Abstract

This work is oriented towards two objectives:

Thefirst objectiveis to classify and study the generalized one-dinogas
integral equations that contain n one-dimensiongdgral operators. This study
includes the existence of a unique solution forcepetypes of these integral
equations and their solutions by using some quadrainethods, namely the

trapezoidal rule, the modified trapezoidal rule &nthpson's rule.

The second objective is to classify and study the generalized multi-
dimensional integral equations that contain n rmuilnensional integral
operators. This study includes their solutions sing some quadrature methods,

namely the trapezoidal rule, the modified trapeabidle and Simpson's rule.
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Program (2.1):

-0.07958 -0.0749 —-0.06366 —0.05093 -0.03979 —0.03105 -0.02449
-0.0749 -0.07958 —0.0749 -0.06366 —0.05093 -0.03979 -0.03105
-0.06366 -0.0749 —0.07958 —0.0749 -0.06366 —0.05093 -0.03979
—-0.05093 -0.06366 -0.0749 -0.07958 -0.0749 —-0.06366 -0.05093
—-0.03979 -0.05093 —-0.06366 —0.0749 -0.07958 -0.0749 -0.06366
—0.03105 -0.03979 —0.05093 -0.06366 —-0.0749 —0.07958 —0.0749

—-0.02449 -0.03105 —0.03979 -0.05093 -0.06366 —0.0749 -0.07958

Appendix

u(y)dy, -1<x <1

0 0

0 0

0

0 0 0

—-0.06366 —0.05093 —0.03979 -0.03105 —-0.02449

-0.0749

-0.05093 -0.03979 -0.03105
-0.06366 —0.05093 —-0.03979
-0.0749 -0.06366 —-0.05093
0.92042 -0.0749 -0.06366
-0.0749 0.92042 -0.0749
-0.06366 -0.0749 0.92042

1 1
u(x)=l+=[——
i+ (X —y)
1 1
k(x,y) i=—GF———
T 1+ (x-y)?
f(x:=1
o (o Co (o Con Co o Con Co o Con Co o Co G o Co G o C G Co o G o (o L G o L G o L G L L [ [
n:.=
=-1
R:=
h: (R-L)
n
i:=0..¢
X = L +ilh
i:=1.7
ji=1.7
m, ;= ~hik{x.x)
0 0 0
0
0
0
m =
0
0
0
0
1:=21.7
m|, =1- h[k(xl,xl)
h
M,0=1~ 5 %(5%)
h
=1-—[K
Mg, 8 2 ( 88 )
0.96021 0 0 0
0 0.92042 -0.0749
0 -0.0749 0.92042 -0.0749 -0.06366
0 —-0.06366 —-0.0749 0.92042
m= 0 —0.05093 -0.06366 —0.0749 0.92042
0 —0.03979 -0.05093 -0.06366 -0.0749
0 —0.03105 -0.03979 —-0.05093 —0.06366
0 —0.02449 -0.03105 -0.03979 —0.05093
0 0 0 0

0

0 0 0
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-0.0749 -0.06366 —0.05093 —0.03979 —0.03105 —0.02449 -0.01959 —7.95775¢ 10 3

0.92042 -0.0749 -0.06366 —0.05093 —0.03979 —0.03105 -0.02449 -9.79415¢ 10 3

-0.0749 0.92042 -0.0749 -0.06366 —0.05093 -0.03979 —-0.03105
-0.06366 -0.0749 0.92042 -0.0749 —0.06366 —0.05093 -0.03979
-0.05093 -0.06366 —0.0749 0.92042 -0.0749 -0.06366 —0.05093
-0.03979 -0.05093 —-0.06366 —0.0749 0.92042 -0.0749 -0.06366
-0.03105 -0.03979 —0.05093 -0.06366 -0.0749 0.92042 -0.0749

-0.02449 -0.03105 —0.03979 -0.05093 —0.06366 —0.0749 0.92042

-0.01959 -0.02449 -0.03105 -0.03979 —-0.05093 -0.06366 —0.0749

o (o Con Con G Co Co CocCo Co Con U G Co GO Co o U Cn G G G o Co o o o D o G G G O G o o [

1= (Cgx)
1:=1.7
mg ;= ~hik{xg. %)
1:=1.7
-h
m o= 3 iy 1)
1:=1.7
m g=— K(x.%)
Mo, KXy %)
8 2
-h
=g
My 7=~ (%)
0.96021
~0.03745
-0.03183
~0.02546
m= -0.01989
~0.01553
-0.01224
~9.79415¢ 10 °
7.95775 10 °
i:=0.¢€
f.:=1
|
u:=m "
1.63639
1.74695
1.83641
1.89332
u=| 1.91268
1.89332
1.83641
1.74695
1.63639
n:=1¢
L:=-1
R:=1
_(R-L)

h
n
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i:=0..1¢€
X = L +ilh
i:=1.1°f
ji=1.1¢

m|,j = —h[k(x,x.)

i:=1.1¢
mhi =1- h[k(xl,xl)
ml,l =0.96021

My, 0= 1= 3%t %)

Mg, 16 =1~ 2m(X16'X16)
=1, 18

Mo,i°= M%)

i=1..1¢
M6, i :z_h[k(xle’xu)

i:=0..1¢

f..=1

|

u:=m 1[ﬂ

0
0 1.63887
1 1.69648
2 1.75070
3 1.79940
4 1.84089
5 1.87401
6 1.89804
u= 7 1.91258

8 1.91744
9 1.91258
10 1.89804
11 1.87401
12 1.84089
13 1.79940
14 1.75070
15 1.69648
16 1.63887

o (o Co Co Con Co o ConCo o Con Co o Con Co o CoCo o Co CoCo Co CoCo C G o o D o o L G o L L [
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g0
i:=1.31

m|,i =1- h[k(xl,xl)

ml’ 1= 0.98011

Mo,0:= 1= 2%ty %)

My 30717 gm(’%z’xsz)
i:=1.31

Mo,i°= (k%)

i:=1..31

i:=0..32
f.:=1
|
u:=m 1[ﬂ
u:
0

0 1.63949
1 1.66866
2 1.69727
3 1.72503
4 1.75164
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o (o Co Co CoCo o Con Co o Con CoCoo G o o Co Co Co Co CoCo Co G o Co Lo Co Co D G o L G o Cw [ [ [ [

5 1.77686
6 1.80045
7 1.82222
8 1.84201
9 1.85970
10 1.87517
11 1.88837
12 1.89922
13 1.90770
14 1.91377
15 1.91742
16 1.91863
17 1.91742
18 1.91377
19 1.90770
20 1.89922
21 1.88837
22 1.87517
23 1.85970
24 1.84201
25 1.82222
26 1.80045
27 1.77686
28 1.75164
29 1.72503
30 1.69727
31 1.66866
32 1.63949
1 1
k(x,y) = —B—Z
T 1+ (x-y)
f(x):=1
n:=6¢
=-1
R:=
h:= —(R L)
n
i1:=0..6¢
X = L + ilh
i:=1..6%
ji=1..6¢
nrlhj = —h[k(xl,x)
i:=1..6°
m.=1- h[k(x,x)
i i
My, 0= 1= 2 K{x:%)
Mo, 6071~ 5 M%sa %)
i:=1..62
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m, .- (—h)[k(xo,

i:=1.6¢

m., .: —h[k(x64,xl)

i:=1..6%

(-

mo=( 7 Epx)

i:=1..6:
-h

™, 6= 5 %% %)
_-h

My, 4= K %)

Mt 0= ¥(6a%)

i:=0..6¢

f

|

u:=m 1[ﬂ

u=

0

0 1.63964
1 1.65429
2 1.66884
3 1.68325
4 1.69747
5 1.71148
6 1.72525
7 1.73872
8 1.75188
9 1.76468
10 1.77711
11 1.78912
12 1.80071
13 1.81184
14 1.82249
15 1.83265
16 1.84229
17 1.85141
18 1.85998
19 1.86800
20 1.87546
21 1.88235
22 1.88866
23 1.89438
24 1.89952
25 1.90405
26 1.90799
27 1.91133
28 1.91407
29 1.91619
30 1.91771
31 1.91863
32 1.91893
33 1.91863
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34 1.91771
35 1.91619
36 1.91407
37 1.91133
38 1.90799
39 1.90405
40 1.89952
41 1.89438
42 1.88866
43 1.88235
44 1.87546
45 1.86800
46 1.85998
47 1.85141
48 1.84229
49 1.83265
50 1.82249
51 1.81184
52 1.80071
53 1.78912
54 1.77711
55 1.76468
56 1.75188
57 1.73872
58 1.72525
59 1.71148
60 1.69747
61 1.68325
62 1.66884
63 1.65429
64 1.63964

Program (2.2):
K(x,y) := X2
X,y 5

f() :=»
m¥) =1
n:=10

1 3500) 5 (v)|
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=1
i:=0.1C
[’
ue, := xl@x —_—
15
0 0
0 0 0 0
1 8-10-4 1]0.20011
2 (3.2026-10-3 2 (0.40171
3(7.2346-10-3 3| 0.6087
U= 4 0.013 e = 410.82778
5 0.0206 5(1.06894
6 0.0306 6 [ 1.34652
7 0.0433 7 (1.68103
8 0.0598 8 [2.10238
9 0.0813 9 [ 2.65538
10 0.1101 10( 3.40921
k(x,y) Z=XEIX
5
f(x) :=»
m(x) ;= 1
n:=20
L:=C
R:=2
h:= (R-L)
n
i:=0. 2
X = L +ilh
Uy = (xo)
h h
uy :(—Ek<xl,x0> + E k(xl,x]_)j
-4
u = 1x10
i:=2.2C
H i-1
u = EER(XI,XCD + hljz k(xl,xj)Euj +— k(xlxl)
j=1
i:=0..2C
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0
0 0.0000
1 0.000100
2 0.00040004
3 0.00090054
4 0.0016029
5 0.0025100
6 0.0036271
7 0.0049621
8 0.0065265
9 0.0083363
u= 10 0.0104
11 0.0128
12 0.0155
13 0.0186
14 0.0221
15 0.0261
16 0.0306
17 0.0359
18 0.0420
19 0.0492
20 0.0575

u(y)dy, -1<x<1

o (o Con Con G Co Co CoCo Co Con U G Co G Co Co o U Cn G G G o Co o o o D o D G G O G o o L

ueI :xi@x E
0
0 0.00000
1 0.10001
2 0.20011
3 0.30054
4 0.40171
5 0.50418
6 0.60870
7 0.71619
8 0.82778
9 0.94482
ue= 10 1.06894 )

11 1.20207
12 1.34652
13 1.50506
14 1.68103
15 1.87848
16 2.10238
17 2.35882
18 2.65538
19 3.00153
20 3.40921

Program (2.3):

