A bstract 5

The main purpose of this work is to study the numerical solutions
for specia types of the fractional differential equations via the finite
difference methods with their stability. This study includes the

following aspects:

1. Give some definitions of the fractional order ordinary derivatives

with their generalization for the partia ones.

2. Study the existence of the solutions and extermal solutions for

special types of the fractional order ordinary differential equations.

3. Use the explicit and the implicit finite difference methods with a
study of their stability to solve specia types of the one-sided and
two-sided fractional order ordinary and partia differential

eguations.
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Appendix
Computer Programs

Program (2.1):

(05) (o e )2 2667 15 s
y T (x) = xy (x) + F(O.S)X x>,
together with initial condition
y(0) =0
We use the explicit finite difference method to solve this example.
First, we construct the exact solution of this example

X 3
2 —_
1
__ = A Y 4y - 15045055561273500986 [k
MN(1-05) dx (X — y)0-5
0
2.667
——— = 1505
r(1-05)
3
2.667
LY = —20 P
r(1-05)
c(X) :=x
2
y(X) =X
3
L(¥) - c(x) Ty (¥)? - 1.5046936193218660173 [X° — X°
3
2.667 2
S(X) == ————— X% - X
r(1-05)
n:=2 L:=0 R:=1
R-L
H o= ( )
n
1:=0..n
Xp:=L+ilh
a:=05
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1
o(k) = p«-k—nkﬁl

for i00..(k-1)

p pHa-i
1=1.2
g = g(i)
=
Up =
i=0.n-1
i+1 )
U1 =1 o LUj—+1 +h® E[c(xi) E(ui) +s(xi)]
I=1
0
u= 0
0.3%4
1:=0..2
2
ug; := ()
0
ue=| 0.25
1
e lalalalnlnl
n:=10 L=0 R:=1
N GES
n
1:=0..n
Xp:=L+ilh
a:=05
_ k1
o(k) = pe[en-ﬁ}
for i00..(k—-1)
p pHa-i
i:=1..10
g = g(i)
i:=0C
up:=0
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1'=0.n-1
i+1 )
(o
1= -10'Y 0l |+ H ofx) ou)? +(x)]
=1
1:=0..1C
2
ueg = (Xi)
0 0
0 0 o| o
1 0 1 |0.01
2 |0ms 2 |0.04
3| 005 3 |0.09
u=|4]o10s ue = |4 [018
5 |0.178 5 |0.25
6 | 0.269 6 |0.36
7 |0.378 7 0.9
8 [0.495 g [0.64
g |0.621 3 |0.81
10| 0.744 10 1
n:=10C L:=0C
i:=0..100
R:==1
R-L
h:= ( )
n
1:=0..n
Xp:=L+ilh
a:=05
- NG
9(k) = |p - [( 1) F}
for i00..(k-1)
p — pa-i)
i:=1..100
G == 9(i)
I:=C
up:=0
1:=0.n-1
i+1 )
a
U1 = -1 Z g Wi-l+1 [+ h E[c(xi) E(ui) +s(xi)]

=1
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i:=0..100
ueg = (Xi)2

ue=

0

1.00E-04

4.00E-04

9.00E-04

1.60E-03

2.50E-03

3.60E-03

4.90E-03

6.40E-03

8.10E-03

0.01

0.0121

0.0144

0.0169

0.0196

0.0225

0.0256

0.0289

0.0324

0.0361

0.04

0.0441

0.0484

0.0529

0.0576

0.0625

0.0676

0.0729

0.0784

0.0841

0.09

0.0961

0.1024

0.1089

0.1156

0.1225

0.1296

0.1369

0.1444

0.1521

0.16

0.1681

0.1764

0.1849

0

0

1.51E-04

5.01E-04

1.05E-03

1.80E-03

2.75E-03

3.90E-03

5.25E-03

6.80E-03

8.55E-03

0.011

0.013

0.015

0.018

0.02

0.023

0.026

0.03

0.033

0.037

0.041

0.045

0.049

0.04

0.059

0.064

0.069

0.074

0.08

0.086

0.091

0.098

0.104

011

0.117

0.124

0.131

0.139

0.146

0.1%4

0.162

0.17

0.178
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0.1936

0.2025

0.2116

0.2209

0.2304

0.2401

0.25

0.2601

0.2704

0.2809

0.2916

0.3025

0.3136

0.3249

0.3364

0.3481

0.36

0.3721

0.3844

0.3969

0.4096

0.4225

0.4356

0.4489

0.4624

0.4761

0.49

0.5041

0.5184

0.5329

0.5476

0.5625

0.5776

0.5929

0.6084

0.6241

0.64

0.6561

0.6724

0.6889

0.7056

0.7225

0.7396

0.7569

0.7744

0.7921

0.81

0.187

0.195

0.204

0.213

0.223

0.232

0.242

0.252

0.262

0.272

0.283

0.293

0.304

0.315

0.327

0.338

0.35

0.362

0.374

0.386

0.398

0.411

0.424

0.436

0.45

0.463

0.477

0.49

0.504

0.518

0.532

0.547

0.561

0.576

0.591

0.606

0.622

0.637

0.653

0.669

0.684

0.701

0.717

0.733

0.75

0.766

0.783
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0.8281
0.8464
0.8649
0.8836
0.9025
0.9216
0.9409
0.9604
0.9801
1
R-L
n:=17C R:=1 h::u
n
I:=0..n
Xp:=L+ilh
a:=05
" k1
g(k) = |p - [( 1) F}
for i00..(k—-1)
p < pa-i)
i:=1..170
g = 9(i)
i:=0C
up:=0
i:=0..n-1
i+1 ,
— (o
wr= 10y Qi |+ De(x) u)’ + s(x)
=1
I :=0..170
2
UQ = (Xi)
0 0
3.46E-05 0
1.38E-04 5.21E-05
3.11E-04 1.73E-04
5.54E-04 3.64E-04
_ [8.65E-04 [ 6.23E-04
Ue= 1125603 U= " 952E-04
1.70E-03 1.35E-03
2.21E-03 1.82E-03
2.80E-03 2.35E-03
3.46E-03 2.96E-03
4.19E-03 3.63E-03

0.8

0.817

0.834

0.852

0.869

0.886

0.904

0.921

0.939

0.957
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4.98E-03

5.85E-03

4.38E-03

6.78E-03

5.19E-03

7.79E-03

6.07E-03

8.86E-03

7.03E-03

0.01

8.05E-03

0.011211

9.14E-03

0.012491

0.01

0.013841

0.012

0.01526

0.013

0.016747

0.014

0.018305

0.016

0.019931

0.017

0.021626

0.019

0.023391

0.02

0.025225

0.022

0.027128

0.024

0.0291

0.026

0.031142

0.028

0.033253

0.03

0.035433

0.032

0.037682

0.034

0.04

0.036

0.042388

0.038

0.044844

0.041

0.04737

0.043

0.049965

0.045

0.05263

0.048

0.055363

0.051

0.058166

0.053

0.061038

0.056

0.063979

0.059

0.06699

0.062

0.070069

0.065

0.073218

0.068

0.076436

0.071

0.079723

0.074

0.08308

0.077

0.086505

0.081

0.09

0.084

0.093564

0.087

0.097197

0.091

0.1009

0.094

0.104671

0.098

0.108512

0.102

0.112422

0.106

0.116401

0.109

0.113
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0.12045

0.124567

0.117

0.128754

0.121

0.13301

0.126

0.137336

0.13

0.14173

0.134

0.146194

0.138

0.150727

0.143

0.155329

0.147

0.16

0.152

0.16474

0.156

0.16955

0.161

0.174429

0.166

0.179377

0.171

0.184394

0.176

0.189481

0.18

0.194637

0.185

0.199862

0.191

0.205156

0.196

0.210519

0.201

0.215952

0.206

0.221453

0.212

0.227024

0.217

0.232664

0.223

0.238374

0.228

0.244152

0.234

0.25

0.24

0.255917

0.245

0.261903

0.251

0.267958

0.257

0.274083

0.263

0.280277

0.269

0.28654

0.275

0.292872

0.281

0.299273

0.288

0.305744

0.294

0.312284

0.3

0.318893

0.307

0.325571

0.313

0.332318

0.32

0.339135

0.327

0.346021

0.333

0.352976

0.34

0.36

0.347

0.367093

0.3%4

0.374256

0.361

0.381488

0.368

0.375
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0.388789

0.396159

0.382

0.403599

0.39

0.411107

0.397

0.418685

0.404

0.426332

0.412

0.434048

0.419

0.441834

0.427

0.449689

0.435

0.457612

0.442

0.465606

0.45

0.473668

0.458

0.481799

0.466

0.49

0.474

0.49827

0.482

0.506609

0.49

0.515017

0.498

0.523495

0.507

0.532042

0.515

0.540657

0.523

0.549343

0.532

0.558097

0.54

0.56692

0.549

0.575813

0.558

0.584775

0.566

0.593806

0.575

0.602907

0.584

0.612076

0.593

0.621315

0.602

0.630623

0.611

0.64

0.62

0.649446

0.629

0.658962

0.638

0.668547

0.648

0.678201

0.657

0.687924

0.666

0.697716

0.676

0.707578

0.685

0.717509

0.695

0.727509

0.705

0.737578

0.714

0.747716

0.724

0.757924

0.734

0.768201

0.744

0.778547

0.7%4

0.788962

0.764

0.799446

0.774

0.784
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n:=200 R:=1 h:=

i:=0..n

Xp:=L+ilh

a:=05

— k1

9(k) = |p - [( 1) ﬂ
for i00..(k—-1)
p pHa-i

i:=1..170

g = g(i)

i:=0

up:=0

i:=0..169

b1 =10 Y a e |+ 0 o) cfu)? + s(x)

1:=0..170
ue .= (Xi)2

i+1

=1

0.81 0.794
0.820623 0.804
0.831315 0.814
0.842076 0.825
0.852907 0.835
0.863806 0.845
0.874775 0.856
0.885813 0.866

0.89692 0.877
0.908097 0.888
0.919343 0.898
0.930657 0.909
0.942042 0.919
0.953495 0.93
0.965017 0.941
0.976609 0.952

0.98827 0.963

1 0.973
(R-1)
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Program (3.1.2)

ou _ 0%

n - ax?

- xe ™ sin(TX) + Tx sin(TX) — 21cos(TX)
u(x,0) =xsin(nx) for0<x<1

u(0,t)=0 forO0<st<1
uLt)=0forO0<t<l

This example has the exact solution

"rgin(1 ) 0

u(x,t) ;= e
c(x,t) = "
s(x,t) .= -T [éxp(—n Et) ESin(n D() [k - exp(n Et) [(—exp(—n Et) O

sin(rt 0%) O7° 0k + 2 Cexp(=mr ) Ceos(m ) [n)
We use the explicit finite difference method to solve this example.

1

> 4xmr3>S
IR i i
= = 0O N

B=2

a =0.022
1:=0..n
Xp:=L+ilh

] :=0..m
tj:=0+][Kk
1:=0..2

Ui 0= xiESin(an)
1:=0..2
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up,i:=C
] =0
i:=1.n-1
k
U j+1-= ? I:C(Xi ,tj) E[uiﬂ,j -2 [(ui'j) + ui—l,j:l + k D;(xi,tj) + Ui, j
0 0O O
u=| 05 0182 0
0 0O O
ji=1
i:=1.n-1

k
ui,j+1 = ? I:C(Xi ,tj) E[uiﬂ,j -2 [(ui'j) + ui—l,j:l + k [B(xi ,tj) + Ui,j

0 0 0
u=| 05 0182 -1.016
0 0 0
0
0

j:=0.2
1:=0..2
ug j = e_(n[ﬂ) Dsin(n D(i) [X
0 0 0
ue=| 0.5 0.10393979 0.02160696
0 0 0
n:=1C
m := 10
L:=C
R:=1
T:=1
R-L
L (R-L)
n
T
k:=—
m
k
B:==
h
1
a =
2"
B =10
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= (5, t) Quier,j = 20w j) + ui-a, ] + k0504, 4) +

.n-1

k
= (i, t) Duje,j = 20w j) + via, ] + k0506, 4) +ui |

.n-1

k
= e(x,t) Duje j = 20w j) + via, ] + k0504, 4) +ui |

.n-1

k
= (5, t) Quier,j = 20w j) + ui-a, ] + k0504, 4) + i

.n-1

k
= (e t) Huiea,j = 20w, ) + Uiea, 1] + K 50, ty) + ui

.n-1

k
= (e t) Huiea,j = 20ui,j) + iea, ] + K 50, ty) + i
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ue=

o= C00) ok =200 ) + e, ] K EB0) +
I:=1.n-1
U1 = — L0 ty) Quiea, j = 20w ) + g, 1] + K EB(%.4) + ui
] =8
1'=1.n-1
I Ce(%t) Huiea,j = 20w, ) + iea, 1] + K 50, ty) + ui
=9
I'=1.n-1
U1 = — L0 ty) Quiea, j = 20w ) + g, ] + K EB(%.4) + ui
] :=0..10
1:=0..10
()
ug = e ¥ [in(rog) ok
0 0 0 0 0 0 0 0 0 0 0
0.031 0.023 0.016 0.012 8.80E-03 6.42E-03 4.69E-03 3.43E-03 2.50E-03 1.83E-03 1.34E-03
0.118 0.086 0.063 0.046 0.033 0.024 0.018 0.013 9.52E-03 6.96E-03 5.08E-03
0.243 0.177 0.129 0.095 0.069 0.05 0.037 0.027 0.02 0.014 0.01
0.38 0.278 0.203 0.148 0.108 0.079 0.058 0.042 0.031 0.023 0.016
0.5 0.365 0.267 0.195 0.142 0.104 0.076 0.055 0.041 0.03 0.022
0.571 0.417 0.304 0.222 0.162 0.119 0.087 0.063 0.046 0.034 0.025
0.566 0.414 0.302 0.221 0.161 0.118 0.086 0.063 0.046 0.034 0.024
0.47 0.343 0.251 0.183 0.134 0.098 0.071 0.052 0.038 0.028 0.02
0.278 0.203 0.148 0.108 0.079 0.058 0.042 0.031 0.023 0.016 0.012
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0.031 0.012 0.121 -4.414 290.59 -2.88E+04 | 4.17E+06 | -8.65E+08 | 2.54E+11 | -1.05E+14 | 6.01E+16
0.118 0.073 0.031 2.69 -246.567 2.97E+04 | -4.85E+06 | 1.09E+09 | -3.41E+11 | 147E+14 | -8.77E+16
0.243 0.162 0.104 0.097 67.786 -1.34E+04 | 2.81E+06 | -7.45E+08 | 2.59E+11 | -1.21E+14 | 7.60E+16
0.38 0.261 0.187 0.148 0.099 2.38E+03 | -8.69E+05 | 2.99E+08 | -1.21E+11 | 6.17E+13 | -4.12E+16
0.5 0.347 0.261 0.192 0.142 0.103 0.08 0.032 0.309 -37.208 2.07E+04
0.571 0.399 0.309 0.217 0.171 -2.38E+03 | 8.69E+05 | -2.99E+08 | 1.21E+11 | -6.17E+13 | 4.12E+16
0.566 0.399 0.317 0.213 -67.556 1.34E+04 | -2.81E+06 | 7.45E+08 | -2.59E+11 | 1.21E+14 | -7.60E+16
0.47 0.335 0.276 -2.465 246.734 -297E+04 | 4.85E+06 | -1.09E+09 | 3.41E+11 | -1.47E+14 | 8.77E+16
0.278 0.203 0.04 4.532 -290.503 2.88E+04 | -4.17E+06 | 8.65E+08 | -2.54E+11 | 1.05E+14 | -6.01E+16
0 0 0 0 0 0 0 0 0 0 0

n:=1C m:= 1000C
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2"
B =001
a =0.022
1:=0..n
Xp:=L+ilh
] :=0..m
tj:=0+]j[k
1:=0..10
Ui 0 = X ESin(n D(i)
I := 0.. 10000
Up,i:=C
j:=0
I:=1.n-1
UI,J+1 = h2

] :
i

1
1.n-1

k
Ui j+1 = ? [C(xi ,tj) E[Ui.{.l’j -2 [(ui,j) + Ui—l,j] + Kk Es(xi ,tj) + Ui j

ji=2
i=1.n-1

Kk
Ui,j+1 = ? EC(X| ’t]) E[UH.]_,J' -2 I:(u|,]) + ui_l,j:l + k [B(Xl ’t]) + ui,j

j:=3
I:=1.n-1

k
— CE(x.t) Duier,j = 20w j) + uie ] + K B(x;.t) + ui |
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U j+1

i
[l

Ui j+1

_..._.
I

U j+1

— e =

Ui j+1

—

Ui j+1

J
i

U j+1

]
i
Ui j+1

j:=0

= o

I
= o

[N |

8
1.

g
1.

k
= 2 re(xi,tj) Juien,j = 2w ) + uiea, ] + K B50x.t) + uj |

.n—-1

k
= 2 re(x.t) Quien,j - 20, j) + uieg, ] + k B(0x, 1) + ui |

.n—-1

k
TR e(4.) Quiwa,j = 200w j) + vieg, ] + K B804 ) + ui

.n—-1

k
= 2 re(x.t) Quien,j - 20w, j) + uieg, ] + k BB(0x, 1) + ui |

.n—-1

k
= 2 re(x.t) Quien,j - 20, j) + uieg, ] + k BB(0x, 1) + ui |

n-1

k
T o) Quiea,j = 200w j) + Uieg, ] + K 506 ) + ui

n-1
k
= 2 re(x.t) Quien,j - 20w, j) + uieg, ] + k B(0x, 1) + ui |

.. 10

i:=0.. 10

Uei,j

=g (T[[ﬂ) Dsin(n D(i) [
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ue=
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0 0 0 0 0 0 0 0 0 0 0

0.031 0.031 0.031 0.031 0.031 0.031 0.031 0.031 0.031 0.031 0.031
0.118 0.118 0.117 0.117 0.117 0.117 0.117 0.117 0.117 0.117 0.117
0.243 0.243 0.243 0.242 0.242 0.242 0.242 0.242 0.242 0.242 0.242
0.38 0.38 0.38 0.38 0.38 0.38 0.38 0.38 0.379 0.379 0.379
0.5 0.5 0.5 0.5 0.499 0.499 0.499 0.499 0.499 0.499 0.498
0.571 0.57 0.57 0.57 0.57 0.57 0.57 0.569 0.569 0.569 0.569
0.566 0.566 0.566 0.566 0.566 0.565 0.565 0.565 0.565 0.565 0.565
0.47 0.47 0.47 0.47 0.47 0.469 0.469 0.469 0.469 0.469 0.469
0.278 0.278 0.278 0.278 0.278 0.278 0.278 0.278 0.277 0.277 0.277

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0
0.031 0.031 0.031 0.031 0.031 0.031 0.031 0.031 0.031 0.031 0.031
0.118 0.118 0.117 0.117 0.117 0.117 0.117 0.117 0.117 0.117 0.117
0.243 0.243 0.243 0.242 0.242 0.242 0.242 0.242 0.242 0.242 0.242
0.38 0.38 0.38 0.38 0.38 0.38 0.38 0.38 0.379 0.379 0.379
0.5 0.5 0.5 0.5 0.499 0.499 0.499 0.499 0.499 0.499 0.498
0.571 0.57 0.57 0.57 0.57 0.57 0.57 0.569 0.569 0.569 0.569
0.566 0.566 0.566 0.566 0.566 0.565 0.565 0.565 0.565 0.565 0.565
0.47 0.47 0.47 0.47 0.47 0.47 0.469 0.469 0.469 0.469 0.469
0.278 0.278 0.278 0.278 0.278 0.278 0.278 0.278 0.278 0.277 0.277

0 0 0 0 0 0 0 0 0 0 0
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Program (3.1.3):

auui)zxgwﬁuno4ﬁqx_n___1_
ot ox/8 r(0.2)

u(x,0) =0for0sx <1.

u(0,t)=0forO<st<l.

u(Lt) =0forO<t<l.

We use the explicit finite difference method to solve this example.
s(x,t) := x[(x — 1) —.21782488421166726157 [t[(10[x — 1)

(10x -1),0sx<1,0<t<1

n:.=2
m:=2
L:=C
R:=1
T:=1
NGRS
n
k::I
m
1:=0..2
Xj:=L +ilh
] :=0..10
tj:=0+]jlk
a:=18

" k1
(k) = p«[kn-ﬁ}
for 100..(k—-1)
p — pilia - i)

1:=1..2

g = (i)

1:=0..2

Ui0:=C

1:=0..2

up,i:=C

S(x,t) := x[(x — 1) —.21782488421166726157 [t[(10[x — 1)
j:=0

=1

120



Ui j+1: ——Eﬁxu) Uit1,j + Z Ok Ui—k+1, |+ KE(xi, ) + Ui |

[0 -0.125 0
1
1

j:
i

. =
Ui j+1 :=—O([@Xi)5 Uit1,j + Z Ok Uik, j |+ KB(X,tj) + i

u=| 0 -0125 -0.242825

h

0 0

0 0
j:=0..2
1:=0..2
uei,j:=x-

[
n:=3
m:=4
L:=C
R:=1
T:=1

R-L
o (R-L)

n

T
k:=—

m
1:=0..3
Xj:=L +ilh
]:=0..4
tj:=0+]jlk
a:=18

121
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— k1
g(k) == |p < [(—1) F}
for i00..(k-1)

p — pifo - i)

I:=1..3
g = 9(i)
I:=0..3
Uio:=C
1:=0..4
Up,i:=C
s(x,t) ;= x[(x — 1) —.21782488421166726157 [t[(10[x — 1)
] =0
1:=1..2

g 1
Ui, j+1 :=_a[@>‘i) Ui+1,j + Z Ok Ui—k+1, j +k@(xi,tj) + Ui j

h k=1
0 0 0 00
0 0056 -0243 0 O
0 -0.056 0 00
0

0 0 0 O
J
i

1
1.2
o 1
Ui,j+1 :=_a[@>‘i) Uit1,j + Z Ok Ui-k+1, +k@(Xi,tj)+Ui,j
h k=1
0 0 O 00O
0O -0056 -011 0 O
O -0056 -0.11 0 O

0O O 0O 00O

c
I

J
i

2
1..2
o 1
Ui,j+1 :=_a[@>‘i) Uit1,j + Z Ok Ui—k+1, j +k@(xi,tj) U
h -
k=1

122



-Appendix

0 0 0 0 0
0 -0056 -0.11 -0.163 O
u =
0 -0056 -011 -0164 O
0 0 0 0 0
ji=3
i=1.2
K g i+1
Ui jr1 = — () > Mg j+ Z OkUi-k+1,j | +KB(x.,) + ui |
h(]
k=1
0 0 0 0 0
0 -0.056 -0.11 -0.163 -0.217
u=
0 -0.056 -0.11 -0.164 -0.218
0 0 0 0 0
j:=0..4
i:=0..3
ug | = xl(x - 1)1
0 0 0 0 0
0 -0.056 -0.111 -0.167 -0.222
ue =
0 -0.056 -0.111 -0.167 -0.222
0 0 0 0 0
1 [l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [l [I
n:=1C
m := 10
L:=C
R:=1
T:=1
R-L
b (R-L)
n
T
k:=—
m
1:=0..10
Xj:=L +ilh
] :=0.10
tj = 0+jlk
a:=18
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k1
g(k) = |p « [(‘1) F}
for i00..(k-1)
p - pifa - i)
1:=1..1C
6= o
i:=0..10
Uio:=C
i:=0..1C
Up,i:=C
S(X,t) := x[(x — 1) — .21782488421166726157 [t[(10[x — 1)
j=0
i==1.9
K g i+1
1= 106 Duir j+ Y Glivkernj |+ KB(xt) + ui |
h k=1
0 0 0 0 0 0Jo[o0]oJoJo
0 | -9.00E-03 | -0.10954 | -0.16318 | -0.21705 | 0 | 0 | 0 | 0 | 0 | ©
0 | -0016 | -0.10991 | -0.16441 | -0.21838 | 0 | 0 | 0 | 0 | 0 | ©
0 | -0o0z1 0 0 0 0] 00 0]o0]o0
0| -0024 0 0 0 0] 00 0|00
0 | -00%5 0 0 0 0 00 0|00
0 | -0024 0 0 0 0l 00 [0]o0]o0
0 | 00z 0 0 0 0] 00 0]o0]o0
0| -0016 0 0 0 0] 00 0]o0]o0
0 | -900E-03| 0 0 0 0] 0|0 o0]0]o0
0 0 0 0 0 0 00 0]o0]o0
j:=1
1:=1.6
y i5‘ 1
e = 106 MU+ > GUioken, | +KS(xY) + Ui
h k=1
0 0 0 0 0 0 Jo0o o0 o000
0 | -9.00E-03 | -0.0178 | -0.16318 | 021705 | 0 | 0 | 0 | 0 | 0 | 0
0 | -0016 | -003183 | -0.16441 | 021838 | 0 | 0 | 0 | 0 | 0 | 0
0 | -0021 | 004191 | 0 0 0 00 0 00
0 | -0024 | 004792 | 0 0 0 00000
0 | -0025 | -004993 | 0 0 0 0] ol 0]o0/o0
0 | -0024 | -004793 | 0 0 0 0] o0l 0|00
0 | -0021 | 004194 | 0 0 0 00000
0 | -0016 | 003194 | 0 0 0 00 0 0o
0 | -0.00E-03 | 001794 | _ 0 0 0 L0000 o0
0 0 0 0 0 0 L0 0000
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c
I
| OO|O|0|0O|0|0O|O0|0|O|0o

j=2
1:=1..9
K g i+1
1= ——106) " Pien j+ Y Oliern,j [+ KIS(x) + Ui
h k=1
0 0 0 0 0 0 0 0 0 0 0
0 | -9.00E-03 -0.018 -0.027 -0.217 0 0 0 0 0 0
0 -0.016 -0.032 -0.048 -0.218 0 0 0 0 0 0
0 -0.021 -0.042 -0.063 0 0 0 0 0 0 0
0 -0.024 -0.048 -0.072 0 0 0 0 0 0 0
u=| 0 -0.025 -0.05 -0.075 0 0 0 0 0 0 0
0 -0.024 -0.048 -0.072 0 0 0 0 0 0 0
0 -0.021 -0.042 -0.063 0 0 0 0 0 0 0
0 -0.016 -0.032 -0.048 0 0 0 0 0 0 0
0 | -9.00E-03 -0.018 -0.027 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
] =3
1:=1..9
T
e = —0) Mg+ S Olicken, | + K06t + i
h k=1
0 0 0 0 0 0 0 0 0 0
-9.00E-03 | -0.0178 -0.02664 | -0.03529 0 0 0 0 0 0
-0.016 -0.03188 -0.0476 -0.06351 0 0 0 0 0 0
-0.021 -0.04191 -0.0627 -0.08338 0 0 0 0 0 0
-0.024 -0.04792 | -0.07175 | -0.09547 0 0 0 0 0 0
-0.025 -0.04993 | -0.07477 | -0.09953 0 0 0 0 0 0
-0.024 -0.04793 | -0.07179 | -0.09557 0 0 0 0 0 0
-0.021 -0.04194 -0.0628 -0.0836 0 0 0 0 0 0
-0.016 -0.03194 | -0.04781 -0.0654 0 0 0 0 0 0
-9.00E-03 | -0.01794 | -0.02716 | -0.03346 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
=4
1:=1..6
4 i+1

k
Ui, j+1 = —a[@Xi)s Ui+1,j + Z Ok Ui—k+1, ]

h

k=1

125
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0 0 0 0 0 0 ol oo oo
0 | 9.00E03 | 00178 | -002664 | 003529 | 004428 | 0 | 0 [ 0 | 0 | 0
0 | 0016 | -003188 | -0.0476 | 0.0635L | 007858 | 0 | 0 [ 0 | 0 | 0
0 | -0021 | -004191 | -0.0627 | 0.08338 | -01045 | 0 | 0 | 0 | 0 | 0
0 | -0024 | -004792 | -0.07175 | 0.09547 | 011915 | 0 | 0 [ 0 | 0 | 0
0 | 0025 | -004993 | -0.07477 | 009953 | 012421 | 0 | 0 [ 0 | 0 | 0
0 | 0024 | -004793 | -0.07179 | 0.09557 | 011927 | 0 | 0 [ 0 | 0 | 0
0 | 0020 | -004194 | 00628 | 00836 | 011279 | 0 | 0 [0 | 0 | 0
0 | -0016 | -003194 | -004781 | 00654 | 005272 | 0 | 0 [ 0 | 0 | 0
0 | -9.00E.03 | -001794 | -0.02716 | 0.03346 | 007438 | 0 | 0 | 0 | 0 | 0
0 0 0 0 0 0 o0 000

j=5

i=1.9

K g i+1
Ui j+1 = —GE@Xi) Uit ,j + Z Ok Uiok+1.j | +KB(xi,t) + ui |
h K=1
0 0 0 0 0 0 0 0 0 0
0 -9.00E-03 -0.0178 -0.02664 -0.03529 -0.04428 -0.05216 0 0 0 0
0 -0.016 -0.03188 -0.0476 -0.06351 -0.07858 -0.09666 0 0 0 0
0 -0.021 -0.04191 -0.0627 -0.08338 -0.1045 -0.1226 0 0 0 0
0 -0.024 -0.04792 -0.07175 -0.09547 -0.11915 -0.14366 0 0 0 0
0 -0.025 -0.04993 -0.07477 -0.09953 -0.12421 -0.14896 0 0 0 0
0 -0.024 -0.04793 -0.07179 -0.09557 -0.11927 -0.17846 0 0 0 0
0 -0.021 -0.04194 -0.0628 -0.0836 -0.11279 0.065191 0 0 0 0
0 -0.016 -0.03194 -0.04781 -0.0654 -0.05272 -0.51191 0 0 0 0
0 -9.00E-03 -0.01794 -0.02716 -0.03346 -0.07438 0.335459 0 0 0 0
0 0 0 0 0 0 0 0 0 0
j =6
1 =1..9
y 15‘ i+1
Ui j+1 = —a[@Xi) Uit1,j + Z Ok Uik+1, |+ KE(xi, ) + Ui |
h k=1
0 0 0 0 0 0 0 0 0 0 0
0 -9.00E-03 -0.0178 -0.02664 -0.03529 -0.04428 -0.05216 -0.06393 0 0 0
0 -0.016 -0.03188 -0.0476 -0.06351 | -0.07858 | -0.09666 | -0.10165 0 0 0
0 -0.021 -0.04191 -0.0627 -0.08338 -0.1045 -0.1226 -0.15787 0 0 0
0 -0.024 -0.04792 -0.07175 -0.09547 -0.11915 -0.14366 -0.15847 0 0 0
0 -0.025 -0.04993 -0.07477 -0.09953 -0.12421 -0.14896 -0.3037 0 0 0
0 -0.024 -0.04793 | -0.07179 | -0.09557 | -0.11927 | -0.17846 | 0.863106 0 0 0
0 -0.021 -0.04194 -0.0628 -0.0836 -0.11279 | 0.065191 | -3.67788 0 0 0
0 -0.016 -0.03194 | -0.04781 -0.0654 -0.05272 | -0.51191 | 6.197361 0 0 0
0 -9.00E-03 | -0.01794 -0.02716 -0.03346 -0.07438 | 0.335459 | -5.42508 0 0 0
0 0 0 0 0 0 0 0 0 0 0

