxkxy

yxf

yxyxk
yxu ),(

),,,(

),,,(

1),(

),,,(

1
),(

22

λλ
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As a 2-D Volterra integral equation of the second kind. So when 

0),,,( ≠yxyxk  in eq.(3.78) we can reduce it to a 2-D Volterra integral 

equation of the second kind which can be solved by one of the methods that 

discussed previously. 

Next, the following example is very useful to understand the above 

study 

 

Example (3.10): 

Consider the 2-D Volterra linear integral equation of the first kind 

2( 1) 1 ( 1) 2( 1)

1 1

( )( ) ( 1)( 1) ( , )
y x

x x y y xz yme e e e x y e u z m dzdm+ + − + − + −− − = + +∫ ∫  

here ( , , , ) ( 1)( 1)xz ymk x y z m x y e −= + + , thus:  

0)1)(1(),,,(
22

≠++= + yxeyxyxyxk  ,  Dyx ∈∀ ),(  

where { }( , ) 1 , 2D x y x y= ≤ ≤ . Also  

2( 1) 1 ( 1) 2( 1)( , ) ( )( )x x y yf x y e e e e+ + − + − += − −  

Hence: 

2
2( 1) 1 ( 1) ( 1)( , )

(2 )( 2 )x x y yf x y
e e e e

y x
+ + − + − +∂ = − −

∂ ∂
. 

Moreover:  

2 ( , , , )
(1 ( 1)(1 ( 1)) ( 1)) xz ymk x y z m

m y z x z x e
y x

−∂ = − + − + + +
∂ ∂

 

Therefore, eq.(3.78) reduces to the following 2-D Volterra integral equation 

of the second kind 
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2( 1) 1 2( 1) ( 1)1
( , ) (2 )( )

( 1)( 1)
x x y y

xz ym
u x y e e e e

x y e
+ + − + − +

−= − − −
+ +

 

1 1

1
(1 ( 1)( 2) ( 1) ) ( , )

( 1)( 1)

y x
xz ym

xz ym
m y x x z e u z m dzdm

x y e
+

− − + + + +
+ +∫ ∫  

then which can be solved by any one of the previous methods.  



 ١١٠ 

Conclusion and Recommendations 
 

From the present study, we can conclude the following: 

1. The classification of the 1-D integral and integro-differential equations 

can be extended to include the m-D integral and integro- differential 

equations. 

2. The multi-dimensional integro-differential equations can be also regarded 

as partial integro-differential equations. 

3. In most cases, the multi-dimensional integral and integro-differential 

equations and the partial integro- differential equations, are so difficult to 

be solved analytically. 

4. Some of the existence and uniqueness theorems of the 1-D integral 

equations can be extended to include the m-D integral equations. 

5. Some of the methods, say the degenerate Kernel method, the method of 

iterated kernels and the method of Fredholm resolvent kernel are 

extended to solve special types of the m-D linear integral equations. 

For future work, the following problems could be recommended:  

1. Modify the quadrature methods to solve the multi-dimensional integral 

equations. 

2. Generalize the Laplace transform method to solve the multi-dimensional 

Volterra linear integral equations. 

3. Solve real life applications in which its mathematical modeling can be 

represented as m-D integral equations. 

4. The study of the m-D non-linear integral equations to include the m-D 

non-linear integro-differential equations. 

5. Devote the study of the system of the non-linear m-D integral equations. 
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 I 

Introduction 
 

The integral equations arise quite frequently as mathematical models 

in diverse disciplines. The origins of the study of the integral equations may 

be traced to the work of Abel, Lotka, Fredholm, Malthas, Verhulst and 

Volterra on problems in mechanics, mathematical biology and economics, 

[Lakshmikantham V. and Rama M., 1995]. 

The one-dimensional integral equations are one of the important 

classes of the integral equations that has many real life applications, say in 

population dynamics, the surge in birth rates, the mortality of equipment and 

the rate of replacement, biological species living together, the torsion of a 

wire or rod, the control of a rotating shaft, the propagation of a nerve impulse, 

the smoke filtration in a cigarette, the chance of crossing dense traffic, the 

shape of a hanging chain, the deflection of a rotating rod, and the shape of a 

wire that allows a bead to descend on it in a predetermined time, [Jerri A., 

1985]. 

Many researchers and authors studies the one-dimensional integral 

equations say [Hochstadt H., 1973], [Delves L. and Walsh J., 1974], 

[Chambers L., 1976], [Delves L. and Mohamed J., 1985], [Jerri J., 1985], 

[Corduneanu C., 1991] [Atkinson K., 1997]. Moreover, [Najieb, S., 2002] 

studied the one-dimensional fuzzy integral equations, [Mustafa M., 2004] 

devoted the numerical solutions for system of the one-dimensional integral 

equations, [Al-Shakry A., 2001] descried the one-dimensional delay integral 

equations with their solutions, [Al-Shather, A., 2003] introduced some 

approximate solutions for solving the one-dimensional fractional integral 

equations with or without delay, [Abdul-Jabbar, R., 2005] presented the 
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inverse problem for the one-dimensional fractional integral equations, [Al-

Shather, A.,1999] studied the one-dimensional singular integral equations. 

The one-dimensional integral equations play an important role in the 

mathematical modeling of many physical problems, biological phenomena 

and engineering scions, [Belotscrkovsky S. and Lifanov I, 1985] and 

[Anfinogenov A., 2000]. 

Many researches studied the two-dimensional integral equations, say 

[David K., 1999] gave some analytically methods for solving the multi-

dimensional integral equations, [Hasson H., 2005] devoted the variational 

technique for solving the two-dimensional linear integral equations and [Al-

Bayati, B., 2005] used the expansion methods for solving the two-

dimensional delay integral equations. 

The main purpose of this work is to extend the study of the one-

dimensional integral equations to include the multi-dimensional integral 

equations. This study include, the classification of the multi-dimensional 

integral equations, the relation between the partial differential equations and 

the multi-dimensional integral equations, the existence and uniqueness 

theorems for the solutions of the multi-dimensional integral equations and 

some methods for solving them. 

This thesis consists of three chapters. 

In chapter one, we extend the classification of the one-dimensional 

integral and integro-differential equations to be valid for the multi-

dimensional integral and integro-differential equations. Also, the relation 

among some special types of the partial differential equations with the multi-

dimensional integral equations is discussed. Moreover, some basic concepts 

for the partial integro-differential equations is introduced. In chapter two, we 

generalize some existence and uniqueness theorems for the solution of special 



Introduction 

 III 

types of the multi-dimensional linear and non-linear integral equations (to the 

best of our knowledge, all theorems appeared in this chapter seems to be 

new). 

In chapter three, we modify some methods that used to solve the one-

dimensional linear integral equations to solve the multi-dimensional linear 

integral equations. These methods are the degenerate kernel method, the 

method of iterated kernels, the method of Fredholm resolvent kernel for 

solving the multi-dimensional Fredholm linear integral equations and the 

resolvent kernel method: Neumann series and the method of successive 

approximation for solving the multi-dimensional Volterra linear integral 

equations.   
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Abstract  
 

The main aim of this work is to generalize the study of the 

one-dimensional integral equations to include the multi-

dimensional integral equations.  

This study includes the classification of the multi-

dimensional integral and integro-differential equations. 

Also, some extended theorems for the existence and 

uniqueness of solution for the multi-dimensional integral 

equations are given. 

Moreover, some generalized methods are used to solve the 

multi-dimensional integral equations, with some illustrative 

examples. 
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