11t
u(x)=1+=[—=—0
mLl+ (X —y)
1 1
k(x,y) i =—F—
M1+ (x-y)
f(x):=1
n:=
=-1
R:=
bz (R-L)
n

i:=0..¢€

X| =L+ ilh

i:=1.7

ji=1.7

ij = —h[k(xl,xj)
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—-0.07958 -0.0749 —0.06366 —0.05093 -0.03979 —0.03105 -0.02449
—-0.0749 -0.07958 —0.0749 -0.06366 —0.05093 -0.03979 —-0.03105
-0.06366 -0.0749 —0.07958 —0.0749 -0.06366 —0.05093 -0.03979
—-0.05093 -0.06366 -0.0749 -0.07958 -0.0749 —-0.06366 -0.05093
—-0.03979 -0.05093 —-0.06366 —0.0749 -0.07958 -0.0749 -0.06366
—0.03105 -0.03979 —0.05093 -0.06366 —-0.0749 —0.07958 —0.0749

—-0.02449 -0.03105 —0.03979 -0.05093 -0.06366 —0.0749 -0.07958

0 0

-0.0749

0 0

0 0 0

-0.0749 -0.06366 —-0.05093 —0.03979 —0.03105 -0.02449

-0.05093 -0.03979 -0.03105
-0.06366 —0.05093 —-0.03979
-0.0749 -0.06366 -0.05093
0.92042 -0.0749 -0.06366
-0.0749 0.92042 -0.0749

-0.02449 -0.03105 -0.03979 -0.05093 —-0.06366 —0.0749 0.92042

0 0 0 0
0
0
0
=
0
0
0
0
i:=1.7
mhi =1- h[k(xl,xl)
My, 0:= 1= 3%t %)
My 5= 1~ 2k %)
0.96021 0 0 0 0
0 0.92042
0 -0.0749 0.92042 -0.0749 -0.06366
0 -0.06366 —-0.0749 0.92042
m= 0 —0.05093 -0.06366 —0.0749 0.92042
0 —0.03979 -0.05093 -0.06366 —0.0749
0 —0.03105 -0.03979 —-0.05093 -0.06366
0
0 0 0 0 0
i:=21.7
M, 7= (M%)
i:=1.7
mg ;= ~hikxg %)
i:=1.7
m o[ J3s)
i:=1.7
m o= K5
My, 5= (X %)
,8 2
My 0= KXy %)

0 0 0
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1.63639
1.74695
1.83641
1.89332
u=| 191268
1.89332
1.83641
1.74695
1.63639

0.96021 -0.0749

-0.03745 0.92042
-0.03183 -0.0749
-0.02546 -0.06366
m= -0.01989 -0.05093
-0.01553 -0.03979
-0.01224 -0.03105

-0.06366 —0.05093 —0.03979 —0.03105 —0.02449 -0.01959 -7.95775 10 3

-0.0749 -0.06366 —0.05093 —0.03979 —0.03105 —0.02449 -9.79415 10 3
-0.03105
-0.03979
-0.05093

0.92042 -0.0749 -0.06366 —0.05093 —0.03979
-0.0749 0.92042 -0.0749 -0.06366 —0.05093
-0.06366 -0.0749 0.92042 -0.0749 -0.06366

—-0.05093 -0.06366 -0.0749 0.92042 -0.0749 —0.06366

—-0.03979 -0.05093 —0.06366 —0.0749 0.92042

o (o Con Con G Co Co CoCo Co Con U G Co G Co Co o U Cn G G G o Co o o o D o D G G O G o o L

n:=1¢
L:=-1
R:=1
R-L
h::—( )

m ..
1]
i:=1.1¢

m|,i =1- h[k(xl,xl)

ml’ 1= 0.96021

Mo,0:= 1~ 2%ty %)

Mg, 16 =1~ gm(xle'xle)
=1 1f
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-0.0749

-9.79415¢ 10 3 -0.02449 -0.03105 —0.03979 -0.05093 —0.06366 —0.0749 0.92042

-7.95775 10 3 -0.01959 -0.02449 -0.03105 -0.03979 —-0.05093 -0.06366 —0.0749

-0.01224
-0.01553
-0.01989
-0.02546
-0.03183

-0.03745

0.96021
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_h [R

6,077 (X16’X0)

i:=0..1¢

f.=1

[

u:=m 1[ﬂ

0
0 1.63887
1 1.69648
2 1.75070
3 1.79940
4 1.84089
5 1.87401
6 1.89804
u= 7 1.91258

8 1.91744
9 1.91258
10 1.89804
11 1.87401
12 1.84089
13 1.79940
14 1.75070
15 1.69648
16 1.63887

o (o Co Co Con Co o Con Co o Con Co o Con Co o Co Co o Co CoCo o CoCo C G o o D o o L G o L L [

k(x,y) :=1EI;
Ty (x-
f(¥):=1
n:.=3:
=-1
R:=
R-L
h:= ( )
n
i:=0..32
X = L +ilh
i:=1.31
ji=1..31
mI j = —h[k(xl,xj)

y)2
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m.=1- h[k(x,x)
i i
m1’ 1= 0.98011

Moo= 1= 3ty %)
My 32 =1" gm(xazxaz)

i:=1..31
M, 7= (M%)
i:=1.31

My ;= ~Nik(x %)

i:=1..31

i:=0..32
f..=1
|
u:=m 1[ﬂ
u=
0

0 1.63949
1 1.66866
2 1.69727
3 1.72503
4 1.75164
5 1.77686
6 1.80045
7 1.82222
8 1.84201
9 1.85970
10 1.87517
11 1.88837
12 1.89922
13 1.90770
14 1.91377
15 1.91742
16 1.91863
17 1.91742
18 1.91377
19 1.90770
20 1.89922
21 1.88837
22 1.87517
23 1.85970
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24 1.84201
25 1.82222
26 1.80045
27 1.77686
28 1.75164
29 1.72503
30 1.69727
31 1.66866
32 1.63949

o (o Co G Con Co o G Co o G Co o G Co o C G o C G Co o G o D G o L G o L L L L [ L
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by
0

0 1.63964
1 1.65429
2 1.66884
3 1.68325
4 1.69747
5 1.71148
6 1.72525
7 1.73872
8 1.75188
9 1.76468
10 1.77711
11 1.78912
12 1.80071
13 1.81184
14 1.82249
15 1.83265
16 1.84229
17 1.85141
18 1.85998
19 1.86800
20 1.87546
21 1.88235
22 1.88866
23 1.89438
24 1.89952
25 1.90405
26 1.90799
27 1.91133
28 1.91407
29 1.91619
30 1.91771
31 1.91863
32 1.91893
33 1.91863
34 1.91771
35 1.91619
36 1.91407
37 1.91133
38 1.90799
39 1.90405
40 1.89952
41 1.89438
42 1.88866
43 1.88235
44 1.87546
45 1.86800
46 1.85998
47 1.85141
48 1.84229
49 1.83265
50 1.82249
51 1.81184
52 1.80071
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53 1.78912
54 1.77711
55 1.76468
56 1.75188
57 1.73872
58 1.72525
59 1.71148
60 1.69747
61 1.68325
62 1.66884
63 1.65429
64 1.63964

Program (2.4):

k(x,y) ::xBé—
f() :=»
m) =1
n:=10
L:=0
R:=2
h:= (R-L)
n
i:=0.1¢
X = L +ilh
Uy = <x0>
h h
“1 :(Em‘(xl'XO) e Xl)]
u, =8x10
i:=2.10
i-1
u = —[R(X. XO) + hljz k(xI xJ)EuJ + —k(xI xl)
i=1
i:=0.10
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0
0 0
1 8-10-4
2 (3.2026-10-3
3(7.2346-10-3
U= 4 0.013
5 0.0206
6 0.0306
7 0.0433
8 0.0598
9 0.0813
10 0.1101
k(x,y) Z:XEIX
5
f() :=»
mx) =1
n:=20
=0
R:=2
h:= R-D
n
:=0..2(

ue =

h k(xl’xj_

0

0.20011

0.40171

0.6087

0.82778

1.06894

1.34652

1.68103

2.10238

Ol N[O B_|[W|IN|FL]O

2.65538

10

3.40921
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0 0
0 0.00000 0 0.0000
1 0.10001 1 0.000100
2 0.20011 2 0.00040004
3 0.30054 3 0.00090054
4 0.40171 4 0.0016029
5 0.50418 5 0.0025100
6 0.60870 6 0.0036271
7 0.71619 7 0.0049621
8 0.82778 8 0.0065265
9 0.94482 9 0.0083363
ue= 10 1.06894 ) u= 10 0.0104
11 1.20207 11 0.0128
12 1.34652 12 0.0155
13 1.50506 13 0.0186
14 1.68103 14 0.0221
15 1.87848 15 0.0261
16 2.10238 16 0.0306
17 2.35882 17 0.0359
18 2.65538 18 0.0420
19 3.00153 19 0.0492
20 3.40921 20 0.0575
Program (2.5):
ue(x) :=x
1 0.6
2 2)
f(¥) :=ue(¥) - J (x+ y)lue(y) dy - J (X +y Jue(y) dy
0 0.4
k(x,y) :=(x+y)
2 2
I(x,y) :=\x +vy
2 1
f(x) :=.94933333333333333333x™ - .26350400000000000000 - 5 ¥
a.= C
b:=1
o (o Co Co Con Co o ConCo o Con Co oo G Co o CoCo Co Co CoCo o Co o Co G Co C D o o L G o L L [ [ [
n:=
b -
h:= b-3
n
= £
x:=a + ilh
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0

0.2

0.4
X =

0.6

0.8

1
pi=2
q:=3
i=1l.p-1
j=1.p-1
™, 5= =% %)
i=1.p-1
™= 1= (%)

._,_.
in

+
=
a
|
=

m = (—h)[k(xi,xj) - (h)[l(xi,xj)
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1 -004 -0.112 -0.156
-0.02 0.92
-0.04 -012 0.776 -0.252
-0.06 -0.16 -0.304 0.688

-0.08 -0.2

-01 -0.24 -0512 -0.456

-0.24494
-0.12174
0.0774
0.3525

i=0.5

uei = ue(xi)

ue =

o (o Con Con G Co Co Co Co Co G U G Co GO Co o U Cn G G G o Co o o o o o G G G G G o o L

0
0.04
0.16
0.36
0.64

1
-0.04634

-0.02383
0.07796
0.259
0.51932
0.8589

n:= 10
h==3

n

i:=0.1c

-0.16

-04

-0.2

-0.38

-0.16
-0.2
-0.24
-0.28
0.68
-0.36

-0.1
-0.12
-0.14
-0.16
-0.18

0.8
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xi '=a+ilh

0.1
0.2
0.3
04
0.5
0.6
0.7
0.8
0.9

PO NOO|O|ARWINF|IO

3
I
T
>
N
=
=
=
x
Sl
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- :Eh[k(x,xn)

1 -0.01
-0.005 0.98
-0.01 -0.03
-0.015 -0.04
-0.02 -0.05

A=|-0025 -0.06
-0.03 -0.07
-0.035 -0.08
-0.04 -0.09
-0.045 -0.1
-0.05 -011

ﬂ@::.94933333333333333333&2—.26350400000000000000—

-0.02
-0.03
0.96
-0.05
-0.06
-0.07
-0.08
-0.09
-0.1
-0.11
-0.12

o (o Con Con G Co Co Co Co Co G U G Co GO Co o U Cn G G G o Co o o o o o G G G G G o o L

i=0.1¢
fi= f(xl)
-1
u:=m [
i:=0..10
2
vey:=(4)
0
1 0.01
2 0.04
3 0.09
4 0.16
ue= 5 0.25
6 0.36
7 0.49
8 0.64
9 0.81
10
n:=20
(b -4

h:=
n

-0.03
-0.04
-0.05
0.94
-0.07
-0.08
-0.09
-0.1
-0.11
-0.12
-0.13

-0.048
-0.0585
-0.07
-0.0825
0.904
-0.1105
-0.126
-0.1425
-0.16
-0.1785
-0.198

-0.075
-0.086
-0.099
-0.114
-0.131
0.85
-0.171
-0.194
-0.219
-0.246
-0.275

-0.078
-0.0885
-0.1
-0.1125
-0.126
-0.1405
0.844
-0.1725
-0.19
-0.2085
-0.228

0

-0.009105

-0.000852

0.02733

0.07545

0.1435

0.23148

0.3394

0.46725

0.61503

©| 0| N| o] o] & W| N] | O

0.78274

=
o

0.97038
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-0.07
-0.08
-0.09
-0.1
-0.11
-0.12
-0.13
0.86
-0.15
-0.16
-0.17