—_——

N
o
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k
Ui j+1 = —O([@Xi)5

h

Ui+1,j + Z gkui_k+1’j +kB(Xi,tj) +ui,j

k=1

127

4 .
K — +1
o 5
e = —0) Mg+ S Glicken, | + K06t + i
h k=1
0 0 0 0 0 0 0 0 0 00
0 | -9.00E-03 -0.0178 -0.02664 -0.03529 -0.04428 -0.05216 -0.06393 -005951 (0| O
0 -0.016 -0.03188 -0.0476 -0.06351 -0.07858 -0.09666 -0.10165 -016934 | 0| O
0 -0.021 -0.04191 -0.0627 -0.08338 -0.1045 -0.1226 -0.15787 -0.09031 |0 | O
0 -0.024 -0.04792 -0.07175 -0.09547 -0.11915 -0.14366 -0.15847 -0.6463 00
0 -0.025 -0.04993 -0.07477 -0.09953 -0.12421 -0.14896 -0.3037 4271436 | 0 | O
0 -0.024 -0.04793 -0.07179 -0.09557 -0.11927 -0.17846 0.863106 -221344 | 0| O
0 -0.021 -0.04194 -0.0628 -0.0836 -0.11279 0.065191 -3.67788 50.86746 | 0 | O
0 -0.016 -0.03194 -0.04781 -0.0654 -0.05272 -0.51191 6.197361 -95.2276 | 0| O
0 | -9.00E-03 | -0.01794 -0.02716 -0.03346 -0.07438 0.335459 -5.42508 7598654 | 0| O
0 0 0 0 0 0 0 0 0 00
ji=8
1:=1..9
4 .
k E i+1
1= —106) " Puier j+ Y Gliciernj [+ KI(x5) + Ui
h k=1
0 0 0 0 0 0 0 0 0 0 0
0 | -9.00E-03 | -0.0178 | -0.02664 | -0.03529 | -0.04428 | -0.05216 | -0.06393 | -0.05951 | -0.130733 | O
0 -0.016 -0.03188 | -0.0476 | -0.06351 | -0.07858 | -0.09666 | -0.10165 | -0.16934 | 0.096096 | O
0 -0.021 -0.04191 | -0.0627 | -0.08338 | -0.1045 -0.1226 | -0.15787 | -0.09031 | -1.611601 | O
0 -0.024 -0.04792 | -0.07175 | -0.09547 | -0.11915 | -0.14366 | -0.15847 | -0.6463 | 15.528214 | O
0 -0.025 -0.04993 | -0.07477 | -0.09953 | -0.12421 | -0.14896 | -0.3037 | 4.271436 | -105.6109 | O
0 -0.024 -0.04793 | -0.07179 | -0.09557 | -0.11927 | -0.17846 | 0.863106 | -22.1344 | 408.58627 | O
0 -0.021 -0.04194 | -0.0628 | -0.0836 | -0.11279 | 0.065191 | -3.67788 | 59.86746 | -977.7611 | O
0 -0.016 -0.03194 | -0.04781 | -0.0654 | -0.05272 | -0.51191 | 6.197361 | -95.2276 | 1.43E+03 | O
0 | -9.00E-03 | -0.01794 | -0.02716 | -0.03346 | -0.07438 | 0.335459 | -5.42508 | 75.98654 | -1.10E+03 | O
0 0 0 0 0 0 0 0 0 0 0
j:=9
1:=1..9
4 .
— +1
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0 0 0 0 0 0 0 0 0 0 0
0| -900E-03 | -00178 | -0.02664 | -0.03529 | -0.04428 | -0.05216 | -0.06393 | -0.05951 | -0.1307328 | 0.191682
0| -0016 -0.03188 | -0.0476 | -0.06351 | -0.07858 | -0.09666 | -0.10165 | -0.16934 | 0.0960958 | -3.210517
0| -0021 -0.04191 | -0.0627 | -0.08338 | -0.1045 | -0.1226 | -0.15787 | -0.09031 | -1.6116011 | 42.861105
0| -0024 -0.04792 | -0.07175 | -0.09547 | -0.11915 | -0.14366 | -0.15847 | -0.6463 | 15528214 | -392.947
0| -0025 -0.04993 | -0.07477 | -0.09953 | -0.12421 | -0.14896 | -0.3037 | 4.271436 | -105.61085 | 2.10E+03
0| -0024 -0.04793 | -0.07179 | -0.09557 | -0.11927 | -0.17846 | 0.863106 | -22.1344 | 40858627 | -7.09E+03
0| -0021 -0.04194 | -0.0628 | -0.0836 | -0.11279 | 0.065191 | -3.67788 | 59.86746 | -977.76106 | 1.55E+04
0| -0016 -0.03194 | -0.04781 | -0.0654 | -0.05272 | -0.51191 | 6.197361 | -95.2276 | 143E+03 | -2.16E+04
0| -9.00E-03 | -0.01794 | -0.02716 | -0.03346 | -0.07438 | 0.335459 | -5.42508 | 7598654 | -1.10E+03 | 1.61E+04
0 0 0 0 0 0 0 0 0 0 0
j:=0..10
1:=0..1C
uej j = Xi[(Xi - 1) [t;
0 0 0 0 0 0 0 0 0 0 0
0| -9.00E-03 | -0.018 | -0.027 | -0.036 | -0.045 | -0.054 | -0.063 | -0.072 | -0.081 -0.09
0 -0.016 -0.032 | -0.048 | -0.064 -0.08 -0.096 | -0.112 | -0.128 | -0.144 -0.16
0 -0.021 -0.042 | -0.063 | -0.084 | -0.105 | -0.126 | -0.147 | -0.168 | -0.189 -0.21
0 -0.024 -0.048 | -0.072 | -0.096 -0.12 -0.144 | -0.168 | -0.192 | -0.216 -0.24
0 -0.025 -0.05 -0.075 -0.1 -0.125 -0.15 -0.175 -0.2 -0.225 -0.25
0 -0.024 -0.048 | -0.072 | -0.096 -0.12 -0.144 | -0.168 | -0.192 | -0.216 -0.24
0 -0.021 -0.042 | -0.063 | -0.084 | -0.105 | -0.126 | -0.147 | -0.168 | -0.189 -0.21
0 -0.016 -0.032 | -0.048 | -0.064 -0.08 -0.096 | -0.112 | -0.128 | -0.144 -0.16
0| -9.00E-03 | -0.018 | -0.027 | -0.036 | -0.045 | -0.054 | -0.063 | -0.072 | -0.081 -0.09
0 0 0 0 0 0 0 0 0 0 0
1 [l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [l [I
n:=1C
m := 1000
L=
R =
T =
R-L
Ho )
n
T
k:=—
m
1:=0..1C
Xj:=L +ilh
j :=0..1000
tj:=0+]jlk
a:=18
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k1
g(k) == |p < | (D"~
k!
for i00..(k-1)
p  pilo - i)
1:=1..1C
6 = g(i)
i:=0..10
Uio:=C
I :=0..1000
Up,i:=C
S(x,1) := xI(x — 1) — .21782488421166726157 [t[(10[x — 1)
j =0
i:=1.9
4 |
K g i+1
1= 106 MU+ > alivirn, |+ KB(.t) + Ui
h K=1
0 0 0 0 0 0 0 0 0 0 0
0 -9.00E-05 | -0.0178 -0.02664 | -0.03529 | -0.04428 | -0.05216 | -0.06393 | -0.05951 -0.130733 0.191682
0 -1.60E-04 | -0.03188 -0.0476 -0.06351 | -0.07858 | -0.09666 | -0.10165 | -0.16934 0.096096 -3.210517
0 -2.10E-04 | -0.04191 -0.0627 -0.08338 -0.1045 -0.1226 -0.15787 | -0.09031 -1.611601 42.861105
0 -2.40E-04 | -0.04792 | -0.07175 | -0.09547 | -0.11915 | -0.14366 | -0.15847 -0.6463 15.528214 -392.947
0 -2.50E-04 | -0.04993 | -0.07477 | -0.09953 | -0.12421 | -0.14896 -0.3037 4.271436 | -105.61085 | 2.10E+03
0 -2.40E-04 | -0.04793 | -0.07179 | -0.09557 | -0.11927 | -0.17846 | 0.863106 | -22.1344 | 408.58627 | -7.09E+03
0 -2.10E-04 | -0.04194 -0.0628 -0.0836 -0.11279 | 0.065191 | -3.67788 | 59.86746 | -977.76106 | 1.55E+04
0 -1.60E-04 | -0.03194 | -0.04781 -0.0654 -0.05272 | -0.51191 | 6.197361 | -95.2276 1.43E+03 -2.16E+04
0 -9.00E-05 | -0.01794 | -0.02716 | -0.03346 | -0.07438 | 0.335459 | -5.42508 | 75.98654 | -1.10E+03 1.61E+04
0 0 0 0 0 0 0 0 0 0 0
ji=1
i:=1..9
4 |
K < i+1
U jer = —106) " Puier j+ S GeUiorn, | + KIS0 1) + i g
h k=1
0 0 0 0 0 0 0 0 0 0 0
0 | -9.00E-05 | -1.80E-04 | -0.02664 | -0.03529 | -0.04428 | -0.05216 | -0.06393 | -0.05951 -0.130733 0.191682
0 | -1.60E-04 | -3.20E-04 | -0.0476 -0.06351 | -0.07858 | -0.09666 | -0.10165 | -0.16934 0.096096 -3.210517
0 | -2.10E-04 | -4.20E-04 | -0.0627 -0.08338 -0.1045 -0.1226 -0.15787 | -0.09031 -1.611601 42.861105
0 | -2.40E-04 | -4.80E-04 | -0.07175 | -0.09547 | -0.11915 | -0.14366 | -0.15847 -0.6463 15.528214 -392.947
0 | -2.50E-04 | -5.00E-04 | -0.07477 | -0.09953 | -0.12421 | -0.14896 -0.3037 4.271436 | -105.61085 | 2.10E+03
0 | -2.40E-04 | -4.80E-04 | -0.07179 | -0.09557 | -0.11927 | -0.17846 | 0.863106 | -22.1344 | 408.58627 | -7.09E+03
0 | -2.10E-04 | -4.20E-04 | -0.0628 -0.0836 -0.11279 | 0.065191 | -3.67788 | 59.86746 | -977.76106 | 1.55E+04
0 | -1.60E-04 | -3.20E-04 | -0.04781 -0.0654 -0.05272 | -0.51191 | 6.197361 | -95.2276 1.43E+03 -2.16E+04
0 | -9.00E-05 | -1.80E-04 | -0.02716 | -0.03346 | -0.07438 | 0.335459 | -5.42508 | 75.98654 | -1.10E+03 1.61E+04
0 0 0 0 0 0 0 0 0 0 0
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c
1
oO|lO|O|lO|lO|O|O|O|O|O|O

h

k

=1

130

ji=2
1:=1..9
4 .
K < +1
1= ——106) " Pien j+ Y Oliern,j [+ KIS(x) + Ui
h k=1
0 0 0 0 0 0 0 0 0 0 0
0 | -9.00E-05 | -1.80E-04 | -2.70E-04 -0.035 -0.044 -0.052 -0.064 -0.06 -0.131 0.192
0 | -1.60E-04 | -3.20E-04 | -4.80E-04 -0.064 -0.079 -0.097 -0.102 -0.169 0.096 -3.211
0 | -2.10E-04 | -4.20E-04 | -6.30E-04 -0.083 -0.105 -0.123 -0.158 -0.09 -1.612 42.861
0 | -2.40E-04 | -4.80E-04 | -7.20E-04 -0.095 -0.119 -0.144 -0.158 -0.646 15.528 -392.947
0 | -2.50E-04 | -5.00E-04 | -7.50E-04 -0.1 -0.124 -0.149 -0.304 4271 -105.611 2.10E+03
0 | -2.40E-04 | -4.80E-04 | -7.20E-04 -0.096 -0.119 -0.178 0.863 -22.134 408.586 -7.09E+03
0 | -2.10E-04 | -4.20E-04 | -6.30E-04 -0.084 -0.113 0.065 -3.678 59.867 -977.761 1.55E+04
0 | -1.60E-04 | -3.20E-04 | -4.80E-04 -0.065 -0.053 -0.512 6.197 -95.228 1.43E+03 -2.16E+04
0 | -9.00E-05 | -1.80E-04 | -2.70E-04 -0.033 -0.074 0.335 -5.425 75.987 -1.10E+03 1.61E+04
0 0 0 0 0 0 0 0 0 0 0
] =3
1:=1..6
4 .
K — +1
o 5
e = —0) Mg+ S Olicken, | + K06t + i
h k=1
0 0 0 0 0 0 0 0 0 0
-9.00E-05 | -1.80E-04 | -2.70E-04 | -3.60E-04 | -0.04428 -0.05216 -0.06393 -0.059506 -0.130733 0.191682
-1.60E-04 | -3.20E-04 | -4.80E-04 | -6.40E-04 | -0.07858 -0.09666 -0.10165 -0.169338 0.096096 -3.210517
-2.10E-04 | -4.20E-04 | -6.30E-04 | -8.40E-04 -0.1045 -0.1226 -0.15787 -0.090314 -1.611601 42.861105
-2.40E-04 | -4.80E-04 | -7.20E-04 | -9.60E-04 | -0.11915 | -0.14366 | -0.15847 -0.646298 15.528214 -392.94702
-2.50E-04 | -5.00E-04 | -7.50E-04 | -1.00E-03 | -0.12421 | -0.14896 -0.3037 4.271436 -105.6109 2.10E+03
-2.40E-04 | -4.80E-04 | -7.20E-04 | -9.60E-04 | -0.11927 -0.17846 | 0.863106 | -22.134366 | 408.58627 -7.09E+03
-2.10E-04 | -4.20E-04 | -6.30E-04 | -8.40E-04 | -0.11279 | 0.065191 | -3.67788 59.867458 -977.7611 1.55E+04
-1.60E-04 | -3.20E-04 | -4.80E-04 | -6.40E-04 | -0.05272 -0.51191 | 6.197361 | -95.227578 1.43E+03 -2.16E+04
-9.00E-05 | -1.80E-04 | -2.70E-04 | -3.60E-04 | -0.07438 | 0.335459 | -5.42508 75.986544 | -1.10E+03 1.61E+04
0 0 0 0 0 0 0 0 0 0
j:=4
i:=1.9
4 .
K E i+1
1= —106) " Puien j+ Y Gliern,j [+ KIS(x4) + ui
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0 0 0 0 0 0 0 0 0 0 0
0 | -9.00E-05 | -1.80E-04 | -2.70E-04 | -3.60E-04 | -4.50E-04 | -0.05216 -0.06393 -0.05951 -0.130733 0.191682
0 | -1.60E-04 | -3.20E-04 | -4.80E-04 | -6.40E-04 | -8.00E-04 | -0.09666 | -0.10165 | -0.16934 0.096096 -3.210517
0 | -2.10E-04 | -4.20E-04 | -6.30E-04 | -8.40E-04 | -1.05E-03 -0.1226 -0.15787 | -0.09031 -1.611601 42.861105
0 | -240E-04 | -4.80E-04 | -7.20E-04 | -9.60E-04 | -1.20E-03 | -0.14366 -0.15847 -0.6463 15.528214 -392.947
0 | -250E-04 | -5.00E-04 | -7.50E-04 | -1.00E-03 | -1.25E-03 | -0.14896 -0.3037 4.271436 | -105.61085 2.10E+03
0 | -240E-04 | -4.80E-04 | -7.20E-04 | -9.60E-04 | -1.20E-03 | -0.17846 | 0.863106 | -22.1344 408.58627 -7.09E+03
0 | -2.10E-04 | -4.20E-04 | -6.30E-04 | -8.40E-04 | -1.05E-03 | 0.065191 | -3.67788 | 59.86746 | -977.76106 1.55E+04
0 | -1.60E-04 | -3.20E-04 | -4.80E-04 | -6.40E-04 | -8.00E-04 | -0.51191 | 6.197361 | -95.2276 1.43E+03 -2.16E+04
0 | -9.00E-05 | -1.80E-04 | -2.70E-04 | -3.60E-04 | -4.50E-04 | 0.335459 | -5.42508 | 75.98654 -1.10E+03 1.61E+04
0 0 0 0 0 0 0 0 0 0 0
] =5
1:=1..9
4 .
k E i+1
1= ——106) " Pien j+ Y Gliernj [+ KIS(x4) + Ui
h k=1
0 0 0 0 0 0 0 0 0 0 0
0 | -9.00E-05 | -1.80E-04 | -2.70E-04 | -3.60E-04 | -4.50E-04 | -5.40E-04 | -0.06393 -0.059506 -0.130733 0.191682
0 | -1.60E-04 | -3.20E-04 | -4.80E-04 | -6.40E-04 | -8.00E-04 | -9.60E-04 | -0.10165 -0.169338 0.096096 -3.210517
0 | -210E-04 | -4.20E-04 | -6.30E-04 | -8.40E-04 | -1.05E-03 | -1.26E-03 | -0.15787 -0.090314 -1.611601 42.861105
0 | -2.40E-04 | -4.80E-04 | -7.20E-04 | -9.60E-04 | -1.20E-03 | -1.44E-03 | -0.15847 -0.646298 15.528214 -392.94702
0 | -2.50E-04 | -5.00E-04 | -7.50E-04 | -1.00E-03 | -1.25E-03 | -1.50E-03 -0.3037 4.271436 -105.6109 2.10E+03
0 | -2.40E-04 | -4.80E-04 | -7.20E-04 | -9.60E-04 | -1.20E-03 | -1.44E-03 | 0.863106 | -22.134366 | 408.58627 -7.09E+03
0 | -210E-04 | -4.20E-04 | -6.30E-04 | -8.40E-04 | -1.05E-03 | -1.26E-03 | -3.67788 59.867458 -977.7611 1.55E+04
0 | -1.60E-04 | -3.20E-04 | -4.80E-04 | -6.40E-04 | -8.00E-04 | -9.60E-04 | 6.197361 | -95.227578 1.43E+03 -2.16E+04
0 | -9.00E-05 | -1.80E-04 | -2.70E-04 | -3.60E-04 | -4.50E-04 | -5.40E-04 | -5.42508 75.986544 | -1.10E+03 1.61E+04
0 0 0 0 0 0 0 0 0 0 0
ji=6
1:=1.6
4 .
K — +1
o 5
e = —0) Mg+ S Glicken, | + K06t + i
h k=1
0 0 0 0 0 0 0 0 0 0 0
0 | -9.00E-05 | -1.80E-04 | -2.70E-04 | -3.60E-04 | -4.50E-04 | -5.40E-04 | -6.30E-04 | -0.059506 -0.130733 0.191682
0 | -1.60E-04 | -3.20E-04 | -4.80E-04 | -6.40E-04 | -8.00E-04 | -9.60E-04 | -1.12E-03 | -0.169338 0.096096 -3.210517
0 | -2.10E-04 | -4.20E-04 | -6.30E-04 | -8.40E-04 | -1.05E-03 | -1.26E-03 | -1.47E-03 | -0.090314 -1.611601 42.861105
0 | -2.40E-04 | -4.80E-04 | -7.20E-04 | -9.60E-04 | -1.20E-03 | -1.44E-03 | -1.68E-03 | -0.646298 15.528214 -392.94702
0 | -250E-04 | -5.00E-04 | -7.50E-04 | -1.00E-03 | -1.25E-03 | -1.50E-03 | -1.75E-03 4.271436 -105.6109 2.10E+03
0 | -2.40E-04 | -4.80E-04 | -7.20E-04 | -9.60E-04 | -1.20E-03 | -1.44E-03 | -1.68E-03 | -22.134366 | 408.58627 -7.09E+03
0 | -2.10E-04 | -4.20E-04 | -6.30E-04 | -8.40E-04 | -1.05E-03 | -1.26E-03 | -1.47E-03 | 59.867458 -977.7611 1.55E+04
0 | -1.60E-04 | -3.20E-04 | -4.80E-04 | -6.40E-04 | -8.00E-04 | -9.60E-04 | -1.12E-03 | -95.227578 1.43E+03 -2.16E+04
0 | -9.00E-05 | -1.80E-04 | -2.70E-04 | -3.60E-04 | -4.50E-04 | -5.40E-04 | -6.30E-04 | 75.986544 -1.10E+03 1.61E+04
0 0 0 0 0 0 0 0 0 0 0
ji=7
1:=1..6
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y 15‘ 1
e = 00 Mg+ D7 Gctioken,j | + K06 t) + ui
h k=1
0 0 0 0 0 0 0 0 0 0 0
0 | -9.00E-05 | -1.80E-04 | -2.70E-04 | -3.60E-04 | -4.50E-04 | -5.40E-04 | -6.30E-04 -7.19E-04 -0.130733 0.191682
0 | -1.60E-04 | -3.20E-04 | -4.80E-04 | -6.40E-04 | -8.00E-04 | -9.60E-04 | -1.12E-03 -1.28E-03 0.096096 -3.210517
0 | -2.10E-04 | -4.20E-04 | -6.30E-04 | -8.40E-04 | -1.05E-03 | -1.26E-03 | -1.47E-03 -1.68E-03 -1.611601 42.861105
0 | -2.40E-04 | -4.80E-04 | -7.20E-04 | -9.60E-04 | -1.20E-03 | -1.44E-03 | -1.68E-03 -1.92E-03 15.528214 -392.94702
0 | -2.50E-04 | -5.00E-04 | -7.50E-04 | -1.00E-03 | -1.25E-03 | -1.50E-03 | -1.75E-03 -2.00E-03 -105.61085 2.10E+03
0 | -2.40E-04 | -4.80E-04 | -7.20E-04 | -9.60E-04 | -1.20E-03 | -1.44E-03 | -1.68E-03 -1.92E-03 408.586266 -7.09E+03
0 | -2.10E-04 | -4.20E-04 | -6.30E-04 | -8.40E-04 | -1.05E-03 | -1.26E-03 | -1.47E-03 -1.68E-03 -977.761061 1.55E+04
0 | -1.60E-04 | -3.20E-04 | -4.80E-04 | -6.40E-04 | -8.00E-04 | -9.60E-04 | -1.12E-03 -1.28E-03 1.43E+03 -2.16E+04
0 | -9.00E-05 | -1.80E-04 | -2.70E-04 | -3.60E-04 | -4.50E-04 | -5.40E-04 | -6.30E-04 -7.20E-04 -1.10E+03 1.61E+04
0 0 0 0 0 0 0 0 0 0 0
)=
1:=1..9
y isl i+1
Ui j+1 = —a[@Xi) Ui+1,j + Z Ok Ui—k+1,j | + kE(Xi,tj) + Ui j
h k=1
0 0 0 0 0 0 0 0 0 0 0
0 | -9.00E-05 | -1.80E-04 | -2.70E-04 | -3.60E-04 | -4.50E-04 | -5.40E-04 | -6.30E-04 -7.19E-04 -8.09E-04 0.191682
0 | -1.60E-04 | -3.20E-04 | -4.80E-04 | -6.40E-04 | -8.00E-04 | -9.60E-04 | -1.12E-03 -1.28E-03 -1.44E-03 -3.210517
0 | -2.10E-04 | -4.20E-04 | -6.30E-04 | -8.40E-04 | -1.05E-03 | -1.26E-03 | -1.47E-03 -1.68E-03 -1.89E-03 42.861105
0 | -2.40E-04 | -4.80E-04 | -7.20E-04 | -9.60E-04 | -1.20E-03 | -1.44E-03 | -1.68E-03 -1.92E-03 -2.16E-03 -392.94702
0 | -2.50E-04 | -5.00E-04 | -7.50E-04 | -1.00E-03 | -1.25E-03 | -1.50E-03 | -1.75E-03 -2.00E-03 -2.25E-03 2.10E+03
0 | -240E-04 | -4.80E-04 | -7.20E-04 | -9.60E-04 | -1.20E-03 | -1.44E-03 | -1.68E-03 -1.92E-03 -2.16E-03 -7.09E+03
0 | -2.10E-04 | -4.20E-04 | -6.30E-04 | -8.40E-04 | -1.05E-03 | -1.26E-03 | -1.47E-03 -1.68E-03 -1.89E-03 1.55E+04
0 | -1.60E-04 | -3.20E-04 | -4.80E-04 | -6.40E-04 | -8.00E-04 | -9.60E-04 | -1.12E-03 -1.28E-03 -1.44E-03 -2.16E+04
0 | -9.00E-05 | -1.80E-04 | -2.70E-04 | -3.60E-04 | -4.50E-04 | -5.40E-04 | -6.30E-04 -7.20E-04 -8.10E-04 1.61E+04
0 0 0 0 0 0 0 0 0 0 0
j=9
1:=1..6
) isl i+1
Ui j+1:=— Xi) Ui+1,j + Z Ok Ui-k+1,j |+ kB(Xi,tj) * U
h k=1
0 0 0 0 0 0 0 0 0 0 0
0 | -9.00E-05 | -1.80E-04 | -2.70E-04 | -3.60E-04 | -4.50E-04 | -5.40E-04 | -6.30E-04 | -7.19E-04 -8.09E-04 -8.99E-04
0 | -1.60E-04 | -3.20E-04 | -4.80E-04 | -6.40E-04 | -8.00E-04 | -9.60E-04 | -1.12E-03 | -1.28E-03 -1.44E-03 -1.60E-03
0| -210E-04 | -4.20E-04 | -6.30E-04 | -8.40E-04 | -1.05E-03 | -1.26E-03 | -1.47E-03 | -1.68E-03 -1.89E-03 -2.10E-03
0 | -2.40E-04 | -4.80E-04 | -7.20E-04 | -9.60E-04 | -1.20E-03 | -1.44E-03 | -1.68E-03 | -1.92E-03 -2.16E-03 -2.40E-03
0 | -2.50E-04 | -5.00E-04 | -7.50E-04 | -1.00E-03 | -1.25E-03 | -1.50E-03 | -1.75E-03 | -2.00E-03 -2.25E-03 -2.50E-03
0 | -240E-04 | -4.80E-04 | -7.20E-04 | -9.60E-04 | -1.20E-03 | -1.44E-03 | -1.68E-03 | -1.92E-03 -2.16E-03 -2.40E-03
0| -210E-04 | -4.20E-04 | -6.30E-04 | -8.40E-04 | -1.05E-03 | -1.26E-03 | -1.47E-03 | -1.68E-03 -1.89E-03 -2.10E-03
0 | -1.60E-04 | -3.20E-04 | -4.80E-04 | -6.40E-04 | -8.00E-04 | -9.60E-04 | -1.12E-03 | -1.28E-03 -1.44E-03 -1.60E-03
0 | -9.00E-05 | -1.80E-04 | -2.70E-04 | -3.60E-04 | -4.50E-04 | -5.40E-04 | -6.30E-04 | -7.20E-04 -8.10E-04 -9.00E-04
0 0 0 0 0 0 0 0 0 0 0
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u(x,0) =0for0<x <1.

u(0,t) =0for0<t<1.
u(,t)=0forO<st<l.
We use the explicit finite difference method to solve this example.

F1(x,t) = .21782488421166726157 [ [(-10% + 1)

X
d2
L(x,t) i= ——— 10—
r(2-18) g
0
4
c(x,t) = tx°
2| [
R(X,t) .= ———E—
F(2-18) gy
X
9
. 5
d(x,t) :=(1-x
F2(x,t) :=

(1-vy)

(xX-y)

yElio_de

(1-vy)

133

yEG————dy

(y-»°°

j:=0.10

1:=0..10

ue j = Xi[(Xi - )[tj
0 0 0 0 0 0 0 0 0 0 0
0 | -9.00E-05 | -1.80E-04 | -2.70E-04 | -3.60E-04 | -4.50E-04 | -5.40E-04 | -6.30E-04 -7.20E-04 -8.10E-04 -9.00E-04
0 | -1.60E-04 | -3.20E-04 | -4.80E-04 | -6.40E-04 | -8.00E-04 | -9.60E-04 | -1.12E-03 -1.28E-03 -1.44E-03 -1.60E-03
0 | -2.10E-04 | -4.20E-04 | -6.30E-04 | -8.40E-04 | -1.05E-03 | -1.26E-03 | -1.47E-03 -1.68E-03 -1.89E-03 -2.10E-03
0 | -2.40E-04 | -4.80E-04 | -7.20E-04 | -9.60E-04 | -1.20E-03 | -1.44E-03 | -1.68E-03 -1.92E-03 -2.16E-03 -2.40E-03
0 | -2.50E-04 | -5.00E-04 | -7.50E-04 | -1.00E-03 | -1.25E-03 | -1.50E-03 | -1.75E-03 -2.00E-03 -2.25E-03 -2.50E-03
0 | -2.40E-04 | -4.80E-04 | -7.20E-04 | -9.60E-04 | -1.20E-03 | -1.44E-03 | -1.68E-03 -1.92E-03 -2.16E-03 -2.40E-03
0 | -2.10E-04 | -4.20E-04 | -6.30E-04 | -8.40E-04 | -1.05E-03 | -1.26E-03 | -1.47E-03 -1.68E-03 -1.89E-03 -2.10E-03
0 | -1.60E-04 | -3.20E-04 | -4.80E-04 | -6.40E-04 | -8.00E-04 | -9.60E-04 | -1.12E-03 -1.28E-03 -1.44E-03 -1.60E-03
0 | -9.00E-05 | -1.80E-04 | -2.70E-04 | -3.60E-04 | -4.50E-04 | -5.40E-04 | -6.30E-04 -7.20E-04 -8.10E-04 -9.00E-04
0 0 0 0 0 0 0 0 0 0 0

Program (3.1.4):

18 18

ou o"u o"u

=@M X0 S+ (LX) -

ot d.X d_X

1
F02 t2(-10x +1) - t(5.4 - 9.8x + 4.4x°)| 0<x <1,0<t<1

.21782488421166726157 [t[?.zml —%)% - 1801 - x) - 8X +3.6(1- X)X+ .85&2]
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1

s(x,t) :=x[1-x) - r(02)

> H4x;mr 3>
TERTER T

k:

3|

1:=0..n
Xj:=L +ilh
j==0.m
tji=0+jk

a:=18
k 1
P~ [(‘1) F}

g(k) :=
for i00..(k-1)
p — pilia - i)

1:=1..2
g = g(i)
1:=0..2
Uio:=C
1:=0..2
Up,i:=C
j=0
I:=1.n-1
K i+1
Uj j+1 = —a@(xi ,tj) [EZ
h =1
O 0 O
0 0125 O

O 0 O

R

1.n-1

Kk
gj—j+1,j + ui+1,j] + —m'(xi ’tj)[E
hG

bea-10x + 1) - ti5.4

2-i+1

2.

=1
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_9g+44d) ]

Oy -1,j + Ui—l,j} + kB(Xi -tj) +Uj
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K i+1 K
Ui,j+1:=— X| t] z QWi-}+1,j * Ui+ 1, j +—mi(x| 4
h°

[0 0.125 -0.046
j:=0.2
i:=0..2
uej | :x 1 xI tJ
[0 0.125 0.25
n:=3
m:=4
L:=C
R:=1
T:=1
R-L
b (R-1)
n
T
k= —
m
i:=0..n
Xj:=L +ilh
j:=0.m
tj:=0+]jlk
a:=18
— NS
g(k) = |p < [( 1) F}
for 100..(k—-1)
p — pifa - i)
i:=1..3
g = 9(i)
i::O..S
Ui,0:=C
1:=0..4
up,i:=C
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f

2-i+1
Z O -1, + Ui=1 |
=1

} + kB(Xi ,tj) +Uj
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K i+l K 3-i+1
Uj j+1 = —a@(xi 5) Z Oig+1,j + U1, j | + —a@(xi ) Z Qi1 j + U1, j | + KB(x, ) + up |
h =1 h

O O 0 00
0O 0.056 -0.046 0 O
0 0.056 0 00
O O 0 00
1

1.n-1

=1

h =1

i+1 ) 3-i+1
Uj j+1 1= — (X| t) Z 041, + Uit 1 | +—@(X| t) Z Qi1 + U1, j | + KE(x,t) + Ui |
h? —
=1

c
I

J
i

) i+1 ) 3-i+1
Ui,j+13=—am(xi-tj) Z 041, + Uit +—aﬂ(xi,tj) Z Oii—1 j + Ui, j | + KB(X,4) + uj |
h h

0O O 0

0 0.056 0.066
0O O 0
2
1.n-1

0 0056 524x10 3

00

00
00
00

=1 |1=1
0O O 0 0O O
,_| 0 0056 524x107° 0041 0
0 0.056 0.066 0.028 0
0O O 0 0O O
j=3
i:=1.n-1
c i+1 c 3-i+1
U j+1 = h—am(xiatj) IZ::1 Oi-p+1,j * Uis1, | +h—am(><i,tj) |Z=:1 O -1,j + Ui-1,j | + k@(xi,tj) +Uj
0O O 0 0 0
U= 0 0.056 5.24 x 10_3 0.041 -0.063
0 0.056 0.066 0.028 0.134
0O O 0 0 0
j:=0.4

136



i:=1..10
g = g(i)
i:=0. 10

k
U j+1 = —am(xi,tj)fE
h

0

for i00..(k-1)

p — pilia - i)

i+1

=1

Z Oio41,j + Uit 1,

0

0

] + Lam(xi,t,-)[%
h

137

0

0 0.05555556 0.11111111 0.1666666/7 0.22222222
0 0.05555556 0.11111111 0.16666667 0.22222222

0

10-i+1

Z AW 1—1,j + Ui-1, |
=1

-Appendix

} + kB(Xi,tj) +Uj
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)+ ui

0 0 0 0 0 0 0 0 0 0 0
0 | 9.00E-03 | 5.24E-03 | 0041 | -0063 | 0 0 0 0 0 0
0 | 0016 0.066 0028 | 0134 | 0 0 0 0 0 0
0 | 0.021 0 0 0 0 0 0 0 0 0
0| 0024 0 0 0 0 0 0 0 0 0
u=| 0| 0025 0 0 0 0 0 0 0 0 0
0| 0024 0 0 0 0 0 0 0 0 0
0 | 0.021 0 0 0 0 0 0 0 0 0
0 | 0016 0 0 0 0 0 0 0 0 0
0 | 9.00E-03 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
j=1
i:=1.n-1
i+1 10-i+1
k k
Ui, j+1 = —am(xi ) Z Qi+, j + Uirg,j |+ —aﬂ(xi ) Z G011, + Ui—l,j] +kis(x
h I=1 h =1
0 0 0 0 0 0 0 0 0 0 0
0 | 9.00E-03 '7'§§E' 0.041 -0.063 0 0 0 0 0 0
0 | 0016 0.011 0.028 0.134 0 0 0 0 0 0
0 | 0021 0.024 0 0 0 0 0 0 0 0
0 | 0024 | 0033 0 0 0 0 0 0 0 0
Y10 | 0025 0.038 0 0 0 0 0 0 0 0
0 | 0024 | 0039 0 0 0 0 0 0 0 0
0 | 0021 0.036 0 0 0 0 0 0 0 0
0 | 0016 0.028 0 0 0 0 0 0 0 0
0 [9.00E-03| 0016 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
] =2
i=1.n-1
i+1 10-i+1
k k
i je1 = — 006 ) IS Ay j+ e, [+ — 000G DS 9, j+ Ui—l,j} +ki304,t) +ui j
h =1 h =1
0 0 0 0 0 0 0 0 0 0 0
0 | 9.00E-03 | -7.25E-03 | 0.106 -0.063 0 0 0 0 0 0
0 0.016 0.011 -0.018 0.134 0 0 0 0 0 0
0 0.021 0024 | 811E-03 0 0 0 0 0 0 0
0 0.024 0.033 0.027 0 0 0 0 0 0 0
0 0.025 0.038 0.04 0 0 0 0 0 0 0
0 0.024 0.039 0.045 0 0 0 0 0 0 0
0 0.021 0.036 0.044 0 0 0 0 0 0 0
0 0.016 0.028 0.036 0 0 0 0 0 0 0
0 | 900E-03 | 0016 0.021 0 0 0 0 0 0 0
j:=3
iI:=1.n-1
K i+1 K 10-i+1
Ui j+1 = h—a@(xi 1) D QWi * Ui |+ —aﬂ(xi 1) D 9k, + Uiy | ¥ kis(x

=1

h
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0 0 0 0 0 0 0 0 0 0 0
0 | 9.00E-03 | -7.25E-03 | 0.106 -1.034 0 0 0 0 0 0
0 | 0016 0.011 -0.018 0.651 0 0 0 0 0 0
0 | 0021 0024 | 811E-03 | -0.021 0 0 0 0 0 0
0 | 0024 0.033 0027 | 7.00E-03 | 0 0 0 0 0 0
0 | 002 0.038 0.04 0.029 0 0 0 0 0 0
0 | 0024 0.039 0.045 0.042 0 0 0 0 0 0
0 | 0021 0.036 0.044 0.045 0 0 0 0 0 0
0 | 0016 0.028 0.036 0.039 0 0 0 0 0 0
0 | 9.00E-03 | 0.016 0.021 0.024 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
=4
i=1.n-1
i+1 10-i+1
k k
Ui, j+1 1= —G@(Xi ) z QUi+, j + Uiv,j |+ —aﬂ(xi ) Z Qi1 + Ui j | + KB ) + i |
h =1 h =1
0 0 0 0 0 0 o [ o] o] o] o
0 | 900E-03 | -7.25E-03 | 0.106 -1.034 12.097 o[ o] o] oo
0 0.016 0.011 -0.018 0.651 20085 | 0 | 0 | 0 | 0 | O
0 0.021 0.024 8.11E-03 | -0.021 2.732 o [ o] o] oo
0 0.024 0.033 0.027 7.00E-03 | 464E03 | 0 | 0 | 0 | 0 | ©
0 0.025 0.038 0.04 0.029 0.013 o[ o] o]o]o
0 0.024 0.039 0.045 0.042 0.031 o[ o] o] oo
0 0.021 0.036 0.044 0.045 0.04 o [ o] o] o] o
0 0.016 0.028 0.036 0.039 0.039 o [ o] o] oo
0 | 9.00E-03 0.016 0.021 0.024 0.024 o[ o] o]o]o
0 0 0 0 0 0 o [ o] of]o]o
J=3
i=1.n-1
i+1 10-i+1
k k
Ui j+1 1= —a@(xi ) Z Q-1 j+ Uirgj |+ —Gﬂ(xi ) Z A1, j + Uieg, |+ KES(x,ty) + i |
h =1 h =1
0 0 0 0 0 0 0 0 0 0 0
0 | 9.00E-03 | -725E:03 | 0106 | -1034 | 12097 | -154744 | 0O 0 0 0
0| o016 0011 | -0018 | 0651 | -10085 | 151694 | 0 0 0 0
0| o021 0024 | 811E03 [ -0.021 | 2732 | -6L035 0 0 0 0
0 0.024 0.033 0.027 7.00E-03 | 4.64E-03 9.403 0 0 0 0
0 0.025 0.038 0.04 0.029 0.013 0.169 0 0 0 0
0| 0024 | 0039 0.045 0.042 0.031 0.06 0 0 0 0
0| o021 0.036 0044 | 0045 0.04 0.053 0 0 0 0
0| o016 0.028 0.036 0.039 0.039 0.046 0 0 0 0
0 | 9.00E-03 0.016 0.021 0.024 0.024 0.037 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
J =
i=1.n-1
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i+1 10-i+1
k k
Ui j+1 = —a@(xi ) Z Q-1 j + Uien j |+ _am’(xhtj) Z A1, + Ui-1 | + K0, 4) + Ui j
h =1 h =1
0 0 0 0 0 0 0 0 0 0 0
0 9.00E-03 | -7.25E-03 0.106 -1.034 12.097 -154.744 2.11E+03 0 0 0
0 0.016 0.011 -0.018 0.651 -10.085 151.694 -2.30E+03 0 0 0
0 | 0021 0024 | 811E-03 | -0.021 2732 | -61035 | 115E+03 0 0 0
0 | 0024 0.033 0027 | 7.00E-03 | 464E-03 | 9.403 -287.626 0 0 0
0 0.025 0.038 0.04 0.029 0.013 0.169 27.189 0 0 0
0 0.024 0.039 0.045 0.042 0.031 0.06 0.406 0 0 0
0 0.021 0.036 0.044 0.045 0.04 0.053 -0.055 0 0 0
0 | 0016 0.028 0.036 0.039 0.039 0.046 -0.047 0 0 0
0 | 9.00E-03 | 0016 0.021 0.024 0.024 0.037 -0.118 0 0 0
0 0 0 0 0 0 0 0 0 0 0
j=7
I:=1.n-1
i+1 10-i+1
k k
Ui, j+1 = —a@(xi ) Z Qi+, + U1 j | + —am(xhtj) Z Qi1+ Uig |+ KE(xt) + ui |
h =1 h =1
0 0 0 0 0 0 0 0 0 0| o
0 9.00E-03 | -7.25E-03 0.106 -1.034 12.097 -154.744 2.11E+03 -3.04E+04 0 0
0 0.016 0.011 -0.018 0.651 -10.085 151.694 -2.30E+03 3.59E+04 0 0
0 0.021 0024 | 811E-03 | -0.021 2732 | -61035 | 115E+03 | -207E+04 | 0 | O
0 0.024 0.033 0.027 7.00E-03 | 4.64E-03 9.403 -287.626 6.70E+03 0 0
u= 0 0.025 0.038 0.04 0.029 0.013 0.169 27.189 -1.14E+03 0 0
0 0.024 0.039 0.045 0.042 0.031 0.06 0.406 73.785 0| o
0 0.021 0.036 0.044 0.045 0.04 0.053 -0.055 4613 0 0
0 0.016 0.028 0.036 0.039 0.039 0.046 -0.047 1.897 0 0
0 | 900E-03 | 0016 0.021 0.024 0.024 0.037 -0.118 2.391 0| o
0 0 0 0 0 0 0 0 0 0 0
j:=8
I:=1.n-1
i+1 10-i+1
k k
Ui j+1 = —alﬁ(xi 1) Z Oi—j+1,j + Uirg,j [+ —a@(xi ) Z A1, + Uit j |+ KE(x.4) + i j
h I=1 h =1
0 0 0 0 0 0 0 0 0 0 0
0 | 9.00E-03 | -7.25E-03 0.106 -1.034 12.097 -154.744 2.11E+03 -3.04E+04 4.58E+05 0
0| 0016 0.011 -0.018 0651 | -10085 | 151694 | -2.30E+03 | 359E+04 | -576E+05 | O
0| o021 0024 | 811E-03 | -0.021 2732 | -61035 | 115E+03 | -2.07E+04 | 3.69E+05 | O
0 0.024 0.033 0.027 7.00E-03 | 4.64E-03 9.403 -287.626 6.70E+03 -1.43E+05 0
0 0.025 0.038 0.04 0.029 0.013 0.169 27.189 -1.14E+03 3.30E+04 0
0 0.024 0.039 0.045 0.042 0.031 0.06 0.406 73.785 -4.15E+03 0
0| o021 0.036 0.044 0.045 0.04 0.053 -0.055 4613 118147 | O
0| o016 0.028 0.036 0.039 0.039 0.046 -0.047 1.897 19231 | 0
0 | 9.00E-03 0.016 0.021 0.024 0.024 0.037 -0.118 2.391 -36.911 0
0 0 0 0 0 0 0 0 0 0 0
j=9
I:=1.n-1
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K i+1 K 10-i+1
e = 000 G) IS 9+ Uien |+ —A00G) 0 S Qe+ Ui j |+ KB(4 ) + g
h = h =
I=1 I=1
0 0 0 0 0 0 0 0 0 0 0
0 | 9.00E-03 | -7.25E-03 0.106 -1.034 12.097 -154.744 2.11E+03 -3.04E+04 4.58E+05 -7.18E+06
0 0.016 0.011 -0.018 0.651 -10.085 151.694 -2.30E+03 3.59E+04 -5.76E+05 9.55E+06
0 0.021 0.024 8.11E-03 -0.021 2.732 -61.035 1.15E+03 -2.07E+04 3.69E+05 -6.69E+06
0 0.024 0.033 0.027 7.00E-03 | 4.64E-03 9.403 -287.626 6.70E+03 -1.43E+05 2.95E+06
0 0.025 0.038 0.04 0.029 0.013 0.169 27.189 -1.14E+03 3.30E+04 -8.41E+05
0 0.024 0.039 0.045 0.042 0.031 0.06 0.406 73.785 -4.15E+03 1.50E+05
0 0.021 0.036 0.044 0.045 0.04 0.053 -0.055 4.613 118.147 -1.32E+04
0 0.016 0.028 0.036 0.039 0.039 0.046 -0.047 1.897 -19.231 684.795
0 | 9.00E-03 0.016 0.021 0.024 0.024 0.037 -0.118 2.391 -36.911 652.528
0 0 0 0 0 0 0 0 0 0 0
j:=0..10
i:=0..1C
uej j = Xi[(l - Xi) [t;
0 0 0 0 0 0 0 0 0 0
0 | 900E-03| 0018 | 0027 | 0036 | 0045 | 0054 | 0063 | 0072 | 0081 0.09
0 | 0016 | 0032 | 0048 | 0064 0.08 009 | 0112 | 0128 | 0.144 0.16
0 | 0021 | 0042 | 0063 | 0084 | 0105 | 0126 | 0147 | 0168 | 0.89 0.21
0 | 0024 | 0048 | 0072 | 0.096 0.12 0144 | 0168 | 0192 | 0216 0.24
0 | 0025 0.05 0.075 0.1 0.125 0.15 0.175 0.2 0.225 0.25
0 | 0024 | 0048 | 0072 | 0096 0.12 0144 | 0168 | 0192 | 0216 0.24
0 | 0021 | 0042 | 0063 | 0084 | 0105 | 0126 | 0147 | 0168 | 0.189 0.21
0 | 0016 | 0032 | 0048 | 0064 0.08 009 | 0112 | 0128 | 0.144 0.16
0 | 9.00E:03| 0018 | 0027 | 0036 | 0045 | 0054 | 0063 | 0072 | 0081 0.09
0 0 0 0 0 0 0 0 0 0
n:=1C
m := 1000
L:=C
R:=1
T:=1
(R-1L)
h:=
n
-
k:=—
m
1:=0..n
Xj:=L +ilh
j:=0..m
tj:=0+jk
a:=18
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o) = [p - (D
for i00..(k-1)

p - pila - )

i:=1..10

g = g(i)

i:=0.10

Uio:=C

i :=0..1000

Up,i:=C

j:=0

i=1.n-1

) i+1 . 10-i+1
Ui,j+13:—am(xi1tj) Z ODig+1,j + Uit1 | +—aﬂ(xi,tj) Z Qi1 + Uic1,j |+ KES(x.4) + uj |
h h