-0.08
-0.09
-0.1
-0.11
-0.12
-0.13
-0.14
-0.15
0.84
-0.17
-0.18

1
—0
3

-0.09
-0.1
-0.11
-0.12
-0.13
-0.14
-0.15
-0.16
-0.17
0.82
-0.19

-0.05
-0.055
-0.06
-0.065
-0.7
-0.075
-0.08
-0.085
-0.09
-0.095
09




Appendix

1:=U..2(
X =a+ilh
0
0 0
1 0.05
2 0.1
3 0.15
4 0.2
5 0.25
6 0.3
7 0.35
X= 8 0.4
9 0.45
10 0.5
11 0.55
12 0.6
13 0.65
14 0.7
15 0.75
16 0.8
17 0.85
18 0.9
19 0.95
20 1
p:=8
q:=12
i=1.p-1
j=1.p-1
mH. = —h[k(xl,xl)
i=1.p-1
m.=1- h[k(x,x)
i,i i
h
m =1-—®x.x
0.0 ZDK( 0 O)
m :=1—hD1(x ,x)—ﬂﬂ(x
p.p p-p 2
i=1l.p-1
m. :=(-h)k(x.,x
0,1 = CIK(%)
i=0.p-1
m ::—h[R(x,x ) - E[I(x,x
i,p i"p o\l p
i=1.p
-h
m o Y (wao)
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o (o Co Co CoCo o Lo Co o Con Co oo ConCo o Co Co Co Co CoCo Co G o Co Do Co (o D G o L G o Cw [ [ [ [

i:=0.2
fo=t(x
-1
u:=m [
i:=0..20
2
=4
0
0 0
1 0.00251
2 0.01
3 0.0225
4 0.04
5 0.0625
6 0.09
7 0.1225
ue= 8 0.16
9 0.2025
10 0.25
11 0.3025
12 0.36
13 0.4225
14 0.49
15 0.5625
16 0.64
17 0.7225
18 0.81
19 0.9025
20 1
n:=30

0

0 -0.00229
1 -0.000016
2 -0.00726
3 0.01953
4 0.0368
5 0.05907
6 0.08633
7 0.11858

8 0.15583
9 0.19808
10 0.24532
11 0.29756
12 0.3548
13 0.41703
14 0.48425
15 0.55648
16 0.63369
17 0.71591
18 0.80311
19 0.89532
20 0.99252
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h=£"9
n
i:=0..3¢
X =a+ ith
0
0 0
1 0.03333
2 0.06667
3 0.1
4 0.13333
5 0.16667
6 0.2
7 0.23333
8 0.26667
9 0.3
10 0.33333
11 0.36667
_ 12 0.4

X= 713 | 043333
14 0.46667
15 0.5
16 0.53333
17 0.56667
18 0.6
19 0.63333
20 0.66667
21 0.7
22 0.73333
23 0.76667
24 0.8
25 0.83333
26 0.86667
27 09
28 0.93333
29 0.96667
30 1

p:=12

q:=18

i=1.p-1

j=1.p-1

m|,j = —h[k(xi,xj)

i=1.p-1

m = 1- hER(x,xl)
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._,_.
1 1

+
=
a
|
[N

m = (—h)[k(xi,xj) - (h)[l(xi,xj)
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f(x) o= .94933333333333333333%° - .26350400000000000000 - 3 3

1
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o (o Con Con G Co Co Co Co Co G U G Co GO Co o U Cn G G G o Co o o o o o G G G G G o o L

0
0 0
1 0.00111
2 0.00444
3 0.01
4 0.01778
5 0.02778
6 0.04
7 0.05444
8 0.07111
9 0.09
10 0.11111
11 0.13444
12 0.16
ue= 13 0.18778
14 0.21778
15 0.25
16 0.28444
17 0.32111
18 0.36
19 0.40111
20 0.44444
21 0.49
22 0.53778
23 0.58778
24 0.64
25 0.69444
26 0.75111
27 0.81
28 0.87111
29 0.93444
30 1
n:= 40
h=P-3
n
i:=0..4C
xi=a+ ith X=
0
0 0
1 0.025
2 0.05
3 0.075
4 0.1
5 0.125
6 0.15
7 0.175
8 0.2
9 0.225
10 0.25
11 0.275
12 0.3
13 0.325
14 0.35
15 0.375
16 0.4
17 0.425
18 0.45

0

0 -0.00122
1 0.00002
2 0.00329
3 0.00878
4 0.01649
5 0.02642
6 0.03858
7 0.05295
8 0.06955
9 0.08836
10 0.1094
11 0.13266
12 0.15814
13 0.18585
14 0.21577
15 0.24792
16 0.28229
17 0.31887
18 0.35768
19 0.39871
20 0.44197
21 0.48744
22 0.53541
23 0.58505
24 0.63719
25 0.69155
26 0.74813
27 0.80693
28 0.86796
29 0.9312
30 0.99667
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19 0.475
20 0.5
21 0.525
22 0.55
23 0.575
24 0.6
25 0.625
26 0.65
27 0.675
28 0.7
29 0.725
30 0.75
31 0.775
32 0.8
33 0.825
34 0.85
35 0.875
36 0.9
37 0.925
38 0.95
39 0.975
40 1

p:=16

q:=24

i=1.p-1

j=1.p-1

m .= —h[k(x,x)

1] "7
i=1.p-1
m ;=1 - nik(x x)

p.p PP
i=1l.p-1
M ':(—h)[k<xo x|>
i=0.p-1
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f(x) o= .94933333333333333333% - .26350400000000000000 - 3 3

1

150



Appendix

I[l [I [I [l [I [I [I [I [l [l [I [I [I [I [l [l [I [I [I [l [I [I [I [I [l [I [I [I [I [l [I [I [I [I [l [I [I [I [l

ue=
0

0 0
1 0.000625000
2 0.00250000
3 0.00562500
4 0.01000
5 0.01563
6 0.02250
7 0.03063
8 0.04000
9 0.05063
10 0.06250
11 0.07563
12 0.09000
13 0.10563
14 0.12250
15 0.14063
16 0.16000
17 0.18063
18 0.20250
19 0.22563
20 0.25000
21 0.27563
22 0.30250
23 0.33063
24 0.36000
25 0.39063
26 0.42250
27 0.45563
28 0.49000
29 0.52563
30 0.56250
31 0.60063
32 0.64000
33 0.68063
34 0.72250
35 0.76563
36 0.81000
37 0.85563
38 0.90250
39 0.95063
40 1.00000

n:=50

h:= (b-3

n

i:=0.5(

xi =a+ilh

X=

0

0 -0.000575706
1 0.0000220206
2 0.00186948
3 0.00496667
4 0.00931360
5 0.01491

6 0.02176
7 0.02985
8 0.03920
9 0.04979
10 0.06164
11 0.07473
12 0.08908
13 0.10467
14 0.12152
15 0.13961
16 0.15896
17 0.17955
18 0.20139
19 0.22449
20 0.24883
21 0.27442
22 0.30126
23 0.32935
24 0.35870
25 0.38929
26 0.42113
27 0.45422
28 0.48856
29 0.52415
30 0.56099
31 0.59908
32 0.63842
33 0.67901
34 0.72085
35 0.76394
36 0.80827
37 0.85386
38 0.90070
39 0.94879
40 0.99813
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2 0.04
3 0.06
4 0.08
5 0.1
6 0.12
7 0.14
8 0.16
9 0.18
10 0.2
11 0.22
12 0.24
13 0.26
14 0.28
15 0.3
16 0.32
17 0.34
18 0.36
19 0.38
20 0.4
21 0.42
22 0.44
23 0.46
24 0.48
25 0.5
26 0.52
27 0.54
28 0.56
29 0.58
30 0.6
31 0.62
32 0.64
33 0.66
34 0.68
35 0.7
36 0.72
37 0.74
38 0.76
39 0.78
40 0.8
41 0.82
42 0.84
43 0.86
44 0.88
45 0.9
46 0.92
47 0.94
48 0.96
49 0.98
50 1

p:=20

q:=30

i=1.p-1

j=1.p-1

mhj = h[k(xl,xj)
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f(x) := .04933333333333333333%° - .26350400000000000000 - ém

0.00000
0.00040
0.00160
0.00360
0.00640
0.01000
0.01440
0.01960
0.02560

OIN|O|ARW|N|F|O
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9 0.03240
10 0.04000
11 0.04840
12 0.05760
13 0.06760
14 0.07840
15 0.09000
16 0.10240
17 0.11560
18 0.12960
19 0.14440
20 0.16000
21 0.17640
22 0.19360
23 0.21160
24 0.23040
25 0.25000
26 0.27040
27 0.29160
28 0.31360
29 0.33640
30 0.36000
31 0.38440
32 0.40960
33 0.43560
34 0.46240
35 0.49000
36 0.51840
37 0.54760
38 0.57760
39 0.60840
40 0.64000
41 0.67240
42 0.70560
43 0.73960
44 0.77440
45 0.81000
46 0.84640
47 0.88360
48 0.92160
49 0.96040
50 1.00000

0
0 -0.00036855

1 0.0000174901
2 0.00120343
3 0.00318925
4 0.00597497
5 0.00956058
6 0.01395
7 0.01913
8 0.02512
9 0.03190
10 0.03949
11 0.04787
12 0.05706
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I[l [I [I [l [I [I [I [I [l [l [I [I [I [I [l [l [I [I [I [l [I [I [I [I [l [I [I [I [I [l [I [I [I [I [l [I [I [I [l

13 0.06704
14 0.07783
15 0.08941
16 0.10180
17 0.11498
18 0.12896
19 0.14375
20 0.15933
21 0.17572
22 0.19290
23 0.21088
24 0.22967
25 0.24925
26 0.26963
27 0.29082
28 0.31280
29 0.33558
30 0.35917
31 0.38355
32 0.40873
33 0.43471
34 0.46150
35 0.48908
36 0.51746
37 0.54664
38 0.57662
39 0.60741
40 0.63899
41 0.67137
42 0.70455
43 0.73853
44 0.77331
45 0.80890
46 0.84528
a7 0.88246
48 0.92044
49 0.95922
50 0.99880

n:=10C

h:= (b-3
n

i:=0.. 100

xl :=a+ilh

X:

0

1 0.01
2 0.02
3 0.03
4 0.04
5 0.05
6 0.06
7 0.07
8 0.08
9 0.09
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10 0.1
11 0.11
12 0.12
13 0.13
14 0.14
15 0.15
16 0.16
17 0.17
18 0.18
19 0.19
20 0.2
21 0.21
22 0.22
23 0.23
24 0.24
25 0.25
26 0.26
27 0.27
28 0.28
29 0.29
30 0.3
31 0.31
32 0.32
33 0.33
34 0.34
35 0.35
36 0.36
37 0.37
38 0.38
39 0.39
40 0.4
41 0.41
42 0.42
43 0.43
44 0.44
45 0.45
46 0.46
47 0.47
48 0.48
49 0.49
50 0.5
51 0.51
52 0.52
53 0.53
54 0.54
55 0.55
56 0.56
57 0.57
58 0.58
59 0.59
60 0.6
61 0.61
62 0.62
63 0.63
64 0.64
65 0.65
66 0.66
67 0.67
68 0.68
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69 0.69
70 0.7
71 0.71
72 0.72
73 0.73
74 0.74
75 0.75
76 0.76
77 0.77
78 0.78
79 0.79
80 0.8
81 0.81
82 0.82
83 0.83
84 0.84
85 0.85
86 0.86
87 0.87
88 0.88
89 0.89
90 0.9
91 0.91
92 0.92
93 0.93
94 0.94
95 0.95
96 0.96
97 0.97
98 0.98
99 0.99
100 1
p:=40
q:=60
i=1.p-1
ji=1.p-1
M= h[k(xl’xl)
i=1.p- 1
m ;3= 1= hik(x.x)
h
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i=p+1.q-1

q

) -2

- _hm(xi’xq
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0

0

0.00010

0.00040

0.00090

0.00160

0.00250

0.00360

0.00490

0.00640

0.00810

0.01000

0.01210

0.01440

0.01690

0.01960

0.02250

0.02560

0.02890

0.03240

0.03610

0.04000

0.04410

0.04840

0.05290

0.05760

0.06250
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26 0.06760
27 0.07290
28 0.07840
29 0.08410
30 0.09000
31 0.09610
32 0.10240
33 0.10890
34 0.11560
35 0.12250
36 0.12960
37 0.13690
38 0.14440
39 0.15210
40 0.16000
41 0.16810
42 0.17640
43 0.18490
44 0.19360
45 0.20250
46 0.21160
47 0.22090
48 0.23040
49 0.24010
50 0.25000
51 0.26010
52 0.27040
53 0.28090
54 0.29160
55 0.30250
56 0.31360
57 0.32490
58 0.33640
59 0.34810
60 0.36000
61 0.37210
62 0.38440
63 0.39690
64 0.40960
65 0.42250
66 0.43560
67 0.44890
68 0.46240
69 0.47610
70 0.49000
71 0.50410
72 0.51840
73 0.53290
74 0.54760
75 0.56250
76 0.57760
i 0.59290
78 0.60840
79 0.62410
80 0.64000
81 0.65610
82 0.67240
83 0.68890
84 0.70560
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85 0.72250
86 0.73960
87 0.75690
88 0.77440
89 0.79210
90 0.81000
91 0.82810
92 0.84640
93 0.86490
94 0.88360
95 0.90250
96 0.92160
97 0.94090
98 0.96040
99 0.98010
100 1
0
0 0
1 -0.0000921732
2 0.00000608512
3 0.000304337
4 0.000802581
5 0.00150082
6 0.00239905
7 0.00349727
8 0.00479549
9 0.00629370
10 0.00799191
11 0.00989010
12 0.01199
13 0.01429
14 0.01678
15 0.01948
16 0.02238
17 0.02548
18 0.02878
19 0.03228
20 0.03597
21 0.03987
22 0.04397
23 0.04827
24 0.05277
25 0.05746
26 0.06236
27 0.06746
28 0.07276
29 0.07826
30 0.08395
31 0.08985
32 0.09595
33 0.10225
34 0.10875
35 0.11544
36 0.12234
37 0.12944
38 0.13674
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39 0.14424
40 0.15193
41 0.15983
42 0.16793
43 0.17623
44 0.18473
45 0.19342
46 0.20232
a7 0.21142
48 0.22072
49 0.23022
50 0.23991
51 0.24981
52 0.25991
53 0.27021
54 0.28071
55 0.29140
56 0.30230
57 0.31340
58 0.32470
59 0.33620
60 0.34789
61 0.35979
62 0.37189
63 0.38419
64 0.39668
65 0.40938
66 0.42228
67 0.43538
68 0.44868
69 0.46217
70 0.47587
71 0.48977
72 0.50387
73 0.51816
74 0.53266
75 0.54736
76 0.56226
77 0.57736
78 0.59265
79 0.60815
80 0.62385
81 0.63975
82 0.65584
83 0.67214
84 0.68864
85 0.70534
86 0.72224
87 0.73933
88 0.75663
89 0.77413
90 0.79183
91 0.80972
92 0.82782
93 0.84612
94 0.86462
95 0.88331
96 0.90221
97 0.92131
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98 0.94061
99 0.96010
100 0.97980

Program (2.6):

ue(X) :=x
1 0.6

(x+ y)le(y) dy - J (XZ + yz) ue(y) dy

f(X) :=ue(®) - J
04

0
k(x,y) :=(x+y)

I(x,y) := (XZ + y2>

f(x) := .949333333333333333335{2 -.26350400000000000000 - %B
a::C
b:=1
o (o (o Co Do Co Co Co Con Co G Co Co o Co o Co o Co o Co o Co Co Co o G o o o C o D o L L L [
n:=
h:= (b-3)
n
i:=U.t
X =a+ ith
0
0.2
04
X =
0.6
0.8
1
pi=2
q:=3
i=1l.p-1
ji=1.p-1
m, = ~hikx.x)
i=1.p-1
m ;=1 - nik(x x)
h
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1 -0.04 -0.112 -0.156 -0.16 -0.1
-0.02 092 016 -0.2 -0.2 -0.12
-0.04 -0.12 0.776 -0.252 -0.24 -0.14
-0.06 -0.16 -0.304 0.688 -0.28 -0.16
-0.08 -0.2 -04 -038 0.68 -0.18
-0.1 -0.24 -0.512 -0.456 -0.36 0.8

-0.2635
-0.2922
-0.24494
-0.12174
0.0774
0.3525
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o (o Con Con G Co Co Co Co Co G U G Co GO Co o U Cn G G G o Co o o o o o G G G G G o o L

i:=0.5
ue, := ue(xi)
0
0.04
0.16
ue =
0.36
0.64
1
-0.04634
-0.02383
0.07796
u=
0.259
0.51932
0.8589
n:=10
h.= =3
n
i:=0.1¢
X =a+ ith
0
0 0
1 0.1
2 0.2
x= [3 [03
4 0.4
5 0.5
6 | 0.6
7 0.7
8 |0.8
9 |09
10 | 1
p:=4
q:=€
i=1l.p-1
j=1.p-1
m, ;= -tk %)
i=1.p-1
m ;=1 - nik(x x)
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i
i=p+1.q-1
m —th(x.,x
1,q I q
i:=g..n
j=p+1l.q-1
m .= —h[k(x,x.
1) )
m =1- hEk(
a.9
ii=q+1.n
R
i:=p+1.n
j=q+1l.n-1
m’j = —h[k(xl,xj)
i=qg+1.n-1
mhi =1- h[k(xl,x)
m = 1- %[R(xn,xn
i=p+1.n-1
-h
M n :Em(x’xn)
1 -0.01
-0.005 0.98
-0.01 -0.03
-0.015 -0.04
-0.02 -0.05
A=|-0.025 -0.06
-0.03 -0.07
-0.035 -0.08
-0.04 -0.09
-0.045 -01
-0.05 -0.11

f(x) := .94933333333333333333% - .26350400000000000000 -

i
f.
|

=0..1¢
::f(xI

-0.02
-0.03
0.96
-0.05
-0.06
-0.07
-0.08
-0.09
-0.1
-0.11
-0.12

-0.03
-0.04
-0.05
0.94
-0.07
-0.08
-0.09
-0.1
-0.11
-0.12
-0.13

-0.048
-0.0585
-0.07
-0.0825
0.904
-0.1105
-0.126
-0.1425
-0.16
-0.1785
-0.198

-0.075
-0.086
-0.099
-0.114
-0.131
0.85
-0.171
-0.194
-0.219
-0.246
-0.275

169

-0.078
-0.0885
-0.1
-0.1125
-0.126
-0.1405
0.844
-0.1725
-0.19
-0.2085
-0.228

-0.07
-0.08
-0.09
-0.1
-0.11
-0.12
-0.13
0.86
-0.15
-0.16
-0.17

-0.08
-0.09
-0.1
-0.11
-0.12
-0.13
-0.14
-0.15
0.84
-0.17
-0.18

1
=0

-0.09
-0.1
-0.11
-0.12
-0.13
-0.14
-0.15
-0.16
-0.17
0.82
-0.19

-0.05
-0.055
-0.06
-0.065
-0.7
-0.075
-0.08
-0.085
-0.09
-0.095
09
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0.01

0.04

0.09

0.16

ue=

0.25

0.36

0.49

0.64

©| o] N| o o] M| W] N | O

0.81

=
o

1

o (o Co Co Con Co o Con Co o Con Co o Con Co o Co Co o CoCoCo Co CoCo Co G Co o L o o L G o L L [

n:=20
h:= (-3
n
i:=0.2
x =a+ih
0

0 0
1 0.05
2 0.1
3 0.15
4 0.2
5 0.25
6 0.3
7 0.35
8 0.4

X= 9 0.45
10 0.5
11 0.55
12 0.6
13 0.65
14 0.7
15 0.75
16 0.8
17 0.85
18 0.9
19 0.95
20 1

0

-0.009105

-0.000852

0.02733

0.07545

0.1435

0.23148

0.3394

0.46725

0.61503

©| 0| N o] o] A] W] M| ] O

0.78274

=
o

0.97038
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W A o
L T [
o o .= L&

7 N
o=
Xo
N——"
X
- =
T _
pﬂ\ o
—" - O
n o
—E —

i=p+1.n
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o (o Co Co Con Co o Con Co o Con Co oo Con o o Co Co Co Co CoCo o Co o Co Lo Co C D Co o L G o Cw L [ [ [

0
0 0
1 0.00251
2 0.01
3 0.0225
4 0.04
5 0.0625
6 0.09
7 0.1225
__ 8 0.16
ue= 9 0.2025
10 0.25
11 0.3025
12 0.36
13 0.4225
14 0.49
15 0.5625
16 0.64
17 0.7225
18 0.81
19 0.9025
20 1
n:=30
b= (b-a
n
i:=0.3
><i =a+ilh

0

0 -0.00229
1 -0.000016
2 -0.00726
3 0.01953
4 0.0368
5 0.05907
6 0.08633
7 0.11858