1=1 1=1
0 0 0 0 0 0 0 0 0 0 0
0 [ 900E-05 | -7.25E:03 | 0.106 -1.034 | 12007 | -154744 | 211E+03 | -3.04E+04 | 4.58E+05 | -7.18E+06
0 [ 160E04 [ o011 -0.018 0651 | -10085 | 151694 | -230E+03 | 350E+04 | -5.76E+05 | 9.55E+06
0 | 21004 | 0024 | 811E03 | -0.021 2732 | -61035 | LISE+03 | -2.07E+04 | 3.69E+05 | -6.69E+06
0 | 240E:04 | 0033 0.027 | 7.00E-03 | 464E-03 | 9403 | -287.626 | 6.70E+03 | -L43E+05 | 2.95E+06
u=| 0 | 250E-04 | 0.038 0.04 0.029 0.013 0169 | 27.189 | -L14E+03 | 3.30E+04 | -8.41E+05
0 [ 24004 [ 0039 0.045 0.042 0.031 0.06 0406 | 73785 | -415E+03 | L50E+05
0 | 210E04 | 0036 0.044 0.045 0.04 0.053 -0.055 4613 | 118147 | -1.32E+04
0 | 160E04 | 0028 0.036 0.039 0.039 0.046 -0.047 1897 | -19231 | 684.795
0 | 900E05 | 0016 0.021 0.024 0.024 0.037 -0.118 2301 | -36911 | 652528
0 0 0 0 0 0 0 0 0 0 0
] =1
i=1.n-1
i+1 10-i+1
k k
Ui, j+1 1= —a@(xi ) D QWi+ Uiy j |+ —a@(xi ) D 9+ Uiy |+ kiS(x.tj) + ui,j
=1 h =1
0 0 0 0 0 0 0 0 0 0 0
0 | 9.00E-05 | 1.78E-04 | 0.106 -1.034 | 12007 | -154744 | 211E+03 | -3.04E+04 | 4.58E+05 | -7.18E+06
0 | 160E-04 | 3.18E-04 [ -0.018 0651 | -10085 | 151694 | -2.30E+03 | 350E+04 | -5.76E+05 | 9.55E+06
0 | 210E-04 | 418504 | 811F-03 | -0.021 2732 | -61.035 | LISE+03 | -2.07E+04 | 3.69E+05 | -6.69E+06
0 | 240E-04 | 479E-04 | 0027 | 7.00E:03 | 464E-03 | 9403 | -287.626 | 6.70E+03 | -1.43E+05 | 2.95E+06
u= | 0 | 250E-04 | 499E-04 | 004 0.029 0.013 0.169 27189 | -1.14E+03 | 3.30E+04 | -8.41E+05
0 | 240E-04 | 479E-04 | 0045 0.042 0.031 0.06 0406 | 73785 | -415E+03 | L50E+05
0 | 210504 | 419E-04 [ 0044 0.045 0.04 0.053 -0.055 4613 | 118147 | -1.32E+04
0 | 1.60E-04 | 320E-04 [ 0036 0.039 0.039 0.046 -0.047 1897 | -19231 | 684.795
0 | 9.00E-05 | 1.80E-04 | 0021 0.024 0.024 0.037 -0.118 2301 | -36911 | 652528
0 0 0 0 0 0 0 0 0 0 0
=
i=1.n-1
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i+1 10-i+1
k k
U= B0 PD o+ g j |+ B0 DS Qe+ Ui, |+ KB(xt) + Ui
=1 h =1
o] o 0 0 0 0 0 0 0 0 0
0 | 900E05 | 178E-04 | 268E-04 | -1034 | 12007 | -154744 | 2.11E+03 | -3.0AE+04 | 458E+05 | -7.18E+06
0 | 1.60E-04 3.18E-04 4.74E-04 0.651 -10.085 151.694 -2304 3.59E+04 | -5.76E+05 | 9.55E+06
0 | 2.10E-04 4.18E-04 6.25E-04 -0.021 2.732 -61.035 1.15E+03 | -2.07E+04 | 3.69E+05 | -6.69E+06
0 | 2.40E-04 4.79E-04 7.16E-04 7.00E-03 4.64E-03 9.403 -287.626 6.70E+03 | -1.43E+05 | 2.95E+06
u= [0 | 250E-04 | 499E-04 | 747604 | 0029 | 00138 | 0169 | 27189 | -114E+03 | 3.30E+04 | -BALE+05
0 | 240E-04 | 479E-04 | 747E-04 | 0042 | 0081 006 0406 | 73785 | -4.15E+03 | 150E+05
0 | 2.10E-04 4.19E-04 6.28E-04 0.045 0.04 0.053 -0.055 4.613 118.147 -1.32E+04
0 | 1.60E-04 3.20E-04 4.79E-04 0.039 0.039 0.046 -0.047 1.897 -19.231 684.795
0 | 9.00E-05 1.80E-04 2.69E-04 0.024 0.024 0.037 -0.118 2.391 -36.911 652.528
o] o 0 0 0 0 0 0 0 0 0
j:=3
1'=1.n-1
i+1 10-i+1
k k
i je1 = =00 G) P> g, j+ Ui |+ TGP Y Ay + Ui, | +KE(XG) + Ui
h =1 h =1
o] o 0 0 0 0 0 0 0 0 0
0 | 900E05 | 178504 | 263E-04 | 346E-04 | 12097 | -154744 | 2.11E+03 | -3.0AE+04 | 458E+05 | -7.18E+06
0 1.60E-04 3.18E-04 4.74E-04 6.27E-04 -10.085 151.694 -2.30E+03 | 3.59E+04 | -5.76E+05 | 9.55E+06
0 | 2.10E-04 4.18E-04 6.25E-04 8.29E-04 2.732 -61.035 1.15E+03 | -2.07E+04 | 3.69E+05 | -6.69E+06
0 | 2.40E-04 4.79E-04 7.16E-04 9.51E-04 4.64E-03 9.403 -287.626 6.70E+03 | -1.43E+05 | 2.95E+06
u=|[ 0 | 250E-04 | 499E-04 | 747E-04 | 09BE-04 | 0013 | 0169 | 27.189 | -114E+03 | 330E+04 | -841E+05
0 | 240E04 | 479504 | 7.17E-04 | 955E-04 | 0031 0.06 0406 | 73785 | -415E+03 | LSOE+05
0 | 2.10E-04 4.19E-04 6.28E-04 8.36E-04 0.04 0.053 -0.055 4.613 118.147 -1.32E+04
0 1.60E-04 3.20E-04 4.79E-04 6.38E-04 0.039 0.046 -0.047 1.897 -19.231 684.795
0 | 900E05 | LBOE-04 | 269E-04 | 350E-04 | 0024 | 0037 | -0418 | 2391 | -36911 | 652528
o] o 0 0 0 0 0 0 0 0 0
j:=4
i=1.n-1
K i+1 K 10-i+1
Uj j+1 1= — ©(x 'tj) z Oi—j+1,j + Uis1,j | + —(x 'tj) Z Q-1 j + Ui-1,j | + kis(x 'tj) +Uj |
h? = h? =
=1 =1
0 0 0 0 0 0 0 0 0 0 0
0 9.00E-05 1.78E-04 2.63E-04 3.46E-04 4.26E-04 -154.744 211E+03 | -3.04E+04 | 4.58E+05 | -7.18E+06
0 1.60E-04 3.18E-04 4.74E-04 6.27E-04 7.79E-04 151.694 -2.30E+03 | 3.59E+04 | -5.76E+05 | 9.55E+06
0 | 210E04 | 418E-04 | 6.25E-04 | 829E-04 | LO3E03 | -61035 | LISE+03 | -207E+04 | 369E+05 | -6.69E+06
0 | 240E04 | 479E-04 | 7.6E-04 | O5IE-04 | L10E03 | 9403 | -287.626 | 6.70E+03 | -143E+05 | 2.95E+06
u=| 0 2.50E-04 4.99E-04 7.47E-04 9.93E-04 1.24E-03 0.169 27.189 -1.14E+03 | 3.30E+04 | -8.41E+05
0 2.40E-04 4.79E-04 7.17E-04 9.55E-04 1.19E-03 0.06 0.406 73.785 -4.15E+03 | 1.50E+05
0 | 210E04 | 410E-04 | 628E-04 | B36E-04 | LO4E03 | 0053 | -0055 | 4613 | 118147 | -132E+04
0 | 160E-04 | 320E04 | 479E-04 | 63BE-04 | 796E04 | 0046 | -0047 | 1897 | -19231 | 684795
0 | 900E05 | 180E-04 | 269E-04 | 350E-04 | 448E-04 | 0037 | -0418 | 2301 | -36911 | 652508
0 0 0 0 0 0 0 0 0 0 0
j =
i=1.n-1
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i+1 10-i+1
k k
1= B0 DD oy + Ui |+ @06 4)D S @Dz, + Ui, | +KE(xt) + g
=1 h =1
0 0 0 0 0 0 0 0 0 0 0
0 9.00E-05 1.78E-04 2.63E-04 3.46E-04 4.26E-04 5.05E-04 | 2.11E+03 | -3.04E+04 | 4.58E+05 | -7.18E+06
0 | 160E-04 | 318E-04 | 474E-04 | 6.27E-04 | 7.79E-04 | 92BE-04 | -2.30E+03 | 359E+04 | -5.76E+05 | 9.55E+06
0 | 210E-04 | 418E-04 | 6.5E-04 | B.29E-04 | 10BE-03 | 123E-03 | 115E+03 | -207E+04 | 3.69E+05 | -6.69E+06
0 | 240E-04 | 479E-04 | 7.16E-04 | 951E-04 | 119E-03 | 142E-03 | -287.626 | 6.70E+03 | -L43E+05 | 2.95E+06
0 2.50E-04 4.99E-04 7.47E-04 9.93E-04 1.24E-03 1.48E-03 27.189 -1.14E+03 | 3.30E+04 | -8.41E+05
0 2.40E-04 4.79E-04 7.17E-04 9.55E-04 1.19E-03 1.43E-03 0.406 73.785 -4.15E+03 | 1.50E+05
0 | 210E-04 | 419E-04 | 6.28E-04 | B.36E-04 | 104E-03 | 125E-08 | -0055 | 4613 | 118147 | -L32E+04
0 | 160E-04 | 320E-04 | 479E-04 | 6.38E-04 | 796E-04 | O54E-04 | -0047 | 1897 | -19231 | 684795
0 9.00E-05 1.80E-04 2.69E-04 3.59E-04 4.48E-04 5.37E-04 -0.118 2.391 -36.911 652.528
o| o 0 0 0 0 0 0 0 0 0
j =6
i=1.n-1
i+1 10-i+1
k k
Ui, j+1 = —am(xi ) Z GUi-p1,j + Uisg,j |+ —aﬂ(xi 4) Z O, + U1 j |+ KIS0, ) + Ui j
h =1 h =1
0 0 0 0 0 0 0 0 0 0 0
0 | 900E-05 | 178E-04 | 263E-04 | 346E-04 | 426E-04 | 505E-04 | 582504 | -BO4E+04 | 458E+05 | -7.18E+06
0 | 160E-04 | 318E-04 | 474E-04 | 6.27E-04 | 7.79E-04 | 028E-04 | LOBE03 | 3.59E+04 | -5.76E+05 | 955E+06
0 | 210E-04 | 418E-04 | 625604 | 8.2OE-04 | 103E-03 | 123E-03 | 143E-03 | -207E+04 | 3.69E+05 | -6.69E+06
0 | 2.40E-04 4.79E-04 7.16E-04 9.51E-04 1.19E-03 1.42E-03 1.65E-03 6.70E+03 | -1.43E+05 | 2.95E+06
0 | 2.50E-04 4.99E-04 7.47E-04 9.93E-04 1.24E-03 1.48E-03 1.73E-03 | -1.14E+03 | 3.30E+04 | -8.41E+05
0 | 2.40E-04 4.79E-04 7.17E-04 9.55E-04 1.19E-03 1.43E-03 1.66E-03 73.785 -4.15E+03 | 1.50E+05
0 | 210E-04 | 419E-04 | 6.28E-04 | B.36E-04 | 104E-03 | 1256-03 | 146603 | 46138 | 118147 | -132E+04
0 | 1.60E-04 3.20E-04 4.79E-04 6.38E-04 7.96E-04 9.54E-04 1.11E-03 1.897 -19.231 684.795
0 | 9.00E-05 1.80E-04 2.69E-04 3.59E-04 4.48E-04 5.37E-04 6.26E-04 2.391 -36.911 652.528
0 0 0 0 0 0 0 0 0 0 0
ji=7
Ii=1.n-1
i+1 10-i+1
k k
1= —B00G) P> Al j+ Ui |+ — @000 S oy j+ iy |+ KE(Y) + Ui
h =1 h =1
o[ o 0 0 0 0 0 0 0 0 0
0 | 9.00E-05 1.78E-04 2.63E-04 3.46E-04 4.26E-04 5.05E-04 5.82E-04 6.57E-04 | 4.58E+05 | -7.18E+06
0 | 1.60E-04 3.18E-04 4.74E-04 6.27E-04 7.79E-04 9.28E-04 1.08E-03 1.22E-03 | -5.76E+05 | 9.55E+06
0 | 210E-04 | 418E-04 | 625604 | B.2OE-04 | 103E-03 | 123E-03 | 143E-03 | L63E-03 | 3.69E+05 | -6.69E+06
0 | 240E-04 | 479E-04 | 7.16E-04 | 951E-04 | 119E-03 | 142E-03 | LG5E-03 | L88E-03 | -LAGE+05 | 2.95E+06
0 | 250E-04 | 499E-04 | 747E-04 | 9.03E-04 | 124E-03 | 148E-03 | 173603 | 1O7E-03 | 3.30E+04 | -841E+05
0 | 2.40E-04 4.79E-04 7.17E-04 9.55E-04 1.19E-03 1.43E-03 1.66E-03 1.90E-03 | -4.15E+03 | 1.50E+05
0 | 2.10E-04 4.19E-04 6.28E-04 8.36E-04 1.04E-03 1.25E-03 1.46E-03 1.66E-03 118.147 -1.32E+04
0 | 160E-04 | 320E-04 | 479E-04 | 6.38E-04 | 7.96E-04 | O54E-04 | L11E03 | 127E-08 | -19231 | 684.795
0 | 900E-05 | 180E-04 | 269E-04 | 350E-04 | 448E-04 | 537E-04 | 6.26E-04 | 7.15E-04 | -36911 | 652528
0 0 0 0 0 0 0 0 0 0 0
j =
i=1.n-1
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ue j = Xi[(l = Xi) [t;
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i+1 10-i+1
k k
Ui, j+1 1= —GEI(Xi ) Z Qlipr1,j+ Uieg j |+ —aﬂ(Xi ) Z Qi1 )+ Ui-g j | +KB(xt) + ui j
h =1 h =1
0 0 0 0 0 0 0 0 0 0 0
0 | 9.00E-05 1.78E-04 2.63E-04 3.46E-04 4.26E-04 5.05E-04 5.82E-04 6.57E-04 7.30E-04 | -7.18E+06
0| 160E-04 | 318E-04 | 474E04 | 627E-04 | 7.79E-04 | 9.28E-04 | 10BE-03 | 1.22E-03 | 1.36E-03 | 9.55E+06
0| 210E04 | 418504 | 6.25E:04 | 8.29E-04 | 103E-03 | 123E-03 | 143E-03 | 163E-03 | 1.83E-03 | -6.69E+06
0| 240E-04 | 479E-04 | 7.16E:04 | 951E-04 | 119E-03 | 142E-03 | 165E-03 | 188E-03 | 2.11E-03 | 2.95E+06
0 | 2.50E-04 4.99E-04 7.47E-04 9.93E-04 1.24E-03 1.48E-03 1.73E-03 1.97E-03 2.21E-03 | -8.41E+05
0 | 2.40E-04 4.79E-04 7.17E-04 9.55E-04 1.19E-03 1.43E-03 1.66E-03 1.90E-03 2.13E-03 | 1.50E+05
0| 210E04 | 419E-04 | 628E-04 | 8.36E-04 | LO4E-03 | 1.25E-03 | 1.46E-03 | 166E-03 | 1.87E-03 | -1.32E+04
0| 160E-04 | 320E-04 | 479E-04 | 6.38E-04 | 7.96E-04 | 9.54E-04 | 111E-03 | 127E-03 | 1.43E-03 | 684.795
0 | 9.00E-05 1.80E-04 2.69E-04 3.59E-04 4.48E-04 5.37E-04 6.26E-04 7.15E-04 8.03E-04 652.528
0 0 0 0 0 0 0 0 0 0 0
j=9
i:=1.n-1
i+1 10-i+1
k k
Ui j+1 = —GE(Xi ) Z Q-1 j + Uir1,j | + —aﬂ(Xi ) Z A1, j + Uieg, j | +KES(0G,4) + Ui j
h =1 h =1
0 0 0 0 0 0 0 0 0 0 0
0 | 9.00E-05 | 1.78E-04 | 2.63E-04 | 3.46E-04 | 4.26E-04 | 5.05E-04 | 5.82E-04 | 657E-04 | 7.30E-04 | 8.02E-04
0 | 160E-04 | 3.18E-04 | 4.74E-04 | 6.27E-04 | 7.79E-04 | 9.28E-04 | 1.08E-03 | 1.22E-03 | 1.36E-03 | 1.50E-03
0 | 210E-04 | 4.18E-04 | 6.25E-04 | 8.29E-04 | 1.03E-03 | 1.23E-03 | 1.43E-03 | 1.63E-03 | 1.83E-03 | 2.02E-03
0 | 240E-04 | 479E-04 | 7.16E-04 | 951E-04 | 119E-03 | 142E-03 | 165E-03 | 1.88E-03 | 211E-03 | 2.33E-03
0 | 250E-04 | 4.99E-04 | 7.47E-04 | 9.93E-04 | 1.24E-03 | 148E-03 | 1.73E-03 | 1.97E-03 | 2.21E-03 | 2.45E-03
0 | 240E-04 | 4.79E-04 | 7.17E-04 | 9.55E-04 | 1.19E-03 | 1.43E-03 | 1.66E-03 | 1.90E-03 | 2.13E-03 | 2.36E-03
0 | 210E-04 | 4.19E-04 | 6.28E-04 | 836E-04 | 104E-03 | 1.25E-03 | 1.46E-03 | 1.66E-03 | 1.87E-03 | 2.07E-03
0 | 160E-04 | 320E-04 | 479E-04 | 6.38E-04 | 7.96E-04 | 9.54E-04 | 111E-03 | 1.27E-03 | 143E-03 | 158E-03
0 | 900E-05 | 1.80E-04 | 2.69E-04 | 359E-04 | 4.48E-04 | 5.37E-04 | 6.26E-04 | 7.15E-04 | 8.03E-04 | 8.92F-04
0 0 0 0 0 0 0 0 0 0 0
j:=0.10
i:=0..1C
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Program (3.1.5):

°u_ 1 % 0™u
= X

o> @5 oxt°

We use the explicit finite difference method to solve this example

a:=15

— k1
g(k) = |p « [(—1) F}
for i0J0..(k—-1)

p < pifa - i)

—4x% +2x3 - 254612 + 2.546xt%, 0< x < 2,0<t <1

i:=1..10
g = g(i)

1
2

c(x,t) = X
9= 05
1
o 2
d(x,t) :=(2-X)
ue(x,t) := XZE(]x -2 [ﬂ2
S(x,1) := 2°[~2 + X) — 2.5464790894703253723 R [[X — 1.) —
(—4.5135166683820502956 15 + 9.0270333367641005912%% —

» 2567583341910251478) (17
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1
2
Ui, 1:= % [(x(1)) ]D OkW2-ky,0 |+
(5n9) LT (05) kZO (27k)

2 [E %} 2 2
(2-x(2)) DZ Ok Wiky ,0 | + U(1,0) + — B(x(1) ,t(0))
(21} k=0 ?

1 1
k? k? [E 5}
U1,2-{(h ) r(05)m (1)° DZ Ok Wi2—ky,1 | + (h—uj (2-x(1)) "l

2
Z okl 1 |+ (K BO(L) ,t(D) + 2Ty 1 -ug o
=0

[0 -0.25 —0994]
0..
0..

| = 2

ji=0.2

ug j = ue(x(i) ,t(j))
O O 0

ue=| 0 -025 -1
O O 0

ue(x,t) := XZE(]x -2 [ﬂ2

n:=3

m:=4

L=

R =

T :=
R-L

Hoo )
n
T

k= —
m
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i:="0.n"
x(1) ;=L +ilh
I:="0.m"
t(j) == 0+ j Ik
i1:=0..3
Ui,0:=C
1:=0..4
uo i:=0C
=1. 1
{ ¢ rax(i))%}mii1 014 o] { ¢ EE(Z—x(i))ﬂDS_ZM Al 0} 0+ 506010
(_5 rs) k=0 | W k=0 | | 2
ji=1.m-1
i=1.n-1

k2
Ui, j+1 = a
h

1 i+1 2 [L 1} 3-i+1
k . . .
r(05) () ]DZ Kl(i+1-k),j | * (h_“) (2-x())? 0% oirk-1) + KB(x(0) (1)) + 2 - Ui jq

k=0

0 0 0 0 0
0 -0.037 -0.146 -0.307 -0.499
u=
0 -0.074 -029 -0.63 -1.069
0 0 0 0 0
1:=0..3
j:: 0..4
ug j := ue(x(i) ,t(j))
0 0 0 0 0
0 -0.037 -0.148 -0.333 -0.593
ue =

0 -0.074 -029% -0.667 -1.185
0 0 0 0 0

ue(x,t) := x2[(]x -2 [ﬂ2

n:=1C

m := 1000

L:=C

R:=2

T:=1

Ho= (R-1L)
n
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T
k:=—
m
="0.n"
x(1) :=L +ilh
M .: IIO..mlI
t(j) := 0 +jlK
I:=0..1C
Ui,0:=C
I:=0..1C
Upj:=0C
1:=1..9
K2 % 1 i+1 2 [E é} 10-i+1
Uj,1:= x|y «W+1-k),0]+ (2 -x(i)) 10 O ii+k-1),0
" (0] Lr08) ZO (10,01 T ] kgo (i+k-1)
=1
I:=1.n-1
K2 1 i+1 2 [E ﬂ 10-i+1
Ui j+1 e S)EG (i)? Dkzo O i+ 1-K) -(h_"‘) (2 - x(i) Dkzzlo OD(i+k-1) ,
j =2
i=1.n-1 ] ]
k2 1 i+1 2 £ 1} 10-i+1
Ui j+1 = -(h_o‘) r(05)m (? ?(ZO Ok W(i+1-k) ,j | * (h—a) (2= x(i)) Dkzo K D(i+k-1) ,j
=3
i=1.n-1 ) ]
k2 1 i+1 2 £ l:| 10-i+1
Y+ = (h_orj r(05) a)® DZ KGi+1-ky j |+ (h_"‘) (2 =x() DkZo O Di+k-1) ,j
ji=4
i=1.n-1
k2 1' i+1 k2 [L . —;:| 10-i+1
Ui j+1 = -(h_“j r(05) x() * DZO Ok Wi+ 1K) ,j (h_aj (2 - x(i)) Dkzzzo Ok Di+k-1) ,
ji=5
I:=1.n-1
2 2] 2 J; é} 10-i+1
Uj J+1 ha I_(O 5) mX(I)) DZO g&ml(|+]_—k) i -(h—aj (Z—X(I)) Dkzzlo 9<m'(i+k—1),j
=6
=1.n-1
K2 1 1 i+1 2 £ é} 10-i+1
U, j+1:= -(h—a)' r(0.5) |;ﬂx(l)) DZO g<lﬂl(.+1 K),j '(h—a)' (2 = x(i)) Dkzo g(m(ﬂk_l),j
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k2
+ U(iyo) + E B(X(l) ,t(o))

|

} +ICBX() () + 20 j - Ui -1

+ IO 1)) + 2 Ui o1

+ KO 1)) + 200 i o1

]+¥BWWJUD+Z%JU44
]+¥BWWJU»+ZWJUJ4

}+¥BW®JUD+2%JWJJ
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150

ji=7
i:=1.n-1
2 1 % i+1 2 [L %} 10-i+1 ,
Ui j+1 = -(_“5 ) (i) Dz oW+ 1-k) ,j | + -(_“5 (2 - x(i) DZ OkD(i+k-1),j | + K BX() ,t(3)) + 200G j = uj j-1
h ' K=0 h k=0
i:=1.n-1
2 = i 2 =1 10-i+1
. k 1 2 k 2 2 N
Ui j+1 0= ——1x(i) Dz D(i+1-1) j |+ (2 - x(i)) Dz DGi+k-1),j | + KTBXA) () + 204 j - i j-1
ih(xi I (0.5) ihai
k=0 k=0
i:=1.n-1
2 1 % K2 %} 10-i+1 X
Ui i+1:= X (i O Wii+1-k) i | + 2-x(i 0 Mirk-1) i |+ KB(x(),t()) + 200 § —u i—
i j+1 '(h—a) r(O_S)Eﬂ (1)) Z Ok W(i+1-k) , j -(h_a) ( (1) Z OkW(i+k-1) ,j (x(1) ,t(J)) ij Ui j-1
) k=0 k=0
0 0 0 0 0 0 0 0 0 0 0
0 | -7.20E-08 | -2.88E-07 | -6.48E-07 | -115E-06 | -1.80E-06 | -2.59E-06 | -3.53E-06 | -4.61E-06 | -5.83E-06 | -7.20E-06
0 | -256E-07 | -1.02E-06 | -2.30E-06 | -4.10E-06 | -6.40E-06 | -9.22E-06 | -1.25E-05 | -164E-05 | -2.07E-05 | -2.56E-05
0 | -5.04E-07 | -2.02E-06 | -454E-06 | -8.06E-06 | -1.26E-05 | -181E-05 | -2.47E-05 | -3.23E-05 | -4.08E-05 | -5.04E-05
0 | -768E-07 | -307E-06 | -6.91E-06 | -123E-05 | -1.92E-05 | -2.77E-05 | -3.76E-05 | -492E-05 | -6.22E-05 | -7.68E-05
0 | -100E-06 | -400E-06 | -9.00E-06 | -160E-05 | -250E-05 | -3.60E-05 | -490E-05 | -6.40E-05 | -8.10E-05 | -1.00E-04
0| -115E-06 | -461E-06 | -1.04E-05 | -1.84E-05 | -2.88E-05 | -4.15E-05 | -5.64E-05 | -7.37E-05 | -9.33E-05 | -1.15E-04
0| -118E-06 | -470E-06 | -1.06E-05 | -1.88E-05 | -2.94E-05 | -4.23E-05 | -5.76E-05 | -7.53E-05 | -9.53E-05 | -1.18E-04
0 | -102E-06 | -410E-06 | -9.22E-06 | -164E-05 | -256E-05 | -3.69E-05 | -5.02E-05 | -655E-05 | -8.29E-05 | -1.02E-04
0 | -6.48E-07 | -250E-06 | -5.83E-06 | -1.04E-05 | -162E-05 | -2.33E-05 | -3.18E-05 | -415E-05 | -5.25E-05 | -6.48E-05
0 0 0 0 0 0 0 0 0 0 0
i:=0..10
j:=0.10
ug j := ue(x(i) ,t(j))
0 0 0 0 0 0 0 0 0 0 0
0| -7.20E-08 -2.88E-07 -6.48E-07 -1.15E-06 -1.80E-06 -2.59E-06 -3.53E-06 -4.61E-06 -5.83E-06 -7.20E-06
0| -2.56E-07 -1.02E-06 -2.30E-06 -4.10E-06 -6.40E-06 -9.22E-06 -1.25E-05 | -1.64E-05 | -2.07E-05 | -2.56E-05
0| -5.04E-07 -2.02E-06 -4.54E-06 -8.06E-06 -126E-05 | -1.81E-05 | -247E-05 | -3.23E-05 | -4.08E-05 | -5.04E-05
0| -7.68E-07 -3.07E-06 -6.91E-06 -123E-05 | -1.92E-05 | -2.77E-05 | -3.76E-05 | -492E-05 | -6.22E-05 | -7.68E-05
0| -1.00E-06 -4.00E-06 -9.00E-06 -1.60E-05 | -2.50E-05 | -3.60E-05 | -4.90E-05 | -6.40E-05 | -8.10E-05 | -1.00E-04
0| -1.15E-06 -4.61E-06 -1.04E-05 | -1.84E-05 | -2.88E-05 | -4.15E-05 | -5.65E-05 | -7.37E-05 | -9.33E-05 | -1.15E-04
0| -1.18E-06 -4.70E-06 -1.06E-05 | -1.88E-05 | -2.94E-05 | -4.23E-05 | -5.76E-05 | -7.53E-05 | -9.53E-05 | -1.18E-04
0| -1.02E-06 -4.10E-06 -9.22E-06 -1.64E-05 | -2.56E-05 | -3.69E-05 | -5.02E-05 | -6.55E-05 | -8.20E-05 | -1.02E-04
0| -6.48E-07 -2.59E-06 -5.83E-06 -1.04E-05 | -1.62E-05 | -2.33E-05 | -3.18E-05 | -415E-05 | -5.25E-05 | -6.48E-05
o 0 0 0 0 0 0 0 0 0 0
n:=1C
m := 10
L:=C
R:=2
T:=1
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. (R-L)
' n
T
k:=—
m
I:="0.n"
x(|) =L +ilh
="0.m"
t( j) =0+ jlk
I:=0..10
Ui,0:=C
I:=0..1C
up,i:=C
I:=1..6
2 % 1 i+1 2 [L i} 10-i+1 2
i 1= O [ + 2-x(i O Wit k— + Ui 0y + —B(x(i) ,t(0
U1 m r(os)fﬂ()) kzogk (i+1-k),0 W (2 = x(i)) kZ::o K WGi+k-1),0 | + Ui,0) * (x(1) ,t(0))
j=1
i:=1.n-1
2 1 i+1 2 [E ﬂ 10-i+1 ,
U j+1 = a —r(05)m (i)? DZ:“O K+ 1-k) j |+ -(h_"‘j (2-x(0)) DKZ::o KW(irk-1),j | + KB 1()) + 2005 j = Ui j-1
ji=2
i:=1.n-1
k2 1 i+1 I(2 [E %} 10-i+1 )
Uj,j+1 = r r(05) () 2 Dkzo KU1k [ + ) (2 - x(1) Dkgo K Wirk-1),j | + KB (1)) + 200 j - uj j—1
] =3
I:=1.n-1
2 1 i+1 2 [E %} 10-i+1 ,
Ui j+1 = r r(05) —— (i) ? izo Ok 1K), j |+ (h_"‘j (2 - x(i)) DKZ:“O Ok Wirk-1),j | + KB 1)) + 2005 j = uj j-1
ji=4
I:=1.n-1
2 1 i+1 2 [E ﬂ 10-i+1 )
Ui j+1 = (h_o‘) r(05) (i) ® izo Ok Wi(i+1-K) , j (h_“) (2 = x(i)) Dkzo Ok U(irk-1),j | + KB ,t(4)) + 204 j = Ui j-1
ji=5
i:=1.n-1
k2 } i+1 k2 £ %} 10-i+1 )
Ui j+1 = m r(05) 0x(i) 2 DZ OU(i+1-K) j (h_"j (2 - x(i)) DKZZ:O Ok W(ik-1) ,j | + K BOX() ,t(1)) + 200 j = uj j-1
ji=6
I:=1.n-1
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k2 1 izl i+1 k2 %:| 10-i+1 )
U i41:= X(i d Wi+1-k) i |+ 2= x(i ad Wei+k-1) i | + KB(x(1),t(j)) + 200 i —u -
i, j+1 (h—a) r(O.S)Eﬂ 0)] Z OWU(i+1-k) ,j (h—a) ( 0)] Z Ok W(i+k-1) ,j (x(1) ,t(1)) i,j ~ Uij-1
k=0 k=0
I:=1.n-1
k2 1 E i+1 K §:| 10-i+1 )
Ui j+1 = -(_a) m[ﬂx(i)) DZ OkUigir1k) ,j | * -(_a) (2 - x(i)) DZ K W+k-1),j | + KBX() 1)) + 2005 j - uj j-1
| \h ' K=0 \h k=0 |
ji=8
I:=1.n-1
k2 1 E i+1 k2 %:| 10-i+1 )
U i41:= X(i d Wi+1-k) i |+ 2= x(i ad Wii+k-1) i | + KB(x(1),t(j)) + 200 i —u -
i, j+1 (h—a) r(O.S)Eﬂ () Z Ok W(i+1-k) ,j (h—a) ( 0)] Z Ok W(i+k-1) ,j (x(1) ,t(1)) i,j ~ Uij-1
| k=0 i k=0 |
J:=9
I:=1.n-1
k2 1 E i+1 k2 %:| 10-i+1 )
Ui j+1 = -(_a) m[ﬂx(i)) DZ OkWiGir1k) ,j | * -(_a) (2 - x(i)) DZ K W+k-1),j | + KTBX() 1)) + 20005 j - uj j-1
\h ' K=0 \h K=0 |
0 0 0 0 0 0 0 0 0 0 0
0 -7.20E-04 -2.85E-03 -6.25E-03 -0.011 -0.016 -0.02 -0.024 -0.024 -0.022 -0.014
0 -2.56E-03 -9.97E-03 -0.021 -0.036 -0.051 -0.065 -0.077 -0.084 -0.086 -0.082
0 -5.04E-03 -0.019 -0.041 -0.068 -0.095 -0.119 -0.138 -0.149 -0.152 -0.148
0 -7.68E-03 -0.03 -0.062 -0.101 -0.14 -0.174 -0.199 -0.213 -0.215 -0.209
0 -0.01 -0.038 -0.081 -0.13 -0.18 -0.223 -0.254 -0.27 -0.272 -0.264
0 -0.012 -0.044 -0.093 -0.15 -0.208 -0.257 -0.293 -0.312 -0.316 -0.308
0 -0.012 -0.045 -0.095 -0.155 -0.215 -0.268 -0.309 -0.333 -0.341 -0.338
0 -0.01 -0.04 -0.084 -0.138 -0.194 -0.246 -0.289 -0.32 -0.337 -0.344
0 -6.48E-03 -0.025 -0.055 -0.093 -0.135 -0.179 -0.221 -0.257 -0.288 -0.311
0 0 0 0 0 0 0 0 0 0 0
= ¥ s
ue(x,t) == x"[Ix — 2)
1:=0..10
j:=0.10
ug j = ue(x(i) ,t(j))
0 0 0 0 0 0 0 0 0 0 0
0 -7.20E-04 -2.88E-03 -6.48E-03 -0.012 -0.018 -0.026 -0.035 -0.046 -0.058 -0.072
0 -2.56E-03 -0.01 -0.023 -0.041 -0.064 -0.092 -0.125 -0.164 -0.207 -0.256
0 -5.04E-03 -0.02 -0.045 -0.081 -0.126 -0.181 -0.247 -0.323 -0.408 -0.504
0 -7.68E-03 -0.031 -0.069 -0.123 -0.192 -0.276 -0.376 -0.492 -0.622 -0.768
0 -0.01 -0.04 -0.09 -0.16 -0.25 -0.36 -0.49 -0.64 -0.81 -1
0 -0.012 -0.046 -0.104 -0.184 -0.288 -0.415 -0.564 -0.737 -0.933 -1.152
0 -0.012 -0.047 -0.106 -0.188 -0.294 -0.423 -0.576 -0.753 -0.953 -1.176
0 -0.01 -0.041 -0.092 -0.164 -0.256 -0.369 -0.502 -0.655 -0.829 -1.024
0 -6.48E-03 -0.026 -0.058 -0.104 -0.162 -0.233 -0.318 -0.415 -0.525 -0.648
0 0 0 0 0 0 0 0 0 0 0
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Program (3.2.1):
4118
ux,t) _ 59 uS;’t)+x(x—1)—L(lox—l),OSXSl,OStﬁl
ot ) r(0.2)

u(x,0) =0for0<x <1.

u(0,t) =0for0<t<1.

u(,t)=0forO<st<l.

We use the implicit finite difference method to solve this example.

s(x,t) ;= x[(x — 1) —.21782488421166726157 [t[(10[x — 1)
n:=2

= = 0N

~

R-L)

> Hx;mr 3
I
>

X
1
3|

Q o —
TR
o + -

Q
—~
N
N
i
e
)
1
T
=
N
|
| R |

for i00..(z-1)
p — pilia - i)
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0
x=| 05

1
z=0..n-2

4
5 _h
Mz,z:=1- (Xz+1) E—a@(l)
(k)
m=(28)
1:=0..n-2
b = S(Xi+1,t1) [k
b = (-0.343)
m L= (0357)
u=m ‘m
u=(-0122)
1:=0..n-2
1
ug = Xi+1(Xi+1 - 1) EZ_
ue = (-0.125)
z:=0.n-2
4
5 h
Mz z:=1- (Xz+1) E—a@(l)
(k)
m=(28)
1:=0C
di == s{Xj+1,t2) kK + U
m 1 =(0357)

m~ 1@ = (-0.244)

1(1
—[é—— ):—0.25
212
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— 0 3 5
1
= = O N w



for i00..(z—-1)
p — pllia - i)

i:=0..n

i:=0..m

[
| =

1:=C
4
5k
mj j+1 = -(Xi+1) E'—a
(h)
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( 235 -0.75 j
m=
0 335
hh:=C
i :=0.. hh
j:=1..(hh-1)
4
5 k )
my i = =(%+2) B—10(i +2)
(h)
2.35 —0.75)
m=
-094 335
i:=0..n—-2
bj := S(Xi+1 ,t]_) [k
_ ( ~0.087 j
| -0133
1 (0.467 0.105)
m =
0.131 0.328

u=m ‘m
-0.055 j
u =
—-0.055
i:==0..n-2

ug .= X|+1 Xi+1 ~ 1)

( -0.056 j
0056

=0..

FNTTEN

4 1

Mz z:=1- (Xz+1)5[‘|47@(1)

5

(235 -075
| -094 335
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( 2.35 —o.75j
m=
-094 335
hh:=C
i :=0.. hh
j:=1..(hh-1)
4
my i = ~(x+2) S E—Ik—a G(i + 2)
(h)
( 2.35 —0.75)
m =
-094 335
i=0.n-2
bj := s(Xj+1,tp) k + —0.055
( —0.174]
~0.265
1 (0.467 0.105)
m 0131 0.328

u=m ‘m
-0.109 j
u=
-0.11
i:=0..n—-2

ug .= X|+1 Xi+1 ~ 1)

( omj
-0.111

=0..

INIEN

4 1

Mz z:=1- (Xz+1)5[‘|47@(1)

5

(235 -075
| -094 335
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( 2.35 —o.75j
m=
-094 335
hh:=C
i:=0. hh
j:=1.(hh-1)
4
5 k )
my i = =(%+2) B—10(i +2)
(h)
2.35 —0.75)
m=
-094 335
i:=0..n—-2
bi := s(Xj+1,t3) K + u
( -0.26 j
b=
-0.397
_1 (0467 0.105)
m =
0.131 0.328

u=m ‘m
-0.163 j
u =
-0.164
i:=0..n—-2

ug .= X|+1 Xi+1 ~ 1)

( -0. 167]
0167

=0..

IR

4 1

Mz z:=1- (Xz+1)5[‘|47@(1)

5

(235 -075
| -094 335
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( 2.35 —o.75j
m =
-094 3.35
hh:=C
i:=0..hh
j:=1..(hh-1)
4
5 k )
mp j:= —(xi+2) E—I—a@o +2)
(h)
( 2.35 —0.75)
m =
-094 3.35
i=0.n-2
bi := S(Xj+1,ta) K + u

. ( —0.346)
| -0528
_1 (0467 0.105)
m =
0.131 0.328
u:=m M
-0.217 j
u=
-0.219
1:=0.n-2
ug = Xi+1(X+1 — 1)

—0.222
ue =
( —0.222 j

-
—
- -
I —
-
—

n:=1C
m:= 10
L:=C
R:=1
T:=1
b (R-D)
n
=L
m
] :=0..m
tJ=0+j[k
a:=18
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92 = |p - [(—1) —}
for i00..(z—-1)
p — pllia - i)

ol

mj i+1 = _(Xi+1) E'_O(
(h)
hh:=C
i :=0.. hh
ji=1..(hh-1)
4

my j:= —(Xi+2)5Gk—@(i +2)
(h°
hh:=1
i:=0.. hh
j:=1.(hh-1)
4

Mo ;= ~(xis2) > B 1g(i + 2)
(h)°

hh:=2

i :=0..hh

ji=1.(hh-1)
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4

ma = —(xi+2)5EIk—a@(i +2)
(h)
hh := 3
i:=0..hh
j:==1. (hh-1)
4

mg i = —(xi+2)5li-lk—a@(i +2)
(h)
hh:=4
i:=0..hh
j:=1. (hh-1)
4

mg = —(xi+2)5EIk—a@(i +2)
(h)
hh:=&
i:=0..hh
j:=1. (hh-1)
4

Me i = —(xi+2)5EIk—a@(i +2)
(h)
hh:= €
i:=0..hh
j:==1. (hh-1)
4

my j:= —(xi+2)5EIk—a@(i +2)
(h)

hh:= 7

i :=0..hh

j:=1.(hh-1)

4

mg = —(xi+2)5Elk—@(i +2)
(h)”

i:=0..n-2

b = S(Xi+1,t1) [k

u=m ‘M
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3

3

3

3

3

1
4
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I[l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [I [I [I [l [l [I

-7.365x 10
-0.012
-0.012
-0.011
-0.01
u=
-0.181 x 10
-7.651 x 10
-5.759 x 10
-3331x 10
i1:=0..n—-2
ue = X4 1(Xi+1 — 1)
—9x 103
-0.016
-0.021
-0.024
ue=| -0.025
-0.024
-0.021
-0.016
—9x 10”3
n:=2C
m = 10
L =
R :=
T:=
R-L
h:= ( )
n
T
K:=—
m
j:=0..m
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Q
i

6@ = |p - [(—1)21}
for i00..(z-1)
p  pifa - i)

i:=0..n

i:=0..m

ol

mj i+1 = _(Xi+1) E'_O(
(h)
hh:=C
i :=0.. hh
j==1.(hh-12)
4

k
my j:= —(Xi+2) *a— [g(i +2)

(h)°
hh:=1
i :=0..hh
ji=1. (hh-1)
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4

mp = —(xi+2)5EIk—a@(i +2)
(h)
hh:= 2
i:=0..hh
j:=1. (hh-1)
4

ma = —(xi+2)5li-lk—a@(i +2)
(h)
hh := 3
i:=0..hh
j==1. (hh-1)
4

mg i = —(xi+2)5EIk—a@(i +2)
(h)
hh:=4
i:=0..hh
j:=1. (hh-1)
4

mg = —(xi+2)5EIk—a@(i +2)
(h)
hh:=&
i:=0..hh
j:=1. (hh-1)
1

Me i = —(xi+2)2Elk—a@(i +2)
(h)
hh:= €
i:=0..hh
j:==1. (hh-1)
4

my j:= —(xi+2)5EIk—a@(i +2)
(h)

hh:=7

i:=0..hh

j:=1. (hh-1)
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4

mg = —(xi+2)5EIk—a@(i +2)
(h)
hh := 8
i:=0..hh
j:=1. (hh-1)
4

Mg = —(xi+2)5li-lk—a@(i +2)
(h)
hh:=¢
i:=0..hh
j==1. (hh-1)
4

myo,j:= —(Xi+2)5E'LG@(i +2)
(h)
hh := 1C
i:=0.. hh
j:=1.(hh-1)
4

miq j:= —(Xi+2)5|:-|k—a@(i +2)
(h)
hh:= 11
I1:=0..hh
j:=1..(hh-1)
4

Mz = ~(442) B 001+ 2)
(h
hh:=12
i :=0.. hh
i=1. (hh—-1)
4

mi3 j:= —(Xi+2)5E'LG@(i +2)
(h)

hh := 13

i:=0.. hh

j:=1.(hh-1)
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4

Myg j = —(Xi+2)5E'LG@(i +2)
(h)
hh := 14
i:=0.. hh
j:=1.(hh-1)
4

mis j = —(Xi+2)5E|LG@(i +2)
(h)
hh := 15
i:=0.. hh
j:=1.(hh-1)
4

Mg j = —(Xi+2)5E'LG@(i +2)
(h)
hh := 16
i:=0.. hh
j:=1.(hh-1)
4

my7z j:= —(Xi+2)5E'LG@(i +2)
(h)

hh := 17

i:=0.. hh

j:=1.. (hh-1)

1

mig j:= —(Xi+2)2E'L@(i +2)
(h®

i:=0..n-2

b = S(Xi+1,t1) [k

u=m ‘1M
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-3.97E-03

-9.68E-03

-0.015

-0.02

-0.024

-0.028

-0.031

-0.034

-0.037

-0.038

-0.039

-0.04

-0.04

-0.039

-0.038

-0.036

-0.032

-0.027

-0.018

i:=0.n-2

ug = Xi+1(xi+1 - 1)

ue=

-4.75E-03

-9.00E-03

-0.013

-0.016

-0.019

-0.021

-0.023

-0.024

-0.025

-0.025

-0.025

-0.024

-0.023

-0.021

-0.019

-0.016

-0.013

-9.00E-03

-4.75E-03

1
4
10
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Some Basic Concepts of
_Fractional Caloulus

—
__..‘—_-l

| ntroduction:

Fractional calculus is commonly called generalizéiifer-
integration, which means an arbitrary order (real @mplex)
derivatives and integrals. The fractional diffegigitations of the
function of single variable and that of the funo8oof many variables
can be unified without any trouble. That is, thassical integer order's
differintegral is the special case of the fractiooaculus, [Nishimoto
K., 1989].

In this chapter, we give simple information abduw fractional
order ordinary derivatives of functions with onedamore than one
independent variables, and fractional order orginartegrals of

functions with one independent variables.
This chapter consists of three sections:

In section one, we give some definitions of thecticmal order

ordinary derivatives.

In section two, we give some definitions of thecfranal order

ordinary integrations.

In section three, we give some definitions of tlaetional order

partial derivatives.



Chapter One Some Basic Concepts of Fractional Calculus

1.1 Fractional Order Ordinary Derivatives:

As seen before, there are many references, in wihineh
fractional order derivatives of functions of singlariable (or simply
fractional order ordinary derivatives) are discassélso, many
definitions on the fractional order derivatives foihctions of single

variable are reported. Some of them are shown below

(1) Riemann-Liouville fractional order ordinary derivatives,
[Oldham K. and Spanir J., 1974]:

The fractional order derivative of order g of a d¢tian f is

defined to be:

d o 1 dV f(y)
DY f (x) r(n_q)dxnj(x_y)qﬂ_ndy,xza ................................... (1.1.1)

a

where q is a positive fractional number and n matral number, such

thatn-1<g<n.

Note that, this derivative is said to be the leftitied fractional
order derivative of order g of a function f at argx since it depends on
all function values to the left of the point x, thg, this derivative is a

weighted average of such function values.

On the other hand, the right-handed fractional omerivative of

order g of a function f is defined to be:

b

@l (D" T ()
DY . () r(n_q)dxnj(y_x)qﬂ_ndy,xsb ................................... (1.1.2)

X

where q is a positive fractional number and n matral number, such

thatn-1<qg<n.
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Note that, this derivative is said to be the rightided fractional
orderderivativeof order g of a function f at a point x since ép@&nds on
all function values to the right of the point x.deneral, the left-handed
and right-handed derivatives are not equal unlessaq even integer.
Moreover, if q is a positive integer, then the abaefinitions give the
standard integer derivatives, that is,

d% (x)

q =
CHRIOES

and

d (x) _ d% (x)
dxd  d(-x)9

(DSl )(x) = (=D
To illustrate this definition, consider the follavg example:

Example (1.1.1):

Consider f(x¥x, where XxJ[0,1] then

X

18 1 d? y 1
X= dy= .
0,x r (2 — 18) dX2 ‘([(X _ y) 18+1-2 y r (0.2))(0'8
TNV S j Y 4= L [ -18 08X
x,1 r (2 _ 18) dX2 ) (y _ X) 18+1-2 r (02) (1_ X) 0.8 (1_ X)1_8 :
X
DBx=— 1 _ EJ‘ Y dy = 2%
OX™ 7 @- 05) dx (x-y) T T 05)
1
-1 d y -1 X
D%x = —I dy= (\/1— X — j
I @- 05) dxJ (y - x) 0511 Y~T 05) 1-x

X
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(2) Grunwald fractional order ordinary derivatives,
[Caputo M., 1971]:

The fractional order derivative of order q of a function f is
defined to be:

%\
d (N) G- (X
de(X) |\|1|moo FCo) ;r(ﬁl)f(x jﬁj ............................... (1.1.3)

where q is a positive fractional number.

To illustrate this definition, consider the follavg examples:

Examples (1.1.2):

(1) Consider f(xFx, then

X_q
qte . (j Nr(j—18)( .1): - 08

X = lim —— o~
dx'® " Now| (- 18)121 r(j+2 N/)| T ©02)x°®

(2) Considef (x) =x™, where m is any real number then

i -1.5
X
1.5 (j N f m _
d WM = i N ZF(J 1.5)()(_1. XJ _ —osX”

= lim ——
dx*° N-w| [(-1.5){7 T (j+1) N r(0.5)x">

X -q
() ZN:r(J—ls)( .ijm _ - 08x"
)=

X = —_—
dx*® N-ol [(-18) <= T(j+1) N r 02)x'?




Chapter One

(3) Considef (x) =sinx, then

Some Basic Concepts of Fractional Calculus

'(X)—os .
05 N N _ :
d 55 Sinx = lim ZF(J sm( Ji) —_ SInX .
dx N=ol [(=05) 4= i+ NJ| T ©5)x°
(4) Considef (x) =cosx, then
i X -0.5 -

d> _ (Nj - (j-0.5) { -X) _ COSX

—cosx= lim DY —=—c0% X f-||F—s
dx”® N-=| [(-0.5)% T (j+1) N)| T (0.5)X

(3) Caputo fractional order ordinary derivatives, [Caputo M., 1971]:

The left-handed and the right handed fractionakoctkrivatives

of order q of dunctionf are defined to be:

Gt g 1 d%(y)
aDxf(X) F(n—q)a(x—y)q"” ay" (0 )V @ - (1.1.4)
and
b n
D (x) = Ok ! f(y)dy, N3 T (1.1.5)

Fn=a)J (y=-x)4" ady"

where q is a positive fractional number and n matiral number, such

thatn-1<qg<n.

To illustrate this definition, consider the follavg example:
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Example (1.1.3):

Consider f(x¥x, then

X

1 1 fy
D15 = dy
o F(2—1.8)£ (x-y)"* 2 dy?

_ 1667 12
"r(o.z)l(x—y)-o-zoIy roz

1

18,2_ 1 1 d2y2
SEPE 18)I<y X)"% dy*

B 1.667
‘r(o.z)i(x—y)‘o-zd r©2)

= L-x)*t

X 5
2

r1-05), (x-yf™' dy 3 (0.5
J 1 dyd _—2(2- x}'s.
(y- x** dy ¥ (0.5)

D=
r@-o.5);

1.2 Fractional Order Ordinary | ntegrals:

Like the fractional order ordinary derivatives, iiheare many
references,in which the fractional integrals of functions of gle
variable (or simply fractional order ordinary intaf$) are introduced.

Some of them are shown below.

(1) Riemann-Liouville fractional order ordinary integral,
[Nishimoto K., 1983]:

The fractional order ordinary integral of orderfogpdunction f is
defined tobe
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(15,F)0) = (1q) j . f_(;’))l_q TR T D @.2.1)

whereq is a positive fractional number.

(2) Weyl fractional order ordinary integral, [Nishimoto K., 1983]:

The left-handed fractional order ordinary integvabrder g of a
function f is defined to be:

(19, F)x) = I‘(lq) [ 5 f_(;’))l_q Y, X 3700 oo (1.2.2)

and theright-handed fractional order ordinary integralafler g of a
function f is defined to be:

(19 .F)(X) = r(lq) I 5 f_()ﬁ(/))l_q Y, X <00, cvreeeeeeeeeeeeeeeeee e, (1.2.3)

whereq is a positive fractional number and f is a p&iedunction and

its mean value for one period is zero.

(3) Erdely fractional order ordinary integral, [Nishimoto K., 1983]:

The fractional order ordinary integral of orderfcadunction f is
defined either by:

19 (x) -1 j (x =2)97H(2)dz, x> C12F (X) =F(X) cvrveeereereeeeeens (1.2.4)
F(a)y
or by
K% (x) -1 j (= x)9H(2)dz, X< O, KU (X) =F(X) ceovrerrrrrerens (1.2.5)
F(a)s,

10
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(4) Okikiolu fractional order ordinary integral, [Nishimoto K., 1983]:

Thefractionalorder ordinary integral of order q of a functiors f

defined either by:

_ 1 T o<y <o
Ha(F)(X) = (p(q)_[o - X)f(y)dy, 3 T R (1.2.6)
or by
Ko(H)X) =$1|y X P (Y)Y, =00 <X <0 (1.2.7)

where(q) = 2I (q)sin(%j :

(5) Rieszfractional order ordinary integral, [Nishimoto K., 1983]:

The fractional order ordinary integral of orderfopdunction f is
defined to be:

fq0) = [ =y (y)dy, —0 <X <o, 0< < Luvvmrvnvrcor (1.2.8)

1.3 Fractional Order Partial Derivatives:

In this section, we extend the previous definitiafidractional
order ordinary derivatives of a function of single variable tcclude

functions of many variables.

11
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(1) Riemann-Liouville fractional order partial derivatives:

The left-handed fractional partial derivative ofder g of a

function f is defined to be:

. 1 a (X0 X g eens Xig s Yo Xiag 2eves Xy )
aqI f ’ ’ 172 i-1 i+1 d X >

wherei[0{1,2,3,...,n}

On the other hand, the right-handed fractional orgartial

derivativeof order q of a function f is defined to be:

: b
(_1)n| ar‘ Jl f(X].!XZ""’Xi—l’y’XH'l ..... Xn )dy’x' =

q _
aX| hf(xl Xoy.uny Xm) (y—Xi)q+1_n

Xj

where q; is a positive fractional number ang is a natural number,

such thain;, —1< g < n for somei J{12,....m} .

To illustrate this definition, consider the follavg example:

Example (1.3.1):

Considef (X;,X,) =X X, then

d ¢ y
S f(x X o) = —d
oy, 5(X1X 2) = 2X%; <
(0.5)

12
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(2) Grunwald fractional order partial derivatives:

The fractional order partial derivative of order gabfunction f is
defined to be:

N

2

j=0

ri-a),

X,)= lim .
r(+1

..... mii)

X ' r-q)

for some 0{12,... m}.

To illustrate this definition, consider this exampl

Example (1.3.2):

Considef (X1, X5) = XX 5, then:

0'5 i [ANJ) < T(-05
Wf(xlixz) :X2|Im Z (J . )
Xy N-w| ["(=0.5) = M (j+1)
05 5
a5 D T2 g g

——f(x,,x.) =x,lim

ax 0% X2 TXa, r(—o.S)on r(i+1)
0.5
o (X1X2) = 2% \/X_z

axz . I‘(O.5)

(Xz
N

N

r(j-0.5)

13
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Xy
N

(Xl_j

_iXe
N
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(3) Caputo fractional order partial derivatives:

The left-handed and the right handed fractionaleorgartial

derivatives of order g of a function f are definede:

ai<9§‘(iif(x1,x2,...,xm):

1 1 0" (X0 X0 Xy Y K v X )y
— Y, X 23§ ...(1.3.4)
r(n-q )i (x -y oy" i

and

. ag:f(xl,xz,...,xm):

b;

(=1 L 0™ X X Yo X v X Ny <y (135
r(ni-q)xji(y—x)qi‘“ ay" e R

where g, is a positive fractional number ang is a natural number,

such thain, —-1< q < n for someJ{12,...m}.

To illustrate this definition, consider this exampl

Example (1.3.3):

Considerf (x4, X ,) =X2x 5, then

05,022 1 ' 2
0. (X5X %) = d
005, (XX %) I'(2—O.5)£(x1—y)°'5”2 y

=0.902703% %'2.

X2
1 2
005 (XX 5) = |

—dy
2 r(2-0.5)7 (xp-y)>%?

=0.902703% %'?
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Numerical Methods for Solving
Fractional Order Partial

mﬁ%mmfﬁqwm

| ntroduction:

As seen before, the fractional order ordinary défeial
equations are generalizations of classical ordidéfgrential equations.
Therefore the fractional order partial differenti@quations are
generalizations of classical partial differentigjuations. Increasingly,
these models are used in real life applications siscfluid flow, finance
and others, [Meerschaert M. and Tadjeran C., 2005].

The aim of this chapter is to use some special stypie the
numerical methods, which is the finite differencethods to solve
classes of the linear initial-boundary value fractl order partial
differential equations with variable coefficient® @ finite domain.

Also, stability of these methods are discussed.
This chapter consists of two sections:

In section one; we use the explicit finite diffecenmethod to
solve the initial-boundary value problem of thegimolic and hyperbolic
for one-sided and two-sided fractional order péartdifferential

equations.
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Chapter Three Numerical Methods for Solving Fractional Order Partial Differential Equations

In section two, we use the implicit finite diffei@ method to
solve the initial-boundary value problem of the {sided fractional

order partial differential equations.

3.1 The Explicit Finite Difference Method:

In this section, we use the explicit finite difface method to
solve the initial-boundary value problem of thecfranal order partial
parabolic and hyperbolic differential equationss@lthe stability of this

method is discussed.

3.1.1 The Explicit Finite Difference Method for Solving Heat Partial
Differential Equations, [Smith G., 1978]:

Consider the parabolic partial differential equatio

2
U O SR OSEE T oo (3.1.2)

ot ox?
together with the initial and zero Dirichlet bounglaonditions:

u(x,0)=f(x) for L<x<R
u(L,t)=0 for OS S T b e (3.1.b)
u(R,t)=0 for < t< T

In this section, we use the explicit finite diffaoe method to

solve this initial-boundary value problem. To desthve substitute =xx;,

t=t;, into equation (3.1.a) and replacing the partmi\mtives% and

2
g—l; with their approximations to get:
X

38



Chapter Three Numerical Methods for Solving Fractional Order Partial Differential Equations

Uijen ~Uj _Uisgj =24+ Yo g (3.2)
At (Ax)?

where {=jAt, j =0,1,..., m and m is the number of subintervals of the
interval [0, T], x= L+iAx, i=0,1,...,n and n is the number of subintervals

of the interval [L, R].
The resulting equation can be explicitly solvedugs to give:

Uij+1 = Bui_l,j +(1- ZB)Ui,j +Bui+1,j, 1=12,...,n;j=0,1,....m1......... (3.3)

where 3= and y; is the numerical solution of equation (3.1) at

(Ax)?

each (x t), i=0,1,....,n and 30,1,...,m, such that ;y=f(x;), for
i=0,1,...,n and g=u,;=0 for j=0,1,....m. By evaluating the above
equation at each=1,2,...,nr1 and §0,1,...,m1 one can get the

numerical solution of equations (3.1).

Next, we prove that the explicit finite differencethod given by

equation (3.3) is conditionally stable.

Theorem (3.1.1), [Smith G., 1978]:

The explicit finite difference method given by etjaa (3.3) is

At
(&)

stable if3= 5 < %

Proof:

The explicit finite difference approximation methgiven by
equation (3.3) together with the zero Dirichlet bdary conditions can

be written as a linear system of equations of dinenf
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Chapter Three Numerical Methods for Solving Fractional Order Partial Differential Equations

Uj+1:AUj
U j1 Uy j
Us i1 .| Uz . .
where U, = ' and Uj=| 7 |. The matrix A can be written
| Un-1,j+1 | | Un-1,j |
as:

A= :
0 0 O 0B -8B B
0 0 o 0. 0 B B
) -2 1 0 0]
1 0 0]
1 -2 1 0
0 1 --. 0
= . +B 0 1 -2 0
00 - 1 | :
- 0 0 O -2
That is
A:|+B-I-n—1

Where T-; is an(n—-1)x (n— 1) matrix whose eigenvaluag and

eigenvectors yare given by

)\S:—4sin2(ﬂj, s=1.2,..,
2n

(o) (). o 22 2o
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Chapter Three Numerical Methods for Solving Fractional Order Partial Differential Equations

Hence the eigenvalues of the matrix A ared sinz(zﬂ) , S 1,.2,..,.
n

Therefore the condition for stability of the exjglischeme is

e

<1 s 1,2,...,
2n

The only useful inequality is

—1s1—433ir?(ﬂj, s 1,2,
2n

giving
lesinz(ﬂJ>—l, s=1,2,..1
2 2n) 2
: : At 1
Proving that the scheme is stable for > S~
(&x)” 2

Now, we give an example to illustrate this method.