8 0.15583
9 0.19808
10 0.24532
11 0.29756
12 0.3548
13 0.41703
14 0.48425
15 0.55648
16 0.63369
17 0.71591
18 0.80311
19 0.89532
20 0.99252
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0
0 0
1 0.03333
2 0.06667
3 0.1
4 0.13333
5 0.16667
6 0.2
7 0.23333
8 0.26667
9 0.3
10 0.33333
11 0.36667
12 0.4
13 0.43333
X= 14 0.46667
15 0.5
16 0.53333
17 0.56667
18 0.6
19 0.63333
20 0.66667
21 0.7
22 0.73333
23 0.76667
24 0.8
25 0.83333
26 0.86667
27 0.9
28 0.93333
29 0.96667
30 1
p=12
q:=18
i=1.p-1
ji=1.p-1
™, =hik(xx)
i=1.p- 1
m i.:l—htk(x Xi)
m, ~=1-—&x_x
0,0 m( 0 o)
m =1 - hi(x ,x)——
p,p pp
i=1.p-1
m, = (-h)kx.,x
0. = COp%)
i=0.p-1
h
o= 5) -5
i=1.p
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i=p+1.q-1

q

) -2

- _hm(xi’xq
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f(x) = .94933333333333333333%° - .26350400000000000000 - 3 3

1
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o (o Con Con G Co Co Co Co Co G U G Co GO Co o U Cn G G G o Co o o o o o G G G G G o o L

0
0 0
1 0.00111
2 0.00444
3 0.01
4 0.01778
5 0.02778
6 0.04
7 0.05444
8 0.07111
9 0.09
10 0.11111
11 0.13444
12 0.16
ue= 13 0.18778
14 0.21778
15 0.25
16 0.28444
17 0.32111
18 0.36
19 0.40111
20 0.44444
21 0.49
22 0.53778
23 0.58778
24 0.64
25 0.69444
26 0.75111
27 0.81
28 0.87111
29 0.93444
30 1
n:=40
h=P-3
n
i:=0. 4
xI :=a+ilh
X=
0
0 0
1 0.025
2 0.05
3 0.075
4 0.1
5 0.125
6 0.15
7 0.175
8 0.2
9 0.225
10 0.25
11 0.275
12 0.3
13 0.325
14 0.35
15 0.375
16 0.4

0

0 -0.00122
1 0.00002
2 0.00329
3 0.00878
4 0.01649
5 0.02642
6 0.03858
7 0.05295
8 0.06955
9 0.08836
10 0.1094
11 0.13266
12 0.15814
13 0.18585
14 0.21577
15 0.24792
16 0.28229
17 0.31887
18 0.35768
19 0.39871
20 0.44197
21 0.48744
22 0.53541
23 0.58505
24 0.63719
25 0.69155
26 0.74813
27 0.80693
28 0.86796
29 0.9312
30 0.99667
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7 0.425
18 0.45
19 0.475
20 05
21 0.525
22 0.55
23 0575
24 0.6
25 0.625
26 0.65
27 0.675
28 0.7
29 0.725
30 0.75
31 0.775
32 0.8
33 0.825
34 0.85
35 0.875
36 0.9
37 0.925
38 0.95
39 0.975
40 1

p:=16

q:=24

i=1.p-1

ji=1.p-1

m .= —h[k(x,x)

1] )

i=1.p-1

m ;=1 - nik(x x)
h

p.p pp pp
i=1.p-1

M ':(—h)[k<xo,xl>
i=0.p-1
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m = (—h)[k(xi,xj) - (h)[l(xi,xj)
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f(x) o= .94933333333333333333% - .26350400000000000000 - 3 3

1
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I[l [I [I [l [I [I [I [I [l [l [I [I [I [I [l [l [I [I [I [l [I [I [I [I [l [I [I [I [I [l [I [I [I [I [l [I [I [I [l

ue=
0

0 0
1 0.000625000
2 0.00250000
3 0.00562500
4 0.01000
5 0.01563
6 0.02250
7 0.03063
8 0.04000
9 0.05063
10 0.06250
11 0.07563
12 0.09000
13 0.10563
14 0.12250
15 0.14063
16 0.16000
17 0.18063
18 0.20250
19 0.22563
20 0.25000
21 0.27563
22 0.30250
23 0.33063
24 0.36000
25 0.39063
26 0.42250
27 0.45563
28 0.49000
29 0.52563
30 0.56250
31 0.60063
32 0.64000
33 0.68063
34 0.72250
35 0.76563
36 0.81000
37 0.85563
38 0.90250
39 0.95063
40 1.00000

n:=50

h=P-3

n

i:=0..5(

xl :=a+ilh

X=

0

0 -0.000575706
1 0.0000220206
2 0.00186948
3 0.00496667
4 0.00931360
5 0.01491

6 0.02176
7 0.02985
8 0.03920
9 0.04979
10 0.06164
11 0.07473
12 0.08908
13 0.10467
14 0.12152
15 0.13961
16 0.15896
17 0.17955
18 0.20139
19 0.22449
20 0.24883
21 0.27442
22 0.30126
23 0.32935
24 0.35870
25 0.38929
26 0.42113
27 0.45422
28 0.48856
29 0.52415
30 0.56099
31 0.59908
32 0.63842
33 0.67901
34 0.72085
35 0.76394
36 0.80827
37 0.85386
38 0.90070
39 0.94879
40 0.99813
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1 0.02
2 0.04
3 0.06
4 0.08
5 0.1
6 0.12
7 0.14
8 0.16
9 0.18
10 0.2
11 0.22
12 0.24
13 0.26
14 0.28
15 0.3
16 0.32
17 0.34
18 0.36
19 0.38
20 0.4
21 0.42
22 0.44
23 0.46
24 0.48
25 0.5
26 0.52
27 0.54
28 0.56
29 0.58
30 0.6
31 0.62
32 0.64
33 0.66
34 0.68
35 0.7
36 0.72
37 0.74
38 0.76
39 0.78
40 0.8
41 0.82
42 0.84
43 0.86
44 0.88
45 0.9
46 0.92
a7 0.94
48 0.96
49 0.98
50 1

p:= 20

q:=30

i=1. p- 1

j= 1. p- 1

mhj = h[k(xl,xj)



Appendix

j:

183



Appendix

f(x) := .04933333333333333333%° - .26350400000000000000 - ém

0.00000
0.00040
0.00160
0.00360
0.00640
0.01000
0.01440
0.01960
0.02560

OIN|O|ARW|N|F|O

184



Appendix

9 0.03240
10 0.04000
11 0.04840
12 0.05760
13 0.06760
14 0.07840
15 0.09000
16 0.10240
17 0.11560
18 0.12960
19 0.14440
20 0.16000
21 0.17640
22 0.19360
23 0.21160
24 0.23040
25 0.25000
26 0.27040
27 0.29160
28 0.31360
29 0.33640
30 0.36000
31 0.38440
32 0.40960
33 0.43560
34 0.46240
35 0.49000
36 0.51840
37 0.54760
38 0.57760
39 0.60840
40 0.64000
41 0.67240
42 0.70560
43 0.73960
44 0.77440
45 0.81000
46 0.84640
47 0.88360
48 0.92160
49 0.96040
50 1.00000

0
0 -0.00036855

1 0.0000174901
2 0.00120343
3 0.00318925
4 0.00597497
5 0.00956058
6 0.01395
7 0.01913
8 0.02512
9 0.03190
10 0.03949
11 0.04787
12 0.05706
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I[l [I [I [l [I [I [I [I [l [l [I [I [I [I [l [l [I [I [I [l [I [I [I [I [l [I [I [I [I [l [I [I [I [I [l [I [I [I [l

13 0.06704
14 0.07783
15 0.08941
16 0.10180
17 0.11498
18 0.12896
19 0.14375
20 0.15933
21 0.17572
22 0.19290
23 0.21088
24 0.22967
25 0.24925
26 0.26963
27 0.29082
28 0.31280
29 0.33558
30 0.35917
31 0.38355
32 0.40873
33 0.43471
34 0.46150
35 0.48908
36 0.51746
37 0.54664
38 0.57662
39 0.60741
40 0.63899
41 0.67137
42 0.70455
43 0.73853
44 0.77331
45 0.80890
46 0.84528
a7 0.88246
48 0.92044
49 0.95922
50 0.99880

n:=10C

h:= (b-3
n

i:=0.. 100

xl :=a+ilh

X:

0

1 0.01
2 0.02
3 0.03
4 0.04
5 0.05
6 0.06
7 0.07
8 0.08
9 0.09
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10 0.1
11 0.11
12 0.12
13 0.13
14 0.14
15 0.15
16 0.16
17 0.17
18 0.18
19 0.19
20 0.2
21 0.21
22 0.22
23 0.23
24 0.24
25 0.25
26 0.26
27 0.27
28 0.28
29 0.29
30 0.3
31 0.31
32 0.32
33 0.33
34 0.34
35 0.35
36 0.36
37 0.37
38 0.38
39 0.39
40 0.4
41 0.41
42 0.42
43 0.43
44 0.44
45 0.45
46 0.46
47 0.47
48 0.48
49 0.49
50 0.5
51 0.51
52 0.52
53 0.53
54 0.54
55 0.55
56 0.56
57 0.57
58 0.58
59 0.59
60 0.6
61 0.61
62 0.62
63 0.63
64 0.64
65 0.65
66 0.66
67 0.67
68 0.68
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69 0.69
70 0.7
71 0.71
72 0.72
73 0.73
74 0.74
75 0.75
76 0.76
77 0.77
78 0.78
79 0.79
80 0.8
81 0.81
82 0.82
83 0.83
84 0.84
85 0.85
86 0.86
87 0.87
88 0.88
89 0.89
90 0.9
91 0.91
92 0.92
93 0.93
94 0.94
95 0.95
96 0.96
97 0.97
98 0.98
99 0.99
100 1
p:=40
q:=60
i=1.p-1
ji=1.p-1
M= h[k(xl’xl)
i=1.p- 1
m ;3= 1= hik(x.x)
h
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i=p+1.q-1