Example (3.1.1):

Consider the parabolic partial differential equatio

2
U _0U " hex<1,0<t<1
ot 9x?

Together with the initial and two Dirichlet bounglaronditions:
u(x, 0)=sin(x) forO0<x<1
u0,t)=0 forO<st<1l

u(l,t)=0 for0<st<1l
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We use the explicit finite difference method giv|enequation (3.3) to
solve this example. To do this, we take = 0.1 andAt = 0.001.In this

caseB =0.1<0.5. Therefore equation (3.3) becomes
Uij+1 = O.l(u_l,j + u+1,j) + O.8l.i|,j, = 1,2,...,9;j =0,1,...,999

by evaluating the above equation at each4,...,9 and §0,1,...,999
one can get the numerical solution of this example. Some of these
results are given in the following table with itengparison with the

exact solutionu(x,t) = e‘"2t sinftx.
Table (3.1) Represents the numerical and the exact solutions for

n =10 and m=1000 of example (3.1.1) at specific points.

Numerical solution u;; Exact solution u(x,t;)

0.2942 0.2941

0.5327 0.5325

0.6645 0.6641

0.7812 0.7807

0.8214 0.8209
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Chapter Three Numerical Methods for Solving Fractional Order Partial Differential Equations

3.1.2 The Explicit Finite Difference Method for Solving Parabolic

Partial Differential Equations:

Consider the classical parabolic partial differaigiquation:

ou(x,t) _

0%u(x,t
at = c(X, t)w

+s(X, 1), LX<R,0<t<T.onneenien. (3.4.a)

together with the initial and zero Dirichlet bounglaonditions:

u(x,0)=f(x) for L<x<R
u(L,t)=0 for OS S T b e (3.4.b)
u(R,t)=0 for < t< T

In this section, we use the explicit finite difface method to

solve this initial-boundary value problem. To dastlwe divide the x-

interval [L,R] into n-subintervals [X1] such that x = L +iAx,

x=0,1,...,n andAx= . Also, we divide the t-interval [0,T] into m-

n

subintervals  [tj.;] such that;t= jAt, j=0,1,...,m and\t = 1.
m

Let u; denote the numerical solution of equation (3.4path
(xi,t), where #0,1,...,n and30,1,...,m. From the boundary conditions

given by equation (3.4.b), on can have

Uio=f(x;),i=01,..,n
uO,j - Un,j = O, j: 0,1,...,

Therefore, we use the explicit finite differencethwoal to find the
numerical solutionu; ; of equation (3.4) at each=i 1, 2,..., rr1 and

j=0,1,...,m1. To do this, we substitute=x;, t=t; into equation (3.4.a)
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Chapter Three Numerical Methods for Solving Fractional Order Partial Differential Equations

2
and replacing the partial derivative%% and % with their
X

approximations to get

ija "W _ o HYaj” 207 + Yy | +s.
At ! (8x)? !

where ¢ ;=c(x,t) and s ;=s(x,t), for each #0,1,...,n and §0,1,...,m.

Thus
Uij+1 = BCi,jUiJ,]_,j + (l— ZBCi,j)Ui,j + BCi,jui—l,j FALS ., (37)
wherep= and F1,2,...,n-1;j=0,1,...,m-1.

(Ax)?

By evaluating the above equation at eachl,2,...,n-1 and
j=0,1,...,m1 and using equation (3.5) one can get the nunierica

solutions of equations (3.4).

Next, we prove that the explicit finite differeneg@proximate
method given by equation (3.7) is conditionallyo$ta The proof of this
fact is based on the idea that appeared in [MeaestiM. and Tadjeran
C., 2006].

Theorem (3.1.2):

The explicit finite difference method given by etjaa (3.7) is
At
5 <
(AX)”  2Cmax

over the region K X< R, 0<t<T.

stable iff3= , Where gax IS the maximum value of c(x, t)
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Proof:

The explicit finite difference approximate methodvem by
equation (3.7) together with the zero Dirichlt bdary conditions can

be written as a linear system of equations of dinenf

Uj+1 = AUJ + Atﬁ
Up, j+1 Uo,j
_ Y | Y : : .
Where Y, =| 7 7 |,U=| 7 |andthe matrix A can be written as:
_un,j+1_ _un,j_
[ 1 0 0 0 0 0 0 ]
Bey j 1=y, | Bey j 0 0 0 0
0 Bco, j 1-2Bcp, j Bco, j 0 0 0
A= 9 9 Bng 1—2[?03i 0 9 0
0 0 0 0 BCn_Zj 1_Z3Cn_2'j BCn_Zj 0
0 0 0 0 0 BCn_l J 1- Z?)Cn_l J BCn_l J
|0 0 0 0 0 0 0 1

Then by according to Greschgorin's theorem, thersiglues\ of the

matrix A lie in the union of the n-circles centeratl g; with radius

n
= Zai,k.
k=0

KZi

n
Here, we have;a=1 - 23c;;, and = Zai,k = 23ci;

k=0
KZi

Therefore
ai+tn=1-2pg;+Pg;=1

and
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ai—ri=1-43c¢;
But Gj < Cnax thus—4p G; = —4f3 Cnax Hence
a,i - r| 2 1 - 4BCmax.

Therefore, for the spectral radius of the matrixoAbe at most one, it
suffices to have
1-4B Crax> -1
Hence
At 1

= > < . i
(AX)" 2Cma

Now, we give an example to illustrate this method.

Example (3.1.2):

Consider the parabolic partial differential equatio

2

% =g’ % ~xe ™ sin@tx)+ 1 xsinft x)- 2t cost x, O<x<1,0<t<1
X

Together with the initial and two Dirichlet bounglaronditions:

u(x, 0)=xsin(x) for0<x<1

u0,t)=0 forO<st<1l

ul,t)=0 for0O<st<1l

We use the explicit finite difference method givgnequation (3.7) to
solve this example. To do this, first, we take = 0.5 andAt = 0.5.
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Thereforec,,,, = €" and hencezL:O.OZZ But B = 2. Therefore,
Cmax

equation (3.7) becomes
Uij+1 = 2emj U+ T (1— 4€mj )Ui'j + 2emj Ui-1, +
0.5(-mx,e " singtx }+ 2% sinix > 2t cost x)

By evaluating the above equation afliand 0,1 one can get the

numerical solution y that are tabulated down with the comparison with

the exact solutiomi(x,t)= xe ™ sinftx.

Table (3.2) Represents the numerical and the exact solutions for

n =m =2 of example (3.1.2).

Numerical solution u;; Exact solution u(x;,t)

0.182 0.104

-1.016 0.0212

Second, we takeAx = At = 0.1. Therefore = 10. But

_1 - 0.022. Hence equation (3.7) becomes

2Cmax
Uij+1 = 10emj Ui + (1— ZOemj )Ui,j + 10€mj Ui-1,j +
0.1(-mx;e "' sinux )+ TP % sintx »- 2t cost X )

By evaluating the above equation al2,...,9 and50,1,...,9 one can
get the numerical solution;uthat are tabulated down with the

comparison with the exact solution.
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Table (3.3) Represents the numerical and the exact solutions for

n =m=10 of example (3.1.2) at specific points.

Numerical solution uj; Exact solution u(x,t;)

0.103 0.104

2.043x10% 0.022

0.309 0.304

—2.465 0.183

—-290.503 0.079

4.169%x10° 4.692%1073

0.032 0.055

1.207%x10 0.046

6.169x10" 0.023

—6.012x10'° 0.012

Third, we takeAx = 0.1 andAt = 0.0001.
1

Thereforef = 0.01<2 =0.022. Hence equation (3.7) becomes

ax
Uijea = 0.02™ Uy + (1— 0.026™ )uy, +0.02™ Uy +
0.0001ETx.e " sinfix )+ T2 % sinftx - 2t cost x )

By evaluating the above equation at =2,...,9 and50,1,...,9999 one

can get the numerical solutior that are tabulated in the appendix (see
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program (3.1.2)). Some of these results are tadaildown with the

comparison with the exact solution.

Table (3.4) Represents the numerical and the exact solutions for

n =10 and m=10000 of example (3.1.2) at specific points.

Numerical solution uij; Exact solution u(x;,t)

0.031 0.031

0.117 0.117

0.242 0.242

0.380 0.380

0.499 0.499

0.570 0.570

0.565 0.565

0.469 0.469

0.277 0.277

From the above tables, one can conclude that thétsegiven in
table (3.4) are more accurate than the previousdtsegiven in the other

tables since the condition of the stability is Sf&id in this case.
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3.1.3 The Explicit Finite Difference Method for Solving Fractional

Parabolic Partial Differential Equations, [Meerschaert M. and
Tadjeran C., 2006]:

Consider the fractional order partial differentsguation of the

form:

ou(x,t) _

g
= ¢(x, n2 b
ot ox“

+S(X, 1), L X<R, 0t T, (3.8.a)

together with the initial and zero Dirichlet bounglaonditions:

u(x,0)=f(x) for L<x<R
u(L,t)=0 for OS ES T b (3.8.b)
u(R,t)=0 for <t T

09u(x, 1) . . .
wherea—q denote the left-handed partial fractional dervatof
X

order g of the function u with respect to x and g < 2.

In this section, we use the explicit finite diffac® method to

solve this initial-boundary value problem. To desthve substitute t;,
in equation (3.8.a) and replacing the partial denie % with its
approximation to get:

U(X, g )~ u(x,§) o 1) 0%u(x, )
At 3

where t = jAt, j=0,1,..., m and m is the number of subintervals of the
interval [0, T].
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Next, we recall the left-handed shiftedi@wald estimate to the

left-handed derivative:

df(x) _ 1
dx?  (Ax)

- 6 - (k- DAY
k=0

where n is the number of subintervals of the irdéflk, R] and q is the

fractional number. Therefore

aqu(x.,t.) 1 i+L
L= D g(x — (k= 1)A, t)

ox (Ax)9 o

1 i+1
= Z 0 T (3 10)

QE-D- (- ke L g,

where g=1 and g=(-1) "

By substituting equation (3.10) in equation (3.8 @an have:
i+1

Ui + Si, 1I=1,2,..., -1;j=0,1,...,m-1
At (AX)q kzzogk i-k+1j T §; J

U —Uj _ G

The resulting equation can be explicitly solveddgy; to give:
i+1

Uij+1 = BCi'jgouiﬂ,j + (1_Bci,jgl)ui,j + Bci,j Z OkUi—ke1,j T ALSjoeeennnnnnn, (3.11)
k=0

where i=1,2,....n-1;j=0,1,....m1,B =

(AX)q 1 Ci.j:C(Xi,tj), S,j:S()q’ tj)

and y; is the numerical solutions of equations (3.8) athe (x),
1=0,1,...,n;j=0,1, ..., msuch that = f(x;) fori=0, 1, ..., n and

Uo,j=Un;=0 for j=0,1,...,m.
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Then by evaluating the above equation at eaetlj 2, ..., n— 1 and

j =0,1,...,n1 one can get the numerical solution of equati8r)(

Next, we prove that the explicit finite differenapproximation

method given by equation (3.11) is conditionallghdé.

Theorem (3.1.3), [Meerschaert M. and Tadjeran C., 2006]:

The explicit finite difference method given by etjoa (3.11) is
stable if = at < ! , Where g is the maximum value of c(x, t)
(AX)? QCmax

over the region K X< R, 0<t<T.

Proof:

The explicit finite difference method given by etjaa (3.11)
together with the zero Dirichlet boundary condisaran be written as a

linear system of equations of the form:

Uj+1 = AUJ + AtS,
Ug j+1 Uo,j
Up j+1 Uy j . .
where Y, =| 77|, U;=| | and the matrix A can be written as:
_un,j+l_ _un,j_
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04BC3)j

0

1 0 0 0 0 0
9Bc,; 1+ gBg Bg; 0 0 0
93B¢, | gBc; g B, 0 0

0 0

9B C3 |

gnBCn—l,j On-BCh 1j 9n B 1j 9n B Ccn Li

0

Numerical Methods for Solving Fractional Order Partial Differential Equations

9B G | ¥ P g

By ¥ B chajB Gy
0 0 0 0 0 1

Note that g = —q and for 1< & 2 and k£ 1, we have g= 0.

Then, by according to Greschgorin's theorem, tigeravalues of the

matrix A lie in the union of the n-circles centeratda; with radius r=

n
Zai,k-
k=0

k#i

Hence, we have

a;=1+afc;=1-qBc;

and
n i+1 i+1
= Zai,k = Zai,k =GB ng
k=0 k=0 k=0
K#i K#i K#i
i+1
But > gy <-g:1=-(-q)=¢
ey

Therefore, r< gfcij and hence
aitnhs 1- qBCi,j + CﬁCi,j =1.

Also, a;-121-2q3c;;, but, ¢;<Cmax thus @& — i = 1 — 20BCmax.
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Therefore, for the spectral radius of the matrixoAbe at most one, it

suffices to have
Hence

At 1
< .

b= 07 = Gom

To illustrate this method, consider the followingmple:

Example (3.1.3):

Consider the fractional parabolic partial diffeiahequation:

4

~ 11.8
@:X5a u+X(X_:I.)_—t(10)(_1)’CE X< 1’@ E
ot ax /8 (0.2)

Together with the initial and zero Dirichlet bounglaonditions:
u(x,0=0 for 0< x< 1.

u(0,t=0 for0O<t< 1.

u(l,t=0 for0O<t<1.

This example is constructed such that the exaattisal of it is
u(x,t)=x(x-1t.

Here, we use the explicit finite difference methodolve this example

numerically. To do this, first we divide the x-intal into 2 subintervals

such thatx; ='—2, i =0, 1, 2 and the t-interval into 2 subintervalshsuc
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that tj:%, i =0, 1, 2. In this casep = 1.741, ¢,ox=1 and

L = L =0.55€. On the other hand, the initial and zero Dirichlet
dCmax

boundary conditions becomes

u(x;,0)=0fori=0,1, 2.
u(o,t; )= 0forj=0, 1, 2.
u@l,t)=C0forj=0,1, 2

Moreover, equation (3.11) becomes

4iv
1 t;
Uj j+1 = 20'8Xi5k§)9 W 4, +§(Xi(xi -1)- r(oj_z)(lox - 1)}' W

where i=1 andj0, 1.

By evaluating the above equation at each i=1 afid J=one can get the
values that are tabulated down with the compariatth the exact
solution.

Table (3.5) Represents the numerical and the exact solutions for

n=m=2 of example (3.1.3).

Numerical solution u;; Exact solution u(xi,t;)

-0.125 -0.125

-0.243 -0.25
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Second, we divide the x-interval into 3 subintesvalich that

, 1=0,1,2,3 and the t-interval into 4 subintervals sublatt

t :i, 1=0,1,2,3, 4. In this cas§} = 1.806. On the other hand, the

initial and zero Dirichlet boundary conditions betes

u(x;,0)=0fori=0,1, 2, 3.
u(0,t)=0forj=0,1, 2, 3, 4.
u(d,t )= Cforj=0, 1, 2, 3,4..

Moreover, equation (3.11) becomes

4ia

1 t;
Ui i =1.806%5 Y =[x (% —1)-——(10 —1)]+ I
i,j+l X = gp—kﬂ,j 4£ I\ F(O.Z) X lr',J

where £1,2 and 0, 1, 2, 3.

By evaluating the above equation at eaeh2 and 0, 1, 2, 3 one can

get the values that are tabulated down with thepasieon with the
exact solution.
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Table (3.6) Represents the numerical and the exact solutions for
n=3 and m=4 of example (3.1.3).

Numerical solution u;; Exact solution u(xi,t;)

—-0.056 —-0.056
—-0.056 —-0.056
-0.11 -0.111
-0.11 -0.111
—-0.163 -0.167
-0.164 -0.167
-0.217 -0.222
-0.218 -0.222

Third, we divide the x-interval into 10 subintersaduch that

X; :E' 1=0,1,...,10 and the t-interval into 10 subintervals stiudi

t :ﬁ, 1=0,1,...,10. In this casep=6.31. On the other hand, the

initial and zero Dirichlet boundary conditions betes

u(x;,0)=0fori=0,1,...,10.

u(0,t, )= 0O for j=0, 1,...,10.
u(d,t )= Cforj=0, 1,...,10.

Moreover, equation (3.11) becomes

44
_ 1 't
Uj j+1 :1C)0'8>€5k§)9 W, +1_O(Xi(xi -1)- r(oj.z)(lw - 1)j+ W;

where i=1,2,...,9 and, 1,...,9.
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By evaluating the above equation at each i=1,2,an®j=0, 1,...,9 one
can get the values that are tabulated in the appgisde program
(3.1.3)) with the comparison with the exact solntidGome of these

results are tabulated down with the comparison thighexact solution.

Table (3.7) Represents the numerical and the exact solutions for

n=m=10 of example (3.1.3) at specific points.

Numerical solution u;; Exact solution u(x,t;)

-0.124 -0.125

2.104x1¢3 -0.250

—0.048 —0.048

-0.064 —-0.063

0.096 -0.144

42.861 -0.210

0.863 —-0.168

—-0.063 —-0.063

-95.228 -0.128

1.612x10" —0.090

Fourth, we divide the x-interval into 10 subintdsvauch that

1x1073 §=0,1,...,10 and the t-interval into 1000 subintervalshsthat
t.=—l_ j=0,1,...,1000. In this case§=0.063<—— =—= =0.55¢,
1000 JCmax

On the other hand, the initial and zero Dirichleubdary conditions

becomes
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u(x;,0)=0fori=0,1,...,10.

u(0,t )= 0 for j=0, 1,...,1000.

u(l,t )= Cforj=0,1...,2000.

Moreover, equation (3.11) becomes

4ia
U; iy = 0.063%5 + X (x— I —2— (10x- 1}+--
L X é}gwﬂ,, 1000( X (X 02 Q iy

where £1,2,...,9 and0, 1,...,1000.
By evaluating the above equation at each3,...,9 and50, 1,...,1000
one can get the values that are tabulated in tperajix (see program

(3.1.3)) with the comparison with the exact solntidome of these

results are tabulated down with the comparison thiéhexact solution.

Table (3.8) Represents the numerical and the exact solutionsfor n=10
and m=1000 of example (3.1.3) at specific points.

Numerical solution u;; Exact solution u(x,t;)

-9x107° -9x107°

-3.2x1074 -3.2x1C74

-6.3x107* -6.3x107%

-9.6x107* -9.6x107%

—1.25x1(073 —1.25x1073

~1.440x1073 ~1.440<1073
—1.470x10°3 —1.470x1C3
~1.280x1073 ~1.280x1073
—8.098x107* -8.100x107™*
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From the above tables, one can conclude that thtsegiven in
table (3.8) are more accurate than the previousdtsegiven in the other

tables since the condition of the stability is Sféed in this case.

Remark (3.1.1):

Like the previous steps, the explicit finite dif@ce method can
be also used to solve the initial-boundary valugbf@ms of the right-

handed fractional parabolic partial differentialatons.

3.1.4 The Explicit Finite Difference Method for Solving the Two-
Sided Fractional Parabolic Partial Differential Equations:

Consider the two-sided fractional order partial feténtial

equation of the form:

u(x,t) _ d%u(x,1) d%u(x,1)
el c(x, t)—6+xq + d(X, t)W +S(X, 1) i, (3.12.a)

together with the initial and zero Dirichlet bounglaonditions:

u(x,0)=f(x) for L<x<R
u(L,t)=0 for OS S T b (3.12.b)
u(R,t)=0 for < t< T

q q
M and M denote the left-

where L X< R, 0<t< T,
9, x4 d_x"1

handed and the right-handed partial fractionalvddirres of order g of

the function u with respect to x and k&
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In this section, we use the explicit finite difface method to

solve this initial-boundary value problem. To desthve substitute t;,
in equation (3.12) and replacing the partial det'r\im% with its
approximation, to get:

= U aq : a t.
Ui+1,j ~ Ui j — i,ja utx,4) + dJM F S ) cvrereeeniirreeeeen (3.13)
At 9, x1 d_x1

where #=At, j=0,1,..., m and m is the number of subintervals of the
interval [0, T].

Next, we recall the left-handed shifted and thehtriganded
shifted Giinwald estimate to the left-handed and right-handed

derivatives:

di%f(x) _ 1 f .

T B 2 Zg (x = (k= 1)A%)
di%f(x) _ 1

T (B ng(x+(k 1) Ax)

where n is the number of subintervals of the irde[lk, R] and q is the

fractional number. Therefore

d9u(xi,t) 1 i+
a+xqJ (AX)quku(x. i

i+1
Z DUkt v evereerereneesereeseseesesesssseseesesessans (3.14.3)

(AX)q

and
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o%u(x; ,t. gl
) S st b
_ k=0

1 n—zi+1
= OkUik—1,j rocrasannmininiiiniiiiii. (3..14b)
(&x)? =

where g=1and g=(-1) kl

Then by substituting equations (3.14) into equaf®t3) one can have

u..l_u.. 1 i+l n-i+1
I’J+At W = hq |: |ngku| —k+1,j + d|J Z gku|+k -1,j + S,j

where £1,2,...,n-1; j=0,1,...,m-1

The resulting equation can be explicitly solveddgs; to give

i+1 n—-i+1
ui,j+l - |: i J Z gkU| —k+1,j + d| J Z gkU|+k -1,j :| +AtS,J + u,J .............. (315)
k=0

where ¥#1,2,...,n-1; j=0,1,....m-1, B=

(Ax)? G;=C(%,t), d;=d(x;,t),

s,;=s(%, §) and y; is the numerical solution of equation (3.12) athea
(xi,t), 1=0,1,...,n; j = 0,1,...,m; such that u; o= f(X;), fori=0,1,...,n and
Uoj = Uy; =0 forj=0,1,....m

Then by evaluating the above equation at each 1,2,...,n~1 and

j =0,1,...,m1 one can get the numerical solution of equati@nk2).

Next, we prove that the explicit finite differenceethod given by

equation (3.15) is conditionally stable.
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Theorem (3.1.4), [Meerschaert M. and Tadjeran C., 2006]:

The explicit finite difference method given by etjoa (3.15) is
At 1

stable if3 = < , where gax 1S the maximum value
(Ax)q q(cmax + dmax)

of c(x, t) and da.« is the maximum value of d(x, t) over the region

L<Xx<R,0<t<T.
Proof:

The explicit finite difference method given by etjaa (3.15)
together with zero Dirichlet boundary condition chea written as a

linear system of equations of the form:

Uj+1 = AUJ + Ats
Ug j+1 Uo,j
_ | U _ | U . . _
Where Y., =| 7 7 |,U=| 7 |andthe matrix A can be written as:
_un,j+l_ _un,j_
1 0 0 0 0
gB(cyj+ dyj) g+ d;) PG+ d;) 0 0
gB(Cyj+ &y j) B+ &) ¥ B+ g;) B @G+ d;) 0
A=
UaP(Czj+ 03 ) B+ o) BB (Gt ;) * ¢ i+ d;) - 0
|9nB(Ch-1,jt A1) G-BCrgjtdn1) InBCr 1t dn1) 9aB(Ca 1t dn1) - B (Cn o} din g

Note that g = —g and for 1 < € 2 and i# 1, we have g= 0. Then

according to Greschgorin's theorem, the eigenvadfidéise matrix A lie

n
in the union of the n-circles centered qtvath radius = Zai’k :

k=0
k#i
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Here, we have:

ai=1+ap(c;+d;)=1-agp(c, +d))

and
n i+1 i+1
= Zai,k = Zai,k =(G; +dj)B ng
k=0 k=0 k=0
k#i k#i K#i
but
i+1
> g s-o=—(-0)=¢
k=0
k#i

Therefore r< gf3(ci; + d;) and hence

a; +r<1l-op(c;+d)+ab(c,;+d;)=1

Also, a; — 1= 1-gB(c; + d;) - oB(c, + d;) = 1 - 203(ci; + d,)
But, Gj < Cnax G < Omax thus=20B(cij + d;) = —20B(Cmax + Onax)
Hence

&i =21~ 20B(Cmax *+ tay)

Therefore, for the spectral radius of the matrixod at most one, it

suffices to have:

1- 2B(Cmax"' dmax) 2-1
Hence

At 1
<

- (Ax)4 - q(Cmax * dmax)'
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To illustrate this method, consider the followingmple:

Example (3.1.4):

Consider the fractional parabolic partial diffeiahequation:

18 08U 08 u
+ tX +x(1 X)—
3 X1/8 5 X8

=%

I'(OZ)[IZ( 10x+ 1y (5.4 9.8x 44x)) & x 1.0 <t

Together with the initial and zero Dirichlet bounglaonditions:
u(x,0=0 for 0< x< 1.

u(0,t=0 for0O<t< 1.

u(l,t=0 for0O<t<1.

This example is constructed such that the exaditisal of it is
u(x,t)=x(1- x)t.

Here, we use the explicit finite difference methodolve this example

numerically. To do this, first we divide the x-intal into 2 subintervals

such thatx; :|—2, 1=0,1,2 and the t-interval into 2 subintervals suwdt t

tj:%, i=0,1,2. In this case,p=1.741, ¢, =d . =1 and

1 _ 1
A(Cnax t dmax) 3.6

Dirichlet boundary conditions becomes

=0.27€. On the other hand, the initial and zero
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u(x;,0)= Cfori=0,1,2.

u(0,t. )= 0 for j=0,1,2.

u(d,t )= 0forj=0,1,2.

Moreover, equation (3.15) becomes

i+1 2-i+1

Uijg =L7410E X 303 gty + L7AIRE Y igua +
k=0 k=0
1
0.5(& - x )- m[gz C10x+ 1- t (5.4 9.8x+ 4.4% ])j+ L

where 1 and O, 1.

By evaluating the above equation at each i=1 afid J=one can get the

values that are tabulated down with the comparigtth the exact
solution.

Table (3.9) Represents the numerical and the exact solutions for
n=m=2 of example (3.1.4).

Numerical solution u;; Exact solution u(xi,t;)

0.125 0.125

—-0.046 0.25

Second, we divide the x-interval into 3 subintesvalich that
, 1=0,1,2,3 and the t-interval into 4 subintervals stmkttj -

]=0,1,2,3,4. In this cas@=1.806. On the other hand, the initial and zero
Dirichlet boundary conditions becomes
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u(x;,0)= Cfori=0,1,2,3.

u(0,t. )= Ofor j=0,1,2,3,4.

u(d,t )= Q0forj=0,1,2,3,4.

Moreover, equation (3.15) becomes

i+1 3-i+1

Uij+r =1.806(F X J°) @ty + 1.806t%°>" gy 4 +
k=0 k=0
1

where £1,2 and 0, 1, 2, 3.

By evaluating the above equation at each i=1,2ja0d1, 2, 3 one can

get the values that are tabulated down with thepasson with the
exact solution.

Table (3.10) Representsthe numerical and the exact solutions for
n=3 and m=4 of example (3.1.4).

Numerical solution u;; Exact solution u(x,t;)
0.056 0.056

5.24x10°° 0.111

0.041 0.167

—-0.063 0.222
0.056 0.056
0.066 0.111
0.028 0.167
0.134 0.222
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Third, we divide the x-interval into 10 subintersaduch that

X; :1I_O’ i=0,1,...,10 and the t-interval into 10 subintervalghsuhat

t :ﬁ), j=0,1,...,10. In this cas§=6.31. On the other hand, the initial

and zero Dirichlet boundary conditions becomes
u(x;,0)= Cfori=0,1,...,10.
u(0,t )= 0 for j=0,1,...,10.

u(d,t )= 0forj=0,1...,10.

Moreover, equation (3.15) becomes

i+1 10-i+1
U = 6310 % J°) g ilca + 63187 X0 gy +
k=0 k=0
1
o.1£>q - % )- m[gz C10x+ 1- t (5.4 9.8x+ 4.4% ])j+ L

where £1,2,...,9 and50, 1,...,9.

By evaluating the above equation at eaxh2,...,9 and50, 1,...,9 one
can get the values that are tabulated in the appegisde program
(3.1.4)) with the comparison with the exact solntidome of these

results are tabulated down with the comparison thighexact solution.
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Table (3.11) Represents the numerical and the exact solutions for

n=m-=10 of example (3.1.4) at specific points.

Numerical solution u;; Exact solution u(x,t;)

0.013 0.125

-8.405¢10° 0.250

0.033 0.048
2.113x10° 0.063

—5.75810° 0.144

—6.685¢10° 0.210
0.406 0.168
0.044 0.063

1.897 0.128
652.528 0.090

Fourth, we divide the x-interval into 10 subintdsvauch that
X; :1I_O’ i =0,1,...,10 and the t-interval into 1000 subintensalsh that
__

1 _
171000 d(Cmax + Amax)
1

%:0.278. On the other hand, the initial and zero Diriclleundary

, =0, 1, ..., 1000. In this casps0.063 <

conditions bhecomes

u(x;,0)= Cfori=0,1,...,10.
u(0,t )= 0 for j=0,1,...,1000.

u(d,t )= Qforj=0,1,...,1000.
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Moreover, equation (3.11) becomes

Jix Jo-iv1
Uijsg = 0.063(F X 1% g+ 0.0636%% > gy +
k=0 k=0

0.00{ X (I x ) %2)[ FZ ¢ 10x+ 1)y ;t (5.4 9.8x 4.|4%< D+ i il

where £1,2,...,9 and50, 1,...,1000.
By evaluating the above equation at each3,...,9 and$0, 1,...,1000
one can get the values that are tabulated in tperajx (see program

(3.1.4)) with the comparison with the exact solntidéome of these

results are tabulated down with the comparison thighexact solution.

Table (3.12) Representsthe numerical and the exact solutions for

n=10 and m=1000 of example (3.1.4) at specific points.

Numerical solution u;; | Exact solution u(x;,t;)

9x10™ 9x107°

3.17%107* 3.2x107%

6.246x107%

9.51210™*

1.238<10°°

1.427x1073

1.440¢10°°

1.45%1073

1.470<10°3

1.269<1073

1.280x10°3

8.034x<10™*
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From the above tables, one can conclude that thatsegiven in
table (3.12) are more accurate than the previosslts2given in the

other tables since the condition of the stabiktgatisfied in this case.

3.1.5 The Explicit Finite Difference Method for Solving the
Fractional Hyperbolic Partial Differential Equations:

Consider the fractional order partial differentsguation of the

form:

0%u(x,t) _

0%u(x, 1)
i q

c(x, t) +S(X, 1), LX< R, 0t T, (3.16.a)

together with the initial and zero Dirichlet bounglaonditions:
u(x,0)=f(x) forL< x< R]

ou(x,0)
=h(x) forL< x<R
R e O (3.16.b)

ulL,t)=0 forOs t< T
uRD=0forx &= T

0%u(x, t) : . o
T denote the left-handed partial fractional deriweatof
X

where

order g of the function u with respect to x and 4Xq

In this section, we use the explicit finite difface method to

solve this initial-boundary value problem. To desthve substitute t;,

2

in equation (3.16.a) and replacing the partial \dgive % with its

central difference approximation to get:

71



Chapter Three Numerical Methods for Solving Fractional Order Partial Differential Equations

U(X, tjsg )= 2u(X, § )1+ u(X,}4 )
(At)?

PE
—(,t) (F)

+S(%, G ) (3.17)

where {=jAt, j=0,1,...,m and m is the number of subintervals of the
interval [0, TJ.

Next, we substitute equation (3.14.a) in equati®h®) to obtain

U .4—-2U: + U ' . A
— q’12 ke ng Ui tsij,1=12,..,n-1j=0,L...m~-1
(A) (A )q

On the other hand, the initial and boundary coadgigiven by equation
(3.16.b) becomes

|0_U(X|;O) f(x) for i=0,1,...n

%ti’o): h(x;) for i=0,1,...,n

Up; = u(L,t;)=0 forj=0,1,..,m
Upj=u(R,t)=0 forF 0,1,..m

By using the central difference approximation te thitial derivative

condition one can get:

1 .
E(Ull |,_1): hi’ |:O,1,...,n

whereh; =h(x ) fori=0, 1,..., n. Hence
Uiy = U o +2Ath, 1=0,1,..., n

Moreover, equation (3.18) becomes

72



Chapter Three Numerical Methods for Solving Fractional Order Partial Differential Equations

(At)? Ci | i +1

Uijsg =2U — U g +——L o )q Z G War * S Ao, (3.19)

where #1,2,...,n-1, j=0,1,...,m-1.

Therefore
(At) c o
Up=2Uo— Y g+ (;OZQAJ k+1,0t $o(3t3
(AX)" o

By substitutingu; _; = u;; — 2Ath in the above equation one can shows

thatu;, can be calculated from the equation:

(A’[) C| i+1 At 2
2(0x )qoz e +15)

Ui,l | Si,O +Atg

where £0,1,...,n-1.

By evaluating the above equation for eaeh,1,...,n-1, one can

get the values;,, i=1,2,...,n- .. Then by evaluating equation (3.19) at

each #1,2,...,n-1 and #2,3,...,m-1 one can get the numerical solution

of equations (3.16).

To illustrate this method, consider the followingmple:

Example (3.1.5):

Consider the fractional order partial differengguation:

0°u_ 1 *61'5u
at2 |- (O 5) axl.5

Together with the initial and zero Dirichlet bounglaonditions:

—4x% +2x3 - 2546x%t% + 2.546xt% ,0< x < 2,0<t<1
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u(x,0)=0 for0< x< 2.

au(X’O):O for 0< x< 2.

u(0,t=0 for0O<t< 1.
u(1,t=0 for0O<t< 1.

This example is constructed such that the exaadtitisal of it is

u(x,t)= X2 (x— 2)t2. Here, we use the explicit finite difference method
to solve this example numerically. To do this, tfirge divide the x-
interval into 2 subintervals such that =i, i=0,1,2 and the t-interval
i
2
Dirichlet boundary conditions becomes

into 2 subintervals such tha j=0,1,2. Thus, the initial and zero

u(x;,0)= 0, for i=0,1,2.

ou(xi,0)

=0, for i=0,1,2.
ot

u(o,t; )= 0, for j=0,1,2.
u(lt)=0, forj=0,1,2.

By using the central difference approximation te thitial derivative

condition one can get:

1
Zt(ui,l ~U1)=0

Hence

Ui, = U _; fori=0,1,2.
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Moreover, equation (3.19) becomes

lin

Uy =24~ W5+ 0258 ) @ Uq+
k=0

0.25(-4x°+ 2%°~- 2.546x" t°+ 2.546;t

where 1 and O, 1.

Therefore
lia
U =2Ug— Y+ 0.25¢ Z g Mot
k=0

0.25(-4x%+ 2%x3- 2.546x° 4%+ 2.546x%t
By substitutingu; _; = U;; in the above equation one can shows that

can be calculated from the equation

lin

Uiq = Uio+0.12552 ) § b0t
k=0

0.125¢ 4%% + 2 - 2.546%X P+ 2.546F
Thus

U1 =0.125¢ 4 + 2% - 0.2.
Then

1

Uy 5 = 2Up;— Uy g+ 0.25¢ Z Kb i
k=0

0.25(-4x°+ 2x°- 2.546%% {°+ 2.546x £ =-0.947

These values are tabulated down with the compangtm the exact

solution.
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Table (3.13) Represents the numerical and the exact solutions for

n=m=2 of example (3.1.5).

Numerical solution u;; Exact solution u(xi,t;)

-0.25 -0.25

—-0.947 -1

Second, we divide the x-interval into 3 subintesvalich that

X; :%, i=0,1,2,3 and the t-interval into 4 subintervals sttt :i,

j=0,1,2,3,4. Thus, the initial and zero Dirichlet bdary conditions

becomes
u(x;,0)= G, fori=0,1,2,3.

ou(xi,0)

=0, fori=0,1,2,3.
ot

u(0o,t. )= 0, for j=0,1,2,3,4.
u(d,t)=gq, forj=0,1,2,3,4.

By using the central difference approximation te thitial derivative

condition one can get:

1
E(ui,l ~U1)=0

Hence
Ui, = U , fori=0,1,2,3.

Moreover, equation (3.19) becomes

76



Chapter Three Numerical Methods for Solving Fractional Order Partial Differential Equations

lin

U =2U; —W4jq + 0-1251%2 Pikajt
k=0

0.061¢ 4% + 2x° - 2.546X £+ 2.546xt

where i=1, 2 and j=0, 1, 2, 3.

Therefore
lina
Ui1=24p—Y_g+ 0-125?82 Qg Mot
k=0

0.063¢ 4x° + 2x°— 2.546X ,t°+ 2.546xF
By substitutingu; _; = U;; in the above equation one can shows that

can be calculated from the equation

lin

U= U+ 0.063>g2|;) @ Wyso™

0.031€ 4x% + 2 - _2.54Qx20t2+ 2.546xF
Thus

U1 =0.031 4% + 2 J=— 0.03.

The other values are tabulated down with the corspawith the exact

solution.
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Table (3.14) Representsthe numerical and the exact solutions for n=3

and m=4 of example (3.1.5).

Numerical solution u;; Exact solution u(xi,t;)

-0.037 -0.037

-0.074 -0.074

-0.147 —-0.148

—-0.293 —0.296

-0.326 -0.333

-0.65 -0.667

—-0.568 -0.593

-1.13 -1.185

Third, we divide the x-interval into 10 subintersaduch that

. 1=0,1,...,10 and the t-interval into 10 subintervalshsuhat

t :ﬁ, j=0,1,...,10. Thus, the initial and zero Dirichlet bdary
conditions becomes
u(x;,0)= Cfori=0,1,...,10.

ou(xi,0)

=0 fori=0,1,...,10.
ot

u(0,t )= 0 for j=0,1,...,10.

u(d,t )= 0forj=0,1,...,10.
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By following the same previous steps one can getvidues that are
tabulated in the appendix (see program (3.1.5)h wlie comparison
with the exact solution. Some of these resultstalpalated down with

the comparison with the exact solution.

Table (3.15) Represents the numerical and the exact solutions for

n=m=10 of example (3.1.5) at specific points.

Numerical solution u;; Exact solution u(x,t;)

-0.215 -0.250

-0.517 —-1.000

—0.030 -0.031

—-0.022 —-0.035

-0.112 -0.207

~0.246 —5.040¢10°°

-0.419 -0.564

-0.101 -0.106

—0.496 —0.655

—0.586 —-0.648

Fourth, we divide the x-interval into 10 subintdsvauch that

, 1=0,1,...,10 and the t-interval into 1000 subinternalsh that

t; :L, 1=0,1,...,1000. By running the same previous programm on

[EEY
o
o
o
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can get the values that are tabulated in the appgisde program
(3.1.5)) with the comparison with the exact solntidome of these

results are tabulated down with the comparison thighexact solution.

Table (3.16) Representsthe numerical and the exact solutions for

n=10 and m=1000 of example (3.1.5) at specific points.

Numerical solution u;;

Exact solution u(x,t;)

—7.200x10°8

—7.200x10°8

~1.024x10°°

~1.024x10°°

—4.536x10°°

—4.536x10°°

~1.22%10™°

—1.229%107°

—2.500¢10™°

—2.500¢10™°

—4.147x107°

—4.147x107°

—5.762%10™°

—5.762%107°

—-6.553¢10™°

—6.554x107°

—5.249%10™°

—5.249%107°

From the above tables, one can conclude that thdtsegiven in
table (3.16) are more accurate than the previosslts2given in the

other tables.
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3.1.6 The Explicit Finite Difference Method for Solving the Two-
Sided Fractional Hyperbolic Partial Differential Equations:

Consider the fractional order partial differentsuation of the

form:
2 q q

oty u(;( D =C(X, 1) Mm(x, t)w +s(x, t), Lsx<R, Ost<T
ot a+xq 0 x4

together with the initial and zero Dirichlet bounglaonditions:
u(x,0)=f(x) forL<s x< R

ou(x,0)
MO x) forL< x<R
Lt T (3.20.b)

ulL,t)=0 forOs t< T
UR,)=0forx t< T

rDaqu(x, t) a9

whe ,
9, x4

au(xo’lt) denote the left-handed and the right-handed
_X

partial fractional derivatives of order g of thenfion u with respect to
x and 1<g 2.

In this section, we use the explicit finite difface method to

solve this initial-boundary value problem. To desthve substitute t;,

2
in equation (3.20.a) and replacing the partial \dgive % with its

central difference approximation to get:

u(x,ti,q) = 2u(x,t;) + u(x,t;_y)  o(x t.)aqu(x,tj) .\ | 0%u(x,t;)
(At)? o q

WX _
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where {=jAt, j=0,1,...,m and m is the number of subintervals of the

interval [0, T].

Next, we substitute equations (3.14) in equatio21Bto obtain

Uju ~24 i+ U4ja _ ¢ & d &t .
(At)2 (A )zzgk Ik+lj (A )22 9<L|+k—1j $]

where #1,2,...,n-1, j=0,1,...,m-1

On the other hand, the initial and boundary coadgigiven by equation
(3.20.b) becomes

Uig = u(x,0)=f(x) for i=0,1,..1
ou(x;,0)
ot
Upj = u(Lt;)=0 forj=0,1,..m

Upj=u(R,)=0 forF 0,1,...m

—

=h(x;) for i=0,1,...,n

By using the central difference approximation te thitial derivative

condition one can get:

1 .
Zt(uIl Ui_1)=h,i=0,1,....,n

whereh; = h(x ) for i=0,1,...,n. Hence
Uiy = U o + 2Ath, i=0,1,...,n

Moreover, equation (3.18) becomes

(At) Ci | i+1 (At)ij n-i+1
u..+:2.— .y . +.+ ! R R
R TOER S A S R ;) g Moy *tig 49D
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where i=1,2,...,/r1, |=0,1,...,m-1.
Therefore

(At)zcio i+1 (A t) di o "< i+1
, o .
(L) kZ;agK U-k+1,0 (O )q ;} & Yekr0t S0 b B

By substitutingu; _, =u;, — 2Ath; in the above equation one can shows

Ug=2Uo— Y1+

thatu;; can be calculated from the equation:

, (A)%cip < L (A0°dio G (At)?
ia=Ti 28%)° £ Z Ofiker * 2(0%)° ;)gk i+k-17, Sio T A

where £0,1,...,n-1.

By evaluating the above equation for each i=0,1;z1,one can

get the valuess,;, i=1,2,...,n= . Then by evaluating equation (3.23) at

each i=1,2,...,a1 and j=2,3,...,m1 one can get one the numerical

solution of equations (3.20).
To illustrate this method, consider the followingmple:

Example (3.1.6):

Consider the fractional order partial differenggluation:

0°u 1 = 615 = 015
= +(2- )2
ot2 r(0.5) a+x

+2x (x—2)-

2.546xE (x— 1 € 4.514%+ 9.027% 2.259t <0 < 2<0<t

Together with the initial and zero Dirichlet bounglaonditions:

83



Chapter Three Numerical Methods for Solving Fractional Order Partial Differential Equations

u(x,0=0 for 0< x< 2.

au(x,O):O for 0< x< 2.

u(0,t)=0 for 0O t< 1.
u(1,t=0 for0O<t< 1.
This example is constructed such that the exaditisol of it is

u(x,t)= X2 (X— 2)t2. Here, we use the explicit finite difference method
to solve this example numerically. To do this, tfivge divide the x-

interval into 2 subintervals such that =i, i=0,1,2 and the t-interval
into 2 subintervals such tha}:%, j=0,1,2. Thus, the initial and zero
Dirichlet boundary conditions becomes

u(x;,0)= Cfori=0,1,2.

U9 _ g fori=0,1,2.
ot

u(0,t; )= Ofor j=0,1,2.

u(d,t )= 0forj=0,1,2.

By using the central difference approximation te thitial derivative

condition one can get:

1
Z—A,[(Ui,l ~U1)=0

Hence

Ui, = Uj _; fori=0,1,2.
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Moreover, equation (3.23) becomes

1 i+l 12-i1
Ujjg = 2 ) ~Uj g + 025(izzgkui—k+lj +0252-%;)? ngui+k—lj +
k=0 k=0

0.25[ 2%° (%= 2)- 2.546xF (x- B { 4.514%+ 9.027x 2.2@72)}

where #1 and O, 1.

Therefore
L it 12-i+1
Uig = 2ip—Ujq ¥+ 025Xi529kui—k+1,o +025(2-x;)? ngui+k—1,o +
k=0 k=0

0_25[ 2¢% (x- 2F 2.546xF (x- B | 4514k+ 9.027x 2.257?)]

By substitutingu; _; = u; ; in the above equation one can shows that

can be calculated from the equation

liua 1o-iv1
U1 =Uo+0.125%2) ¢ Wysot+ 01252 x> \9ikkaot
k=0 k=0

0.128 2% (x~ 2 2546xT (= B { 4514+ 9.027x 2357
Thus

U1 =0.125(2¢ (%~ 2)F- 0.2.

Then

12 1o in

U o =20~ U gt 0258 )" Gl i 0252 )Y g Wt
k=0 k=0
0.128 2% (4~ 2 2546xf (¢~ B « 4514k+ 9.027x 2.367|

=-0.994.
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These values are tabulated down with the compangtm the exact

solution.

Table (3.17) Representsthe numerical and the exact solutions for

n=m=2 of example (3.1.6).

Numerical solution u;; Exact solution u(xi,t;)

-0.25 -0.25

-0.994 -1

Second, we divide the x-interval into 3 subintesvalich that

X; :%, i=0,1,2,3 and the t-interval into 4 subintervals sttt =i,

j=0,1,2,3,4. Thus, the initial and zero Dirichlet bdary conditions

becomes
u(x;,0)= Cfori=0,1,2,3.

ou(xi,0)

=0 fori=0,1,2,3.
ot

u(0,t. )= 0for j=0,1,2,3,4.
u(d,t )= Qforj=0,1,2,3,4.

By using the central difference approximation te thitial derivative

condition one can get:
1
Zt(ui,l ~U1)=0

Hence
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Ui, = U; , fori=0,1,2,3.

Moreover, equation (3.19) becomes

lina
Uijer =2U ;=Y 4 + 01252 > g U +
k=0
13-j+1
0.125(2- X7 > @ W +0.06§L 2¢ (x- 2r 2.546x¢ (x B
k=0

(-4.514%% + 9.027x~ 2.257)t |
where i=1, 2 and j=0, 1, 2, 3.

Therefore
lin 13-i41
Uijn =24 ;= Yjq + 01252 > gt q; + 0.125@2 ;%)) | qHds; +
k=0 k=0

0.06{ 2¢ (x- 2F 2546%F (x B | 4514%+ 9.027x 2.3;5?]

By substitutingu; _; = u;; in the above equation one can shows that

can be calculated from the equation

lin 1341
Uig =Uo+0.063x2) ¢ thot 0.0632 x3D  Gilkaot
k=0 k=0

0.063 2¢ (x~ 2 2546F (= B { 4514+ 9.027x 2357

Thus

U ;=—0.037.

The other values are tabulated down with the corspawith the exact

solution.
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Table (3.18) Represents the numerical and the exact solutions for
n=3 and m=4 of example (3.1.6).

Numerical solution u;; Exact solution u(x,t;)

-0.037 -0.037

-0.074 -0.074

—-0.146 —-0.148

-0.29 —0.296

-0.307 -0.333

-0.63 -0.667

-0.499 -0.593

-1.069 -1.185

Third, we divide the x-interval into 10 subintersaduch that

. 1=0,1,...,10 and the t-interval into 10 subintervalshsuhat

t :ﬁ), j=0,1,...,10. Thus, the initial and zero Dirichlet bdany

conditions becomes:

u(x;,0)= Cfori=0,1,...,10.

ou(x;,0)
ot

u(0,t, )= 0 forj=0,1,...,10.

=0 fori=0,1,...,10.

u(d,t )= 0forj=0,1,...,10.
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By following the same previous steps one can getvidlues that are
tabulated in the appendix (see program (3.1.6)h whte comparison
with the exact solution. Some of these resultstapelated down with

the comparison with the exact solution.

Table (3.19) Represents the numerical and the exact solutions for

n=m=10 of example (3.1.6) at specific points.

Numerical solution u;; Exact solution u(xi,t;)

—-0.180 —-0.250

-0.264 —-1.000

—-0.030 -0.031

-0.024 -0.035

—0.086 —-0.207

—5.040<10°3 ~5.040<10°3

—-0.293 —-0.564

—0.095 —-0.106

-0.320 —-0.655

-0.311 -0.648

Fourth, we divide the x-interval into 10 subintdsvauch that

x; =—, 1=0,1,...,10 and the t-interval into 1000 subintervslsh that

t; =ﬁ), i=0,1,...,1000. By running the same program one caihget
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values that are tabulated in the appendix (seerann@3.1.6)) with the
comparison with the exact solution. Some of theselts are tabulated

down with the comparison with the exact solution.

Table (3.20) Represents the numerical and the exact solutions for

n=10 and m=1000 of example(3.1.6) at specific points.

Numerical solution u;; Exact solution u(xi,t;)

—7.200x10°8

—7.200x10°8

~1.024x10°°

~1.024x10°°

—4.536x10°°

—4.536x10°°

—1.22%10™°

~1.22%10™°

—2.500¢10™°

—2.500¢10™°

—4.147x107°

—4.147x10™°

—5.762%107°

—5.762%107°

—6.553¢10™°

—6.554x10™°

—5.249%107°

—5.249%10™°

From the above tables, one can conclude that thatsegiven in
table (3.20) are more accurate than the previosslteegiven in the

other tables.
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3.2 The Implicit Finite Difference Method:

In this section, we use the implicit finite diffei@e method to
solve the initial-boundary value problems of thertiph fractional
parabolic differential equations. Also, the stabpilof this method is

discussed.

3.2.1 Thelmplicit Finite Difference Method for Solving Fractional

Parabolic Partial Differential Equations:

Consider the initial-boundary value problem givendguations
(3.8). In this section, we use the implicit finitifference method to

solve this initial-boundary value problem. To dasthwe substitute
t = t.4, in equation (3.8.a) and replacing the partiaivdgive % with
its approximation to get:

u(x,tj+1)—u(x,t-)=c(x | )aqu(x,tj+1)
At '

+S(X’tj+1)

where t = jAt, j=0,1,..., m and m is the number of subintervals of the
interval [0, T].

Next, we substitute the left-handed shiftedirald estimate
given by equation (3.10) in the above equationeid g

U - U ; C i+l
W) - I Z OkUi—k+1,+1 + Sj+1, 1=1,2,..., 1-1;j=0,1,....m-1
At (AX)q k=0
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Then for each j=0,1,...,AL, we evaluate the above equation at each
iI=1,2,...,n~1 to get a system of-1 equations with il unknowns that

can be solved by any suitable method.

Next, we prove that the implicit finite differenaceethod given by
equation (3.24) is unconditionally stable. The prob this theorem
depends on the idea that appeared in [Meerschaesh¥ Tadjeran C.,
2006].

Theorem (3.2.1):

The implicit finite difference method given by eqoa (3.24) is

unconditionally stable
Proof:

The system of equations defined by equation (3,RHether

with the Dirichlet boundary conditions, define adar system

This system can be written as AU=B, where

[ 1-Bc G B 0 0
B 192 1-Bc 1t By 0
A= B3 1103 —BC3 102 By By 0 0
Ber2j#19n2 BCr2jGnz BCr2jPBna BChajPns ¥BchajP1 BcChgj1
L _Bcn—l,ngn _Bcn—l,jﬂgn—l _Bcn-l,'r Y 2 _BCH 1 On 3 B ChnjBna B Chijfna B Cq ﬂ,jﬂ
Ujs1 AtSyjy + Uy j |
U2 j+1 AtSy j1 + Uy |
U= : andB = :
Un-2,j+1 A'[Sn—z,j+1"' Un-2,]
| Un-1,j+1 | | AtSp_g 1+ Un-g,j |
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At
(Ax)d’

wherei=1,2,...,/r1;)=0,1, ..., M1, = Gjr1 = C(X, §41),

S,j+1 = S(X, 1)
Next, that g=—-q and for 1 < 2 and i# 1, we have g 0.

Then, according to Greschgorin's theorem, the emapsA of the

matrix A lie in the union of the n-circles centeigd; with radius

n
I :Zai,k
k=0

ki
Hence, we have:

ai=1- Pcij+1 =1 +qBCij1
and

n i+1
=Y &, =BG, Ok
k=0 k=0

k#i k#i

i+1
But > g <-01=—(-0)=¢

k=0

k#i
with strict inequality holding true when q is nat mteger. This implies
that the eigenvaluea of the matrix A are all no less than 1 in
magnitude. Thus any error in; s not magnified, and therefore the

method is stable. m

To illustrate this method, consider the followingmple:

93



Chapter Three Numerical Methods for Solving Fractional Order Partial Differential Equations

Example (3.2.1):

Consider example (3.1.3). Here, we use the impliziite

difference method to solve this example numerically do this, first

we divide the x-interval into 2 subintervals sudlattx; :|—2, i=0,1,2

and the t-interval into 2 subintervals such thjat%, j=0,1,2. On the
other hand, the initial and zero Dirichlet boundeoyditions becomes
u(x;,0)= Cfori=0,1,2.

u(0,t; )= 0 for j=0,1,2.

u(d,t )= Cforj=0,1,2.

Moreover, equation (3.20) becomes

4
1 tiy
Ui j+ = 20.8xi5k§)9 Uaju +§£xi (X _1)_I'(JO.12)(10)§ —1))+ W

where £1 and FO, 1.

By evaluating the above equation at eachand #0,1 one can get the
values that are tabulated down with the comparigtth the exact

solution.
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Table (3.21) Represents the numerical and the exact solutions for

n=m=2 of example (3.2.1).

Numerical solution u;; Exact solution u(x,t;)

-0.122 -0.125

-0.244 -0.25

Second, we divide the x-interval into 3 subintesvalich that
X; :|—3, 1=0,1,2,3 and the t-interval into 4 subintervals sthat t; = J

j=0,1,2,,3,4. On the other hand, the initial and Zénachlet boundary
conditions becomes

u(x;,0)= Cfori=0,1,2,3.
u(0,t; )= 0 for j=0,1,2,,3,4.
u(d,t )= Cforj=0,1,2,,3,4.

Moreover, equation (3.24) becomes

4in
1 tiy
U i, =1.806%5 g t=| X (x- D—=— @agx- 1}+--
i X kZ:OmLk 1j4 4[ X (x 702) Q iy

where #1,2 and 0, 1, 2, 3.

By evaluating equation (3.25) &t and £1,2 one can get the following
system:
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2.35 -0.7 Ui (-~ 0.08
-0.94 3.35){ Uz, - 0.13
The solution of this system is given in the follogitable with the

comparison with the exact solution. Then, we eualemuation (3.25)

atj=1 and i= 1,2 to get the following system:

235 -0.75(u; ) (-0.17
-0.94 3.35 Up o - 0.26
The solution of this system is given in the follogitable with the

comparison with the exact solution. Then, we eualemuation (3.25)

atj=2 and i= 1,2 to get the following system:

235 -0.75(up3) (-0.2
-0.94 3.35)(Uz3) |- 0.39

The solution of this system is given in the follogitable with the
comparison with the exact solution. Then, we eualemuation (3.25)

atj=3 and i= 1,2 to get the following system:

235 -0.7 Ua| (— 0.34
-0.94 3.35)| Uz 4 - 0.52
The solution of this system is given in the follogitable with the

comparison with the exact solution.
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Table (3.22) Represents the numerical and the exact solutions for
n=3 and m=4 of example (3.2.1).