q

) -2

- _hm(xi’xq
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0

0

0.00010

0.00040

0.00090

0.00160

0.00250

0.00360

0.00490

0.00640

0.00810

0.01000

0.01210

0.01440

0.01690

0.01960

0.02250

0.02560

0.02890

0.03240

0.03610

0.04000

0.04410

0.04840

0.05290

0.05760

0.06250
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26 0.06760
27 0.07290
28 0.07840
29 0.08410
30 0.09000
31 0.09610
32 0.10240
33 0.10890
34 0.11560
35 0.12250
36 0.12960
37 0.13690
38 0.14440
39 0.15210
40 0.16000
41 0.16810
42 0.17640
43 0.18490
44 0.19360
45 0.20250
46 0.21160
47 0.22090
48 0.23040
49 0.24010
50 0.25000
51 0.26010
52 0.27040
53 0.28090
54 0.29160
55 0.30250
56 0.31360
57 0.32490
58 0.33640
59 0.34810
60 0.36000
61 0.37210
62 0.38440
63 0.39690
64 0.40960
65 0.42250
66 0.43560
67 0.44890
68 0.46240
69 0.47610
70 0.49000
71 0.50410
72 0.51840
73 0.53290
74 0.54760
75 0.56250
76 0.57760
i 0.59290
78 0.60840
79 0.62410
80 0.64000
81 0.65610
82 0.67240
83 0.68890
84 0.70560
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85 0.72250
86 0.73960
87 0.75690
88 0.77440
89 0.79210
90 0.81000
91 0.82810
92 0.84640
93 0.86490
94 0.88360
95 0.90250
96 0.92160
97 0.94090
98 0.96040
99 0.98010
100 1
0
0 0
1 -0.0000921732
2 0.00000608512
3 0.000304337
4 0.000802581
5 0.00150082
6 0.00239905
7 0.00349727
8 0.00479549
9 0.00629370
10 0.00799191
11 0.00989010
12 0.01199
13 0.01429
14 0.01678
15 0.01948
16 0.02238
17 0.02548
18 0.02878
19 0.03228
20 0.03597
21 0.03987
22 0.04397
23 0.04827
24 0.05277
25 0.05746
26 0.06236
27 0.06746
28 0.07276
29 0.07826
30 0.08395
31 0.08985
32 0.09595
33 0.10225
34 0.10875
35 0.11544
36 0.12234
37 0.12944
38 0.13674
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39 0.14424
40 0.15193
41 0.15983
42 0.16793
43 0.17623
44 0.18473
45 0.19342
46 0.20232
a7 0.21142
48 0.22072
49 0.23022
50 0.23991
51 0.24981
52 0.25991
53 0.27021
54 0.28071
55 0.29140
56 0.30230
57 0.31340
58 0.32470
59 0.33620
60 0.34789
61 0.35979
62 0.37189
63 0.38419
64 0.39668
65 0.40938
66 0.42228
67 0.43538
68 0.44868
69 0.46217
70 0.47587
71 0.48977
72 0.50387
73 0.51816
74 0.53266
75 0.54736
76 0.56226
77 0.57736
78 0.59265
79 0.60815
80 0.62385
81 0.63975
82 0.65584
83 0.67214
84 0.68864
85 0.70534
86 0.72224
87 0.73933
88 0.75663
89 0.77413
90 0.79183
91 0.80972
92 0.82782
93 0.84612
94 0.86462
95 0.88331
96 0.90221
97 0.92131
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98 0.94061
99 0.96010
100 0.97980

Program (2.7):
K(x,y) = X3
X,y x5

Jx,y) ::d—k(x,y)
dy

J(le) -

H(x,y) :=d—k(x, y)
dx

H(x,Y) 1@
"5

d(d
LI(xy) :=—| —k(X,
Axy) dx( & (x y)j
f(x) :=»
m¥) =1
n:=20

3'

2
z,:= f(xl)+ [R(x1>b)+—tk XX [€1+k

+Te )

1= 1= S0y ) + o) +

12 + h2|ZIH(x1 Xl)

0)%) "7

—jm(xrxl) -5

D(*lo)()

%) k(xrxl)}

LT P, Xﬁw{gu}(ﬁ’x‘) FAs Xo)m(xoy°>+_m{xl YO)J( )+;_22[B'(Xl’y0) "(XO)]

Ul = C—ll:ézl + dl)
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1
vt
C
1
1
ul.:< )1_%21-”11)
C
1
4, =0.10001
i:=2.2C
2 2 2
= 1 D{x.x) + -0, x) + —— %(ﬂj (%) = T wafxx) + X.)]
2 12 122 ) [\ 2 12
h 2 2
A=)+ 2500) 10) * 20 1C0) *{0°0) o) " 13 110) )
+28{5.%) 2 2 n2

i:=0.20
3
(*)
uei = %@4:1_5]
u=
0

0 0.00000
1 0.10001
2 0.20011
3 0.30054
4 0.40170
5 0.50416
6 0.60867
7 0.71613
8 0.82769
9 0.94470
10 1.06878
11 1.20186
12 1.34626
13 1.50474
14 1.68064
15 1.87802
16 2.10183
17 2.35819
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18 2.65467
19 3.00076
20 3.40842
ue=
0
0 0.00000
1 0.10001
2 0.20011
3 0.30054
4 0.40171
5 0.50418
6 0.60870
7 0.71619
8 0.82778
9 0.94482
10 1.06894
11 1.20207
12 1.34652
13 1.50506
14 1.68103
15 1.87848
16 2.10238
17 2.35882
18 2.65538
19 3.00153
20 3.40921

Program (2.8):
k(x,y) := B\L
(xy) =X 5

J(x,y) :=d—k(X. y)
dy
J(x,y) 151
’ 5
H(x,y) :=d—k(x, y)
dx
H(x,y) E@
75

d(d

== —k(x,
L1(xy) dx( & (x y)j
f() :=»
m¥) =1
n:=20
L:=C
R:=2
h=(R-L

n
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i:=0.2
x|:=L+i[h
uo::f<x0>
2 2 2
e Dt ) Mot ) o %ﬂ ) }
1= 1= S0 ) + 2530 %) Y (ZJEH(Xl %) =5 aa) + K )

2 =1{q) + _m(xlyb) - B, o[él *Kpp) ) ;_zm(ﬁxo)m(xo)

e ?ﬂ) ph- [ ) St et 9 o)

u, .=—
1 [é 1 1)
€1

v

Damaca

u1=0.10001
i:=2.2C
2 2 2
C :=1—%D1(xi,xl)+%|:](xl,xl)+ h [%(%j[ﬂi()ﬁ)ﬁ)—%ﬂl]()ﬁ>a)+k()ﬁ)ﬁ)]

12 +n [H-l( ,x)
2

S S50 ) %) 5
12070 070) " 2—22“11(%)}(@ RTRGS

1 z + hO - k W +d hzm( ) E{hﬂi_l H(x IIM}
ci%l 121 i1 12+h2|]H( ) sz:]. ( J) i
0.20
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u=
0
0 0.00000
1 0.10001
2 0.20011
3 0.30054
4 0.40170
5 0.50416
6 0.60867
7 0.71613
8 0.82769
9 0.94470
10 1.06878
11 1.20186
12 1.34626
13 1.50474
14 1.68064
15 1.87802
16 2.10183
17 2.35819
18 2.65467
19 3.00076
20 3.40842
ue=
0
0 0.00000
1 0.10001
2 0.20011
3 0.30054
4 0.40171
5 0.50418
6 0.60870
7 0.71619
8 0.82778
9 0.94482
10 1.06894
11 1.20207
12 1.34652
13 1.50506
14 1.68103
15 1.87848
16 2.10238
17 2.35882
18 2.65538
19 3.00153
20 3.40921

Program (3.1):

function[ZZ]=SMDFIET(k,g,ex,n,m,a,b,c,d);
k=inline('y+x+s+t','x",'y",'t",'s");g=inline('y*x*2-(x+y)/6-17/72','X','y");
ex=inline('xA2*y",'x",'y");

a=0;b=1;c=0;d=1;n=10,m=10,

B=zeros(1,(n+1)*(m+1));
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hx=(b-a)/n;hy=(d-c)/m;t=0;
for I=1:n+1
for J=1:m+1
x1(J3,1)=a+(I-1)*hx;
y1(J,1)=c+(J-1)*hy;
ex1(J,l)=feval(ex,a+(l-1)*hx,c+(J-1)*hy);
G1(J,h=feval(g,a+(I-1)*hx,c+(J-1)*hy);

t=t+1;
for i=1:n+1
for j=1:m+1
if i==I&j==
if i==1|i==n+1
if j==1]j==m+1

A(j,)=1-(hx*hy)/4*feval(k,a+(I-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);

else

A(j,)=1-(hx*hy)/2*feval(k,a+(I-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);

end
else
if j==1|j==m+1

A(j,)=1-(hx*hy)/2*feval(k,a+(I-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);

else

A(j,)=1-(hx*hy)*feval(k,a+(l-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);

end
end
else
if i==1|i==n+1
if j==1[j==m+1

A(j,))=-(hx*hy)/4*feval(k,a+(l-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);

else

A(j,i)=-(hx*hy)/2*feval(k,a+(l-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);

end
else
if j==1[j==m+1

A(j,))=-(hx*hy)/2*feval(k,a+(l-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);

else

A(j,i)=-(hx*hy)*feval(k,a+(l-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);

end
end
end
end
end
X=(x1(:));
Y=(y10));
B=(A())";
C(t,:)=B;
end
end
EX=[ex1(:)];
K=[C]; G=[G1()];
F=inv(K)*G; er=0;
for i=1:(n+1)*(m+1)
e(i,1)=EX(i,1)-F(i,1);
er=er+e(i,1)*e(i,1);
end
ER=[e];LSR=er?(0.5)
disp(’ X y Exact Approximation

Error’)
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ZZ=[X Y EX FER];

n= 10, m= 10
LSR = 0.0329
X y
0 0
0 0.1000
0 0.2000
0 0.3000
0 0.4000
0 0.5000
0 0.6000
0 0.7000
0 0.8000
0 0.9000
0 1.0000
0.1000 0
0.1000 0.1000
0.1000 0.2000
0.1000 0.3000
0.1000 0.4000
0.1000 0.5000
0.1000 0.6000
0.1000 0.7000
0.1000 0.8000
0.1000 0.9000
0.1000 1.0000
0.2000 0
0.2000 0.1000
0.2000 0.2000
0.2000 0.3000
0.2000 0.4000
0.2000 0.5000
0.2000 0.6000
0.2000 0.7000
0.2000 0.8000
0.2000 0.9000
0.2000 1.0000
0.3000 0
0.3000 0.1000
0.3000 0.2000
0.3000 0.3000
0.3000 0.4000
0.3000 0.5000
0.3000 0.6000
0.3000 0.7000
0.3000 0.8000
0.3000 0.9000
0.3000 1.0000
0.4000 0
0.4000 0.1000
0.4000 0.2000
0.4000 0.3000
0.4000 0.4000
0.4000 0.5000
0.4000 0.6000
0.4000 0.7000
0.4000 0.8000

Exact

eNeoloNoNoNoNoNoNoNoNoNoe)

0.00100000000000
0.00200000000000
0.00300000000000
0.00400000000000
0.00500000000000
0.00600000000000
0.00700000000000
0.00800000000000
0.00900000000000
0.01000000000000
0
0.00400000000000
0.00800000000000
0.01200000000000
0.01600000000000
0.02000000000000
0.02400000000000
0.02800000000000
0.03200000000000
0.03600000000000
0.04000000000000
0
0.00900000000000
0.01800000000000
0.02700000000000
0.03600000000000
0.04500000000000
0.05400000000000
0.06300000000000
0.07200000000000
0.08100000000000
0.09000000000000
0
0.01600000000000
0.03200000000000
0.04800000000000
0.06400000000000
0.08000000000000
0.09600000000000
0.11200000000000
0.12800000000000

200

Approximation

-0.00083333333333
-0.00103537511871
-0.00123741690408
-0.00143945868946
-0.00164150047484
-0.00184354226021
-0.00204558404558
-0.00224762583096
-0.00244966761633
-0.00265170940171
-0.00285375118708
-0.00103537511871
-0.00023741690408
0.00056054131054
0.00135849952517
0.00215645773979
0.00295441595441
0.00375237416904
0.00455033238367
0.00534829059829
0.00614624881292
0.00694420702754
-0.00123741690408
0.00256054131054
0.00635849952517
0.01015645773979
0.01395441595441
0.01775237416904
0.02155033238367
0.02534829059829
0.02914624881291
0.03294420702754
0.03674216524216
-0.00143945868946
0.00735849952516
0.01615645773979
0.02495441595442
0.03375237416904
0.04255033238367
0.05134829059829
0.06014624881292
0.06894420702754
0.07774216524216
0.08654012345679
-0.00164150047483
0.01415645773979
0.02995441595442
0.04575237416904
0.06155033238367
0.07734829059829
0.09314624881291
0.10894420702754
0.12474216524216