Numerical solution u;; Exact solution u(xi,t;)

—-0.055 —-0.056

—0.055 —0.056

—-0.109 -0.111

-0.11 -0.111

-0.163 -0.167

-0.164 -0.167

-0.217 —-0.222

-0.219 —-0.222

From the above tables, one can conclude that ghwtsegiven in
table (3.22) are more accurate than the previosslte2given in the
other tables. And one can get the values that aoeldted in the
appendix (see program (3.2.1)) with the comparisotih the exact

solution.

Remarks (3.2.1):

(1) Like the previous steps, the implicit finite difégrce method can be
also used to solve the initial-boundary value peotd of the right-
handed fractional parabolic partial differentiabatjons. In this case

equation (3.24) becomes:
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n—i+1

, )+ S AR
Z Ok Uj+k 1, j+1 + g, j+1

At (Ax)q

where £1,2,..., n-1;;=0,1,...,m-1.

(2) In a similar manner, the implicit finite differenogethod can be also
used to solve the initial-boundary value problerhshe two-sided
fractional parabolic partial differential equatiogisen by equations

(3.12). In this case equation (3.24) becomes

i+l qj n—i+l

)+ L] _ 1,)H
E, Ok Ui- k+1j+1+( )T E, Ok Y+k-1,j+1+ §j+1

At (Ax)q

where #1,2,..., r-1;j=0,1,...,m-1.
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| ntroduction:

In this chapter, we discuss the existence and eniegs
theorems of the solutions for the initial value ldem of the fractional
order ordinary differential equations. Also, we gigome necessary
conditions that ensure the existence of the extresmlations for the
initial value problem of the fractional order ordiy differential
equations. Moreover, we use the finite differencgthod to solve the

fractional order ordinary differential equations.
This chapter consists of three sections.

The section one consist of two theorems, one ferakistence
and the other for the existence of the unique golUbr the initial value

problem of the fractional order ordinary differattequations

The section two discusses the existence of themstlrsolutions
for the initial value problem of the fractional erdordinary differential

equations.

The section three gives the numerical solutions thia finite
difference method for the initial value problemtbé fractional order

ordinary differential equations.
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Chapter Two Solutions of the Fractional Order Ordinary Differential Equations

2.1 Existence and Uniqueness Theorems of the Solution for

the Fractional Order Ordinary Differential Equations;

In this section, we discuss the existence and thigueness
theorems of special types of the initial value peais of the fractional

order ordinary differential equations.

Now, start this section by the following theorenisl theorem
gives necessary conditions for the existence aflatien of the initial
value problem that consists of the fractional ordkelinary differential

equation:
VD) = (X, VX)), 0 KOS L et (2.1.a)

together with the initial condition

This theorem is appeared in [Hadid S. and MomanilS96].
Here, present the details of its proof. But beftrat, we need the

following lemma.

Lemma (2.1) (Arzela-Ascoli), [S.B. Hadid, S. M. Momani, 1996]:

Let F be a family of functions bounded and equicardus at
every point of an interval I. Then, every sequeoickinctions {f} in F
contains a subsequence uniformly converge on ewergpact sub-

interval of 1.
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Theorem (2.1), [Hadid S. and Momani S., 1996]:

Let f 0 C[Bo, [ "], where
Bo={(x, Y)OQ|0<%<X<X+a, ||y~ Yo(X —X%)"||<b},0<g<1
andQ is an open set in "+l Assume

IfCx, )l on B

Then the initial value problem given by equatioBd) has at least one

solution g(x) on 0 << X < X + B, where

B9 = min { bar (q)}
¥l

Proof:
Let yo be a continuously differentiable function onyX, X,
A > 0 satisfying:
Yo (%) = f(X, Yo(X)), Yo(Xo) = Yo,
[1%6(X) = Yo(x = X)) < b

and
Ilys? 09l < .
For 0 <e < A, we define a functioly.(x) on [X — A, X, + B] by

Yo(X), O AR

Ye(X) = X 1+—J'(x )T (L, Y (t-€)dt, XO[Xg,Xq+B]

r);
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For the above equation, we observed th&t)ydefine a continuous

function on [% — A, Xo + By], where B = min {B, €}. Moreover:

—t) T (L, y, (t—¢)) dt

Ye(X) = Yo(X - Xo)q_lu =—

X
<LJ )41 dt= —_Bg
@, T (@

<M pag K br(@_,
ar(a  qr(@ w

Therefore)|| y; (X)— Yo (X- xo)q_1 | <b,0x0O[Xo— A, X + B].

Moreover, we can use equation (2.2) to extef®d)yas a continuous

function over [ — A, Xo + By], where B = min [B, Z], such that:
1Y ()= Yo (X=X )™ | < b, 0 x 0 [Xo = A, Xo + BY]

By continuing in this process, we can defingxy as a continuous
function over the interval fx= A, X, + B], so as to satisfy the following

inequality:
1Y ()= Yo (X= %)™ | <b,0x 0 [Xo = A, Xo + B]

Moreover, from the above inequality, one can dedbaéthe sequence
{y«(x)}, 0 <& < A forms a family of uniformly bounded functions. It
remains only to show that the sequence(Xy forms a family of
equicontinuous functions. To do this, it is enoughshow that the

second term of equation (2.2) defined by:
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X
2(x) = (— [ =0T (v (t-g) dt
X0
Forms a family of equicontinuous functions, so coais

|2¢ (x2) -z (x0)|= j (X2 = DM (L, (t-¢)) dt-

r()

jl (%~ )T (t, Ve (t —€)) dt

X0

= f (X — )97 (t,ye(t—€)) dt+ f (X, — )97 (t,y (t —€)) dt -

X0 X1
X1
[ =07 (L y(t-g)) dt
X0
uo | f .
< ﬂLjo{(xl—t)q 1o(x,-1)d J} dt+ Xjl(xz—t)q 1dt}
__ KT

< H :2(x2 - x,)" +‘(x2—x0)OI — (X4~ Xo)qH

R

forall 0 < % < X3 <X <X+ B.
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Hence, as xO - xg, thenx3 O - x{. Therefore, the family {£x)} is

equicontinuous functions. Thus, the sequengé}; 0 <€ < A forms a
family of equcontinuous and uniformly bounded fumes. Hence, by
using Arzela-Ascoli lemma, there exists a sequefgg such that

€1 > > ..., 05 0, as nJ- o and lim Ve, (X)=y(x) exists
n— oo

uniformly on [%—A, Xo+B], this converge is uniform. The continuity of f
on [Bo implies that f(x, Yx — €&,)) converge uniformly of f(x, y) as

n[ - o. Hence, as il - o equation (2.2) witle = g, yields:

41 % _
Y(X) = Yo(X = %)™t + @ jo (x - t)9 7 (¢, y(t)) dt

This shows that y is a solution of the initial valproblem given by

equations (2.1). =

Next, we give another theorem that gives necessanyglitions
for the existence of the unique solution of thdiahivalue problem
given by equation (2.1). This theorem is appearedHadid S. and
Momani S., 1986]. Here, we give the details ofptsof. But before

that, we need the following lemma.

Lemma (2.2), [Hochstadt H., 1973]:

If S is a closed subset of a Banach space B, thgmantraction

mapping T of S into itself has a unique fixed point
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Chapter Two Solutions of the Fractional Order Ordinary Differential Equations

Theorem (2.2), [Hadid S. and Momani S., 1996]:

Consider the initial value problem given by equagio(2.1).

Assume that f:[0e0)x0" O - 0" is continuous and bounded in the
region B={(X, ¥) | 0 < % £ X < X + a, |ly|| <o} and satisfies the

Lipschitz condition:

|[f(x, yo) = f(x, y2)l[< Llys = yol|, O(X, y1), (X, y») O D

q
for some positive constant L. Hl%ﬂ, then the initial value problem
a9

given by equations (2.1) has a unique solutionyid X< Xg+ a.
Proof:
LetB={y|y: (Xo, Xo+ a]00 - 0", yis continuous}.

Define the norm of any function y in B, as:

M= sup iyl

Xg<XsXpta
then (B, || . 4) is a Banach space.

Define the set 9 as:
SpE)={y OB: |y, <p}

and the operator T by:

(Ty)(X) = Yo(X - x0)T* + % on (X = )T (t, Y(1)) At oo (2.3)

q
for y 0 S(), wherep = [|y||d™ + qﬁq) and [[f(x, y)[ p.
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Chapter Two Solutions of the Fractional Order Ordinary Differential Equations

Next, we shall prove that §)is closed. To do this,@ S(p), then there

exists f 0 S(p), such thatf0 - f. Therefore
If

=[f =fn +Falgslfalg + If ~falg=p

le nlls

Hence $9) is closed subset of the Banach space B.

Now, we prove that T: ] 0 — S(). To do this, let #1S(p), then from

a=p

equation (2.3), one can deduce tfraL < ||y, || &+ ql‘u(q)

Therefore, 70 S().

To prove T:S¢) O — S(p) be contraction. Letyyy, O S(), then

one can have

[Ty (x) = (Ty2)(})|=[lyo (x = x)4 ™ +%q) J =0Tty (1) dt -

Yo(X = Xg)?™ —% jo (x - )91 (t,Y2(t))d“

:i) [ =T (1, ya(1) ~F(tyo(t)] o
X0

T (L ya (D) ~F Ly o(1)] it

—t) Ly (1) - yz(t)||dt< ||y1 Yl

r()
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Chapter Two Solutions of the Fractional Order Ordinary Differential Equations

La“
qr(a)
one can get T has a unique fixed point which issthlation of the initial

But <1, then T is a contraction, and hence by usngia (2.1),

value problem given by equations (2.1)m

2.2 Existence Theorem of the Extermal Solutions for the

Fractional Order Ordinary Differential Equations:

In this section, we discuss the existence for thé&emal
solutions of the initial value problem given by atjans (2.1). But
before that, we need to recall the definitions bé tmaximal and
minimal solutions (extremal solutions) of the iaitvalue problem given

by equations (2.1).

Definition (2.1), [Hadid S. and Momani S., 1996]:

The maximal solution M(x) of the initial value piem given by
equations (2.1) is a solution for equation (2.19hsthat the following

inequality is satisfied for any solution y(x):

y(X) < M(x), Ox=X,

Definition (2.2), [Hadid S. and Momani S., 1996]:

The minimal solution m(x) of the initial value piem given by
equations (2.1) is a solution for equation (2.1ghsthat the following

inequality is satisfied for any solution y(x):

m(X) < y(x), Ox= x,
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Chapter Two Solutions of the Fractional Order Ordinary Differential Equations

Remark (2.1):

It is easy to check that the maximal (or the mid)msalution of

the initial value problem given by equations (daslyinique.

Now, we give some conditions that guarantee thstexce of the
extremal solutions of the initial value problem@ivby equations (2.1).
This theorem appeared in [Hadid S. and Momani S6]L Here, we

give the details of its proof.

Theorem (2.3), [Hadid S. and Momani S., 1996]:

Consider the initial value problem given by equasio(2.1).

Assume f: [000)x] " O = 0", is a continuous function in the region:
R(a, b)={(X, ¥) | 0 <% < X< Xo + &, |y= Yo(X = X0)* | < b}

Then there exists a maximal (minimal) solution gliations (2.1) on

[Xo, Xo +B], for somef3 > 0.
Proof:

We shall prove the existence of the maximal sofutiof

equations (2.1). To do this, let 0 be given such that Osx< g Since

f is continuous in R(a, b), then there exists aitp@sconstantu, such
that:

[f(x, y(X))|< u +g, for (x, y)OR (a, b)

Consider the initial value problem:
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Chapter Two Solutions of the Fractional Order Ordinary Differential Equations

y@(x) =f,(x,y), 0<q<l
(q 1)(Xo) YotE€

where f(x, y) = f(x, y) +€.

Then it can be easily see that the functigr, fy(x)) is defined and

continuous in the region:

R(@ b) = {(%, ) | 0 <% < X< X+a, [y-yo(x—xXo)™™ — ] < g}

Therefore, from theorem (2.1), it follows that tingial value problem
given by equations (2.4) has a solutig(xyon the interval [¥ X, + B],

where:

5% = min { 2be (q)}
2u+b

Let e, ande, be two real numbers such that @<< g; < g, then from

equations (2.4) and(k, y) = f(x, y) +«.
Ye, (X0) <Ve(X1)
V() = (X, e, (X)) +€5
Ve > £(x,yg (X)) *&5
Therefore,
Ve, () < ¥g,(X), for x[xo, %o + B]

Moreover, from the hypothesis, the family of funcis y(x) is
equicontinuous and uniformly bounded og, px+[3]. Hence, by Arzela-

Ascoli lemma, there exists a decreasing sequersge $uch that

25



Chapter Two Solutions of the Fractional Order Ordinary Differential Equations

enld - 0as n] - oo, and lim Ve, (x) exists uniformly in XI[Xq, Xo+ B3],
n— oo

we denote this limiting value by r(x). Obviousl{xd)=xo, and
X
_ _ g-1 1 _1\g-1
Ve, (X) =Yo(X —Xo)" " +e, + ﬂ _[ (x—1) f(t,ysn (t) dt............. (2.5)
X0

yields r(x) as a solution of equations (2.1).

Finally, we show that the solution r(x) is the nmaal solution of
the initial value problem given by equations (219.do this, let y(x) be
any other solution of the initial value problem gvby equations (2.1)

existing on the interval pxxo+ B]. Then
Y Xo) = Yo < Yo +€ = Yy (xo)
Further, for xI [Xo, Xo + B], we have
yx) < f(x, y(x)) +e

Y () = (x, y(x)) +¢

Hence, we have

yOx) <y (%) for x O [Xo, %o + ]

and therefore

y(X) <ye(x) for XU [Xo, Xo + B]

Since the maximal solution is unique, it is cldaatty(x) tends to r(x)

uniformly in x([Xo, Xo+B] ase O — 0. A similar argument holds for the

minimal solution. H
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Chapter Two Solutions of the Fractional Order Ordinary Differential Equations

Next, the following theorem involves estimating andtion
satisfying a differential inequality by the maximablution of the
equation corresponding to the inequality. This theo appeared in
[Hadid S. and Momani S., 1996]. Here, we give thtails of its proof.

Theorem (2.4), [Hadid S. and Momani S., 1996]:

Let fC[Q, R], Q being an open set in 2 and let r(x) be a
maximal solution of the initial value problem givey equations (2.1)
on [X, Xo + PB], for someP>0. Also, let m be a continuous function on
[Xo, XotP], such that m@@<y, and (x,m(x))Q satisfying the differential
inequality:

m'Y(x) < f(x, m(x)), X O [Xo, Xo + B

Then, on the common interval of existence of m(rxd a(x) the
inequality

m(X) < r(x)

holds.

Proof:

Let x;[1(Xo, Xo+B). An argument similar to that for theorem (2.3)
shows that there exists a maximal solution g)xpf the initial value
problem given by equations (2.4) on,[%,] for all sufficiently small

€>0 and

1 F(X, £) = 1) o (2.6)
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Chapter Two Solutions of the Fractional Order Ordinary Differential Equations
Uniformly in x[Xe,X1]. From equations (2.5)¢(k, y) = f(x, y) + € and
m9(x) < f(x,m(x)), one can have

M(X) < 1(X, €), X T [X0y X1]eeerrrneeerremriiiieereeiiiseeeeeeesineseemma e eeeennnns (2.7)

Inequality (2.7), together with the convergence perty given by

equation (2.6), leads to m(x)r(x). =

Remark (2.2):

It is easy to check that if m(x)=>f(x, m(x)), x O[Xo, X + B] and
M(X0)=Yo, then m(x)=s(x), where s(x) is the minimal solution of the

initial value problem given by equations (2.1).

Next, the following theorem gives the same resgltim the
previous theorem but requires for its proof the otonicity of f with
respect to x. This theorem appeared in [Hadid 8.Mamani S., 1996].

Here, we give the details of its proof.

Theorem (2.5), [Hadid S. and Momani S., 1996]:

Assume that:
1. f(x, y(x)) is continuous in the region 0 § X X< X + B3, |y] <co.
2. f(x, y(x)) is nondecreasing in y for each fixed x.

3. The maximal solution r(x) of the initial value ptelm given by

equations (2.1) exists on the interval §<xx < xq + 3 for somef3> 0

4. m s a continuous function satisfying the integnaiquality:
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Chapter Two Solutions of the Fractional Order Ordinary Differential Equations

M) < M) (X = X0 + ——— (RS ICTO : S— 2.8)
Ha@y,

for xO [Xo, Xo+B]. Then m(x)< r(x) for xU[Xo, Xo+B].
Proof:

Let z be a function defined by the right-hand d€2.8). That
IS:

2() = M) (X — X)) + %jo (x— ) (t, m(t)) o

Then, we have

m(x) < z(x) and £(x) = f(x, m(x))

Hence, from nondecreasing property on f, it folldhat:
Z9(x) < f(x, z(x)), xO [Xo, Xo+P].

Thus, from theorem (2.4) one can have

z(x) < r(x), for x O [Xo, Xo+P].

Hence

m(X) < r(x) for xt[Xo, XotB]. ™
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Chapter Two Solutions of the Fractional Order Ordinary Differential Equations

2.3 Finite Difference Method for Solving the Fractional

Order Ordinary Differential Equations:

Consider the initial value problem that consistshef fractional

differential equation:

VO = (VX)) LEXSR oottt veeeae e (2.9.a)

Together with the initial condition:

where y(Q)(x) denote fractional derivative of order g of thedtion y

and g is a positive fractional number.

In this section, we use the explicit finite diffaoe method to
solve this initial value problem. To do this, webstitute xx; into

equation (2.9.a) to get:
AR GO ER L TR TZ6cD) OO (2.10)

Wherex; =L +iAx, i=0,1,...,n, Ax:(R_L) and n is the number of

subintervals of the interval [L,R]

Next, we recall that the left-handed shiftedi@rald estimate to
the left-handed derivative is

dif (X) 1
dx4  (ax)“

ng(x (k—1)Ax)

Where n is the number of subintervals of the irdkfiz, R], =1 and

. Therefore
kl
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i+l

Z gk Y(x — (k=1)Ax)

i+1
ngy, KA weeeereereres et e et et et n et et et e s ennnnanaeas (2.11)

(A )q
wherey; is the numerical solution of equations (2.9), [kehaert M.
and Tadjeran C., 2005].

By substituting equation (2.11) in equation (2.@0% can have

i+1

ngy. o1 =F(x,y;),i=01,...

()7 i

The resulting equation can be explicitly solved yor, to give:
i+1

Visr =D Ok Yioksr + X)X, Y;), 1200000 e, (2.12)
k=1

Then by evaluating the above equation at eadh 2,...,n-1 and

using the initial conditiony, =a one can get the numerical solution of

the initial value problem given by equations (2.9).

To illustrate this method, consider the followingmple:

Example (2.1):

Consider the fractional order ordinary differengguation:

2.667 x1%-x° 0<x<1
(0.5)

yO9)(x) = xy *(x) +

Together with the initial condition:

31



Chapter Two Solutions of the Fractional Order Ordinary Differential Equations

y(0)=0
This example is constructed such that the exaatitisal of it is

y(x) = x? via Riemann-Liouville definition of the left-handdractional

derivative. Here, we use the explicit finite didace method to solve

this example numerically. To do this, first we di@ithe x-interval into

2 subintervals such that ='—2, i=0, 1, 2. Thus, the initial condition

becomeg, =0. Moreover, equation (2.12) becomes

i+1
2.667 :
Yier = ‘kZ:;gkYi—kﬂ + 0'707(XiYi2 + r©5) Xi® = X?J i=01

By evaluating the above equation at each i=0, 1aameget the values

that are tabulated down with the comparison withekact solution.

Table (2.1) Represents the numerical and the exact solutionsfor n=2

of example (2.1).

Numerical solution y; Exact solution y(x;)

0 0.25

1

Second, we divide the interval [0,1] into 10 submtls such

that x; :ﬁ, i=0,1,...,10. Moreover, equation (2.12) becomes

3 2.667 .
Yi+1:‘ZQkYi—k+1+0-31{ Y+ %‘5] , F 0, 1.

=1 (0. 5)
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Chapter Two Solutions of the Fractional Order Ordinary Differential Equations

By evaluating the above equation at each i=0, 1,0n® can get the
values that are tabulated down with the compariath the exact

solution.

Table (2.2) Represents the numerical and the exact solutions for n=10

of example (2.1).

Numerical solution y; Exact solution y(x;)

0 0.01

0.04

0.09

0.16

0.25

0.36

0.49

0.64

0.81

1

Third, we divide the interval [0,1] into 100 sulentals such that

X; :L, i=0,1,..., 10. In this case, equation (2.12) becomes
' 10cC

< 2,667
Yier = ‘kZ:;gkYi—kﬂ + O-J(Xiyiz t+ I'.(O.5) Xi® _X?} 1=01...99
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By evaluating the above equation at each i=1,2,..088 can get the
values that are tabulated in the appendix (seergnog2.1)) with the
comparison with the exact solution. Some of thesellts are tabulated

down with the comparison with the exact solution.

Table (2.3) Represents the numerical and the exact solutions for
n=100 of example (2.1).

Numerical solution y; Exact solution y(x;)

8.55x 10° 0.01

0.037 0.04

0.086 0.09

0.154 0.16

0.242 0.25

0.35 0.36

0.477 0.49

0.622 0.64

0.783 0.81

0.957 1

Fourth, we divide the interval [0,1] into 170 suleirvals such

that x; =1L7C’ i=0,1..., 170. In this case, equation (2.4) becomes

X 2.667
yi+1:—§ gkyi_k+l+0.077£xiyi2+ : xi1'5—xi5} i=01,...169
= [ (05)
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By evaluating the above equation at each i =1, 269. one can get the
values that are tabulated in the appendix (seergnog?2.1)) with the
comparison with the exact solution. Some of thesellts are tabulated

down with the comparison with the exact solution.

Table (2.4) Represents the numerical and the exact solutions for
n=170 of example (2.1).

Numerical solution y; Exact solution y(x;)

9.136x 10° 0.01

0.038 0.04

0.087 0.09

0.156 0.16

0.245 0.25

0.354 0.36

0.482 0.49

0.629 0.64

0.794 0.81

0.973 1

Fifth, we divide the interval [0,1] into 200 sulentals such that

X: :L, i=0,1..., 200. In this case, equation (2.4) becomes
' 20C

X 2,667
yi+1:—§ gkyi_k+l+0.07{xiyi2+ : xi1'5—xf5j, i=01,...199
= [ (05)
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By evaluating the above equation at each i=1,2,9.d®% can get the
values that are tabulated in the appendix (seergnog2.1)) with the
comparison with the exact solution. Some of thesellts are tabulated

down with the comparison with the exact solution.

Table (2.5) Represents the numerical and the exact solutions for
n=200 of example (2.1).

Numerical solution y; Exact solution y(x;)

9.264x 10° 0.01

0.039 0.04

0.088 0.09

0.157 0.16

0.246 0.25

0.355 0.36

0.483 0.49

0.631 0.64

From the above tables, one can conclude that ghwtsegiven in
table (2.5) are more accurate than the previoustsegiven in the other
tables. Moreover, if we increase the value of entlbne can get more
accurate results. But the MathCAD software pacKads to be used if

the value of n is greater than 170.
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From the present study, we can conclude the foligwi

. Many definitions for the fractional order ordinaderivatives can be
extended to be valid for the fractional partialidatives.

. The existence of the extremal solutions ensures$ tha ordinary
differential equation does not have a unique sofuti

. Finding analytic solutions for the fractional paltdifferential equations
are so difficult in many cases.

. The finite difference method gave the numericalisohs of the fractional
differential equations and it depends on the Gridvestimate for the
fractional derivatives.

. The explicit finite difference method is better th&he implicit finite
difference method, but it is conditionally stable.

For future work the following problems could besgunended:

. Study the stability of the finite difference methgdven by equation
(3.22).

. Solve the initial value problem given by equati¢@2) via the implicit
finite difference method.

. Use the finite difference method for solving nomelar fractional order
partial differential equation.

. Discuss the extremal solution for the fractionadesrpartial differential
equation.

. Devote other types of the fractional order parddferential equation
towards this work.

. Use other definitions for fractional derivatives.
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__ Introduction

Fractional calculus is the field of mathematicaalggis which
deals with the investigation and applications eégnals and derivatives
of arbitrary order. In recent years, growing attmthas been focused
on the importance of fractional derivatives anegmnals in science. It is
well believed today that fractional calculus is tquan irreplaceable
means for description and investigation of clagsi@ad quantum
complex dynamical system. In simple words, thetioaal derivatives
and integrals describe more accurately the complegsical systems
and at the same time, investigate more about sichpl@amical system.
Dealing with fractional derivatives is not more qaex than with usual

differential operators, [Ross B., 1974].

Many authors and researchers studied the fractidiff@rential
equations such as Greer H. in 1859, studied thectidraal
differentiation, Letnikov A. in 1868, presented thiteory of
differentiation of fractional order, Hardy G. in 1I® gave some
properties of fractional integrals, Davis H. in249 gave fractional
operations as applied to a class of Volterra irstleggquation, Fabian W.
in 1936, studied fractional calculus, and Love id &oung L. in 1938,
presented fractional integration by parts [Nishinkit,1983], Kober H.
in 1940 discussed fractional integrals and demnesti Zygmund A. in
1945, gave some theorems for fractional derivatiEgsiélyi A. and

Snddon I. in 1964, gave some applications of foaeti integrals, Ross



I ntroduction

B. and Northover F. in 1976, presented the fraefiaralculus of the
derivatives of complex order and Nishimoto K. in839 gave some

definitions of fractional integration and derivatiwith some properties.

Also, many authors and researchers concerned atfractional
differential equations such as Al-Shather A. in 20presented some
approximated solutions for the fractional delayegrb-differential
equations, Abdul-Razzak B. in 2004, gave some dhlgos for solving
fractional order Fredholm integro-differential egaas, Al-Azawi S., in
2004, gave some results in fractional calculusRARhal D. in 2005,
used the numerical solutions for the fractionalegmo-differential
equation, Gorial I. in 2005, used the finite diffiece method to solve
the eigenvalue problems for the partial fractionigferential equations,
Abdul-Jabbar R. in 2005, studied the inverse pmobleof some
fractional order integro-differential equations, ih E. in 2006, used
the linear multi-step methods to solve some fracticorder ordinary
differential equations, Aziz S. in 2006 used somgraximated methods
for solving fractional order partial differentialgeations, and Al-
Husseiny R. in 2006, discussed the existence ofjuemess of the

solution for some fuzzy fractional order ordinarffetential equations.

The purpose of this work is to generalize somenitedins of the
fractional order derivatives of a function with oimelependent variable

to include functions with many independent variable

Also, the existence of the extremal solutions of thactional
ordinary differential equations is discussed. M@grp some numerical
methods are used to solve classes of the lineetidreal order ordinary

and partial differential equations.



I ntroduction

This thesis consists of three chapters:

In chapter one, we give three definitions of thecfional order
ordinary derivatives, and extended them to be vilrdthe fractional
order partial derivatives with some illustrativeaexples. Moreover, we

present five definitions of the fractional ordedimary integrations.

In chapter two, we give some theorems for the erst and the
uniqueness of the solution for the initial valueldem of the fractional
order ordinary differential equations and discuss éxistence of the
extremal solutions for the initial value problemtbt fractional order
ordinary differential equations and solving thera the finite difference

method.

In chapter three, we examine some special typéseafumerical
methods; such as the finite difference method {ex@nd implicit) to
solve the initial-boundary value problem of thegisolic and hyperbolic
for one-sided and two-sided fractional order péartdifferential

equations.

For each method, some numerical examples are scwed
computer programs are written in MathCAD (profesaio2001i)

software packages.
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