Error

0.00083333333333
0.00103537511871
0.00123741690408
0.00143945868946
0.00164150047484
0.00184354226021
0.00204558404558
0.00224762583096
0.00244966761633
0.00265170940171
0.00285375118708
0.00103537511871
0.00123741690408
0.00143945868946
0.00164150047483
0.00184354226021
0.00204558404559
0.00224762583096
0.00244966761633
0.00265170940171
0.00285375118708
0.00305579297246
0.00123741690408
0.00143945868946
0.00164150047483
0.00184354226021
0.00204558404559
0.00224762583096
0.00244966761633
0.00265170940171
0.00285375118709
0.00305579297246
0.00325783475784
0.00143945868946
0.00164150047484
0.00184354226021
0.00204558404558
0.00224762583096
0.00244966761633
0.00265170940171
0.00285375118708
0.00305579297246
0.00325783475784
0.00345987654321
0.00164150047483
0.00184354226021
0.00204558404558
0.00224762583096
0.00244966761633
0.00265170940171
0.00285375118709
0.00305579297246
0.00325783475784
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0.4000
0.4000
0.5000
0.5000
0.5000
0.5000
0.5000
0.5000
0.5000
0.5000
0.5000
0.5000
0.5000
0.6000
0.6000
0.6000
0.6000
0.6000
0.6000
0.6000
0.6000
0.6000
0.6000
0.6000
0.7000
0.7000
0.7000
0.7000
0.7000
0.7000
0.7000
0.7000
0.7000
0.7000
0.7000
0.8000
0.8000
0.8000
0.8000
0.8000
0.8000
0.8000
0.8000
0.8000
0.8000
0.8000
0.9000
0.9000
0.9000
0.9000
0.9000
0.9000
0.9000
0.9000
0.9000
0.9000
0.9000
1.0000
1.0000
1.0000
1.0000
1.0000

0.9000
1.0000

0.1000
0.2000
0.3000
0.4000
0.5000
0.6000
0.7000
0.8000
0.9000
1.0000

0.1000
0.2000
0.3000
0.4000
0.5000
0.6000
0.7000
0.8000
0.9000
1.0000

0.1000
0.2000
0.3000
0.4000
0.5000
0.6000
0.7000
0.8000
0.9000
1.0000

0.1000
0.2000
0.3000
0.4000
0.5000
0.6000
0.7000
0.8000
0.9000
1.0000

0.1000
0.2000
0.3000
0.4000
0.5000
0.6000
0.7000
0.8000
0.9000
1.0000

0.1000
0.2000
0.3000
0.4000

0.14400000000000
0.16000000000000
0
0.02500000000000
0.05000000000000
0.07500000000000
0.10000000000000
0.12500000000000
0.15000000000000
0.17500000000000
0.20000000000000
0.22500000000000
0.25000000000000
0
0.03600000000000
0.07200000000000
0.10800000000000
0.14400000000000
0.18000000000000
0.21600000000000
0.25200000000000
0.28800000000000
0.32400000000000
0.36000000000000
0
0.04900000000000
0.09800000000000
0.14700000000000
0.19600000000000
0.24500000000000
0.29400000000000
0.34300000000000
0.39200000000000
0.44100000000000
0.49000000000000
0
0.06400000000000
0.12800000000000
0.19200000000000
0.25600000000000
0.32000000000000
0.38400000000000
0.44800000000000
0.51200000000000
0.57600000000000
0.64000000000000
0
0.08100000000000
0.16200000000000
0.24300000000000
0.32400000000000
0.40500000000000
0.48600000000000
0.56700000000000
0.64800000000000
0.72900000000000
0.81000000000000
0
0.10000000000000
0.20000000000000
0.30000000000000
0.40000000000000
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0.14054012345679
0.15633808167141
-0.00184354226021
0.02295441595442
0.04775237416904
0.07255033238366
0.09734829059829
0.12214624881292
0.14694420702754
0.17174216524216
0.19654012345679
0.22133808167142
0.24613603988604
-0.00204558404559
0.03375237416904
0.06955033238366
0.10534829059830
0.14114624881292
0.17694420702754
0.21274216524216
0.24854012345680
0.28433808167142
0.32013603988604
0.35593399810067
-0.00224762583096
0.04655033238367
0.09534829059829
0.14414624881292
0.19294420702754
0.24174216524216
0.29054012345679
0.33933808167141
0.38813603988604
0.43693399810066
0.48573195631529
-0.00244966761633
0.06134829059829
0.12514624881292
0.18894420702754
0.25274216524216
0.31654012345679
0.38033808167142
0.44413603988604
0.50793399810066
0.57173195631529
0.63552991452991
-0.00265170940171
0.07814624881292
0.15894420702754
0.23974216524217
0.32054012345679
0.40133808167141
0.48213603988604
0.56293399810066
0.64373195631529
0.72452991452992
0.80532787274454
-0.00285375118709
0.09694420702754
0.19674216524216
0.29654012345679
0.39633808167142

0.00345987654321
0.00366191832859
0.00184354226021
0.00204558404558
0.00224762583096
0.00244966761634
0.00265170940171
0.00285375118708
0.00305579297246
0.00325783475784
0.00345987654321
0.00366191832858
0.00386396011396
0.00204558404559
0.00224762583096
0.00244966761634
0.00265170940170
0.00285375118708
0.00305579297246
0.00325783475784
0.00345987654320
0.00366191832858
0.00386396011396
0.00406600189933
0.00224762583096
0.00244966761633
0.00265170940171
0.00285375118708
0.00305579297246
0.00325783475784
0.00345987654321
0.00366191832859
0.00386396011396
0.00406600189934
0.00426804368471
0.00244966761633
0.00265170940171
0.00285375118708
0.00305579297246
0.00325783475784
0.00345987654321
0.00366191832858
0.00386396011396
0.00406600189934
0.00426804368471
0.00447008547009
0.00265170940171
0.00285375118708
0.00305579297246
0.00325783475783
0.00345987654321
0.00366191832859
0.00386396011396
0.00406600189934
0.00426804368471
0.00447008547008
0.00467212725546
0.00285375118709
0.00305579297246
0.00325783475784
0.00345987654321
0.00366191832858
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1.0000
1.0000
1.0000
1.0000
1.0000
1.0000

0.5000
0.6000
0.7000
0.8000
0.9000
1.0000

0.50000000000000
0.60000000000000
0.70000000000000
0.80000000000000
0.90000000000000
1.00000000000000

0.49613603988604
0.59593399810067
0.69573195631529
0.79552991452992
0.89532787274454
0.99512583095916

0.00386396011396
0.00406600189933
0.00426804368471
0.00447008547008
0.00467212725546
0.00487416904084

Program (3.2):

function[ZZ]=SFMDFIESA(k,g,ex,n,m,a,b,c,d);
k=inline('(x*s+t*y)','x','y','t','s");
g=inline(‘exp(y+x)+(1-exp(1))*(x+y).’x"'y);
ex=inline(‘exp(y+x)','x",'y");
a=0;b=1;c=0;d=1;n=10,m=10,
B=zeros(1,(n+1)*(m+1));
C=zeros((n+1)*(m+1),(n+1)*(m+1));
hx=(b-a)/n;hy=(d-c)/m;t=0;
if rem(n,2)==0|rem(m,2)==0
for I=1:n+1
for J=1:m+1
x1(J,N=a+(I-1)*hx;
y1(J,1)=c+(J-1)*hy;
ex1(J,h)=feval(ex,a+(l-1)*hx,c+(J-1)*hy);
G1(J,h=feval(g,a+(I-1)*hx,c+(J-1)*hy);

t=t+1;
fori=1l:n+1
for j=1:m+1
if i==1&j==
if i==1|i==n+1
if j==1|j==m+1

A(j,))=1-(hx*hy)/9*feval(k,a+(I-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);
elseif rem(j,2)==0
A(j,))=1-4*(hx*hy)/9*feval(k,a+(I-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);
else
A(j,))=1-2*(hx*hy)/9*feval(k,a+(I-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);
end

elseif rem(i,2)==0
if j==1[j==m+1
A(j,))=1-4*(hx*hy)/9*feval(k,a+(I-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);
elseif rem(j,2)==0
A(j,))=1-16*(hx*hy)/9*feval(k,a+(I-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);

else
A(j,))=1-8*(hx*hy)/9*feval(k,a+(I-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);
end

else
if j==1[j==m+1

A(j,i)=1-2*(hx*hy)/9*feval(k,a+(I-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);
elseif rem(j,2)==0
A(j,)=1-8*(hx*hy)/9*feval(k,a+(I-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);

else
A(j,))=1-4*(hx*hy)/9*feval(k,a+(l-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);
end
end
else
if i==1]i==n+1
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if j==1[j==m+1
A(j,i)=-(hx*hy)/9*feval(k,a+(l-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);
elseif rem(j,2)==0
A(j,i))=-4*(hx*hy)/9*feval(k,a+(l-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);
else
A(j,))=-2*(hx*hy)/9*feval(k,a+(l-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);
end

elseif rem(i,2)==0
if j==1[j==m+1
A(j,i))=-4*(hx*hy)/9*feval(k,a+(l-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);
elseif rem(j,2)==0
A(j,))=-16*(hx*hy)/9*feval(k,a+(l-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);

else
A(j,i)=-8*(hx*hy)/9*feval(k,a+(l-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);
end

else
if j==1[j==m+1

A(j,))=-2*(hx*hy)/9*feval(k,a+(l-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);
elseif rem(j,2)==0
A(j,))=-8*(hx*hy)/9*feval(k,a+(l-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);
else
A(j,))=-4*(hx*hy)/9*feval(k,a+(l-1)*hx,c+(J-1)*hy,a+(i-1)*hx,c+(j-1)*hy);
end
end
end
end
end
X=(x1(:));
Y=(y1());
B=(A());
C(t,:)=B;
end
end
EX=[ex1(:)]; K=[C]; G=[G1(:)];
F=inv(K)*G; er=0;
for i=1:(n+1)*(m+1)
e(i,1)=EX(i,1)-F(i,1);
er=er+e(i,1)*e(i,1);
end
ER=[e];LSR=er*(0.5)

disp(’ X y Exact Approximation. Error')
ZZ=[XY EXF ER];
end
n= 10, m= 10
LSR = 2.4455e-004
X y Exact Approximation Error x10™
0 0 1.00000000000000 1.00000000000000 0
0 0.1000 1.10517091807565 1.10517294759489 -0.02029519242885
0 0.2000 1.22140275816017 1.22140681719865 -0.04059038483550
0 0.3000 1.34985880757600 1.34986489613373 -0.06088557727768
0 0.4000 1.49182469764127 1.49183281571824 -0.08118076970876
0 0.5000 1.64872127070013 1.64873141829634 -0.10147596211540
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[cNoNeoNoNe)

0.1000
0.1000
0.1000
0.1000
0.1000
0.1000
0.1000
0.1000
0.1000
0.1000
0.1000
0.2000
0.2000
0.2000
0.2000
0.2000
0.2000
0.2000
0.2000
0.2000
0.2000
0.2000
0.3000
0.3000
0.3000
0.3000
0.3000
0.3000
0.3000
0.3000
0.3000
0.3000
0.3000
0.4000
0.4000
0.4000
0.4000
0.4000
0.4000
0.4000
0.4000
0.4000
0.4000
0.4000
0.5000
0.5000
0.5000
0.5000
0.5000
0.5000
0.5000
0.5000
0.5000
0.5000
0.5000
0.6000
0.6000

0.6000
0.7000
0.8000
0.9000
1.0000

0.1000
0.2000
0.3000
0.4000
0.5000
0.6000
0.7000
0.8000
0.9000
1.0000

0.1000
0.2000
0.3000
0.4000
0.5000
0.6000
0.7000
0.8000
0.9000
1.0000

0.1000
0.2000
0.3000
0.4000
0.5000
0.6000
0.7000
0.8000
0.9000
1.0000

0.1000
0.2000
0.3000
0.4000
0.5000
0.6000
0.7000
0.8000
0.9000
1.0000

0.1000
0.2000
0.3000
0.4000
0.5000
0.6000
0.7000
0.8000
0.9000
1.0000

0.1000

1.82211880039051
2.01375270747048
2.22554092849247
2.45960311115695
2.71828182845905
1.10517091807565
1.22140275816017
1.34985880757600
1.49182469764127
1.64872127070013
1.82211880039051
2.01375270747048
2.22554092849247
2.45960311115695
2.71828182845905
3.00416602394643
1.22140275816017
1.34985880757600
1.49182469764127
1.64872127070013
1.82211880039051
2.01375270747048
2.22554092849247
2.45960311115695
2.71828182845905
3.00416602394643
3.32011692273655
1.34985880757600
1.49182469764127
1.64872127070013
1.82211880039051
2.01375270747048
2.22554092849247
2.45960311115695
2.71828182845905
3.00416602394643
3.32011692273655
3.66929666761924
1.49182469764127
1.64872127070013
1.82211880039051
2.01375270747048
2.22554092849247
2.45960311115695
2.71828182845905
3.00416602394643
3.32011692273655
3.66929666761924
4.05519996684467
1.64872127070013
1.82211880039051
2.01375270747048
2.22554092849247
2.45960311115695
2.71828182845905
3.00416602394643
3.32011692273655
3.66929666761924
4.05519996684467
4.48168907033806
1.82211880039051
2.01375270747048

204

1.82213097750597
2.01376691410518
2.22555716464641
2.45962137683013
2.71830212365147
1.10517294759489
1.22140681719866
1.34986489613373
1.49183281571824
1.64873141829634
1.82213097750596
2.01376691410517
2.22555716464641
2.45962137683013
2.71830212365147
3.00418834865810
1.22140681719866
1.34986489613373
1.49183281571824
1.64873141829634
1.82213097750596
2.01376691410517
2.22555716464641
2.45962137683013
2.71830212365147
3.00418834865810
3.32014127696746
1.34986489613373
1.49183281571824
1.64873141829634
1.82213097750596
2.01376691410518
2.22555716464641
2.45962137683013
2.71830212365147
3.00418834865810
3.32014127696746
3.66932305136940
1.49183281571824
1.64873141829634
1.82213097750596
2.01376691410518
2.22555716464641
2.45962137683013
2.71830212365147
3.00418834865810
3.32014127696746
3.66932305136940
4.05522838011407
1.64873141829634
1.82213097750597
2.01376691410518
2.22555716464641
2.45962137683013
2.71830212365147
3.00418834865810
3.32014127696746
3.66932305136940
4.05522838011407
4.48171951312670
1.82213097750597
2.01376691410517

-0.12177115456202
-0.14206634698866
-0.16236153941307
-0.18265673184636
-0.20295192423969
-0.02029519241997
-0.04059038486215
-0.06088557727768
-0.08118076969765
-0.10147596213539
-0.12177115455536
-0.14206634697977
-0.16236153940863
-0.18265673183748
-0.20295192426190
-0.22324711668631
-0.04059038485105
-0.06088557727546
-0.08118076969987
-0.10147596211985
-0.12177115455092
-0.14206634697089
-0.16236153942195
-0.18265673184192
-0.20295192426190
-0.22324711666855
-0.24354230911516
-0.06088557727768
-0.08118076972208
-0.10147596213761
-0.12177115454204
-0.14206634698422
-0.16236153940419
-0.18265673182416
-0.20295192424857
-0.22324711669075
-0.24354230909740
-0.26383750156178
-0.08118076971320
-0.10147596213539
-0.12177115454870
-0.14206634698422
-0.16236153941751
-0.18265673184636
-0.20295192425746
-0.22324711667743
-0.24354230911516
-0.26383750153514
-0.28413269393290
-0.10147596213317
-0.12177115456646
-0.14206634698422
-0.16236153939087
-0.18265673183304
-0.20295192425746
-0.22324711671295
-0.24354230911516
-0.26383750153958
-0.28413269393290
-0.30442788639284
-0.12177115456202
-0.14206634697977
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0.6000
0.6000
0.6000
0.6000
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Chapter One

The Generalized One-dimensional

| ntegral Equations

| ntroduction:

A numerical integration is a basis of every nunamethod for the solution
of the one-dimensional integral equation, [Id]e problem of finding numerical
solution for the one-dimensional integral equai®ione of the oldest problems
in applied mathematics and many computational nusthare proposed in this
area, [17]. The standard methods for solving the-adimensional integral
equations deal with the one-dimensional Volterrd dfredholm linear integral
equations, [16], [8].

The aim of this chapter is to extend the definitiminthe standard one-
dimensional integral equations that include onlg artegral operator to include
more than one integral operator. This type of irdegquations is termed as the
generalized one-dimensional integral equationsthiéamore, we give a simple
classification of the generalized one-dimension&gral equations and discuss

the existence of a unique solution of special tygfeem.

This chapter consists of three sections.

In section one, we give a simple classification tbé standard one-
dimensional integral equations.

In section two, we introduce the definition of tlggeneralized one-
dimensional integral equations with a simple ckssiion of them.

In section three, we discuss the existence of guensolution for special
types of the generalized one-dimensional integr@qaéons, namely the

generalized one-dimensional Fredholm linear andimear integral equations.
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1.1 Classification of the Standard One-Dimensional Integral

Equations:

It is known that, the standard one-dimensional grdk equation is an
integral equation in which the unknown function éeg@s only on one
iIndependent variable, [16].

In this section, we shall introduce some well knodefinitions for the
standard one-dimensional integral equations, wiach needed for our later

discussion.

Definition (1.1), [16]:
The general form of the standard one-dimensional-lm@ar integral

equation may be written as follows:

b(x)

h(x)u(x)=f(x)+A | k(x,y,u(y))dy (1.1)

where h, f and b are given functions of x, k isiadtion, known as the kernel of
the integral equation which is also known, a isnawn constant} is a scalar

parameter and u is the unknown function that mastdiermined.

Definition (1.2), [15]:

The standard one-dimensional integral equatiornséd to be lineaif it

takes the form:

b(x)

hOQu(x)=f(x)+A | k(x,y)u(y)dy (1.2)

where h, f, b and k are known functions, a is awma@onstant) is a scalar

parameter and u is the unknown function that mastdiermined.

Definition (1.3), [12]:

If f(x)=0, then the non-linear integral equationi(lis called homogenous,

otherwise it is nonhomogenous.
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Definition (1.4), [18]:

If h(x)=0, then the non-linear integral equationl{lis said to be equation
of the first kind.

Definition (1.5), [25]:

If h(x)=1, then the non-linear integral equatiofsl] is said to be equation
of the second kind.

Definition (1.6), [25]:

The standard one-dimensional non-linear integralaggns (1.1) is called
Fredholm integral equatiorf b(x)=b, where b is a constant such thatab

Therefore, the integral equations:

f(x) :—)\Tk(x,y)u(y)dy, as x< k

u(x):f(x)+)\fk(x,y)u(y)dy, a< x< k

represent the standard one-dimensional Fredhokaiimtegral equations of the

first and second kindespectively. On the other hand, the integral egoat

f(x) :—)\Tk(x,y,u(y))dy, as< x< k

u(x):f(x)+)\Tk(x,y,u(y))dy, a< x<

represent the standard one-dimensional Fredholrinear integral equations of

the first and second kisdespectively.
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Definition (1.7), [16]:

The standard one-dimensional non-linear integralaggns (1.1) is called

Volterra integral equatioif b(x)=x, therefore the integral equations:
f(x) =-A[k(x,y)u(y)dy, x=a

U(X)=F(x) +A[k(x, Y)u(y)dy, x= a

represent the standard one-dimensional Voltereatinntegral equations of the

first and second kinds respectively. On the otlzerd) the integral equations:
f(x) = =Afk(x,y,u(y))dy, x= a

U(X)=F(x) +AJKGG Y, uy))dy, X2 2

represent the standard one-dimensional Volterralinear integral equations of

the first and second kinds respectively.

Definition (1.8), [16]:

If the kernel in the integral equation (1.2) depemhly on the difference
(x—y), that is k(x,y)=k(xy) then the integral equation is said to be thadsdead

one-dimensional integral equation of convolutiopegnd it takes the form:

b(x)

hOu(x)=f(x)+ [ k(x=y)u(y)dy

Definition (1.9), [10]:

The kernelk(x,y)is said to be symmetric, if it has the propéityy)=k(y,X),

and it said to be antisymmetric, if it has the @ k(x,y) =—k(y, X).
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Definition (1.10), [16]:

The kernelk(x,y)is said to be separable or degenerate kernelgfaf the
form:

K(X,Y) =2a,- ()b (y)

where p is finite.

1.2 Classification of the Generalized One-dimensional |ntegral

Equations:

As seen before the standard one-dimensional idteqgeations contain only
one integral operator.

In this section, we extend the previous classificatto include the
generalized one dimensional integral equations.

We start this section by the following definitiofhis definition is based on

the idea that appeared in [1].

Definition (1.11):

The general form of the generalized one-dimensiomal-linear integral

equation of the form:

n B
hOJUE)=F)+2 A | Kk (xy,u(y))dy 1.3
i=1 3

where h and f are given functions ofkg, is a function, known as the i-th kernel
of the integral equation which is also known focle&=1,2,...,n,b, is a known
function of x for each i=1,2,...,m, is a known constant for each i=1,2,...\,

Is a scalar parameter for each i=1,2,...,n and bhasuhknown function that must

be determined.



Chapter One The Generalized One-dimensional I ntegral Equations

Definition (1.12):

The generalized one-dimensional integral equasdermed to be linearit

takes the form:

n by (x)

h(u(x)=f(x)+ ;7\ I K (x,y)u(y)dy (1.4)

where h, f,b;, a ,A4 are defined previouslyk, is a known function of x and y

and u is the unknown function that must be detegohin

Remarks (1.1):

1. If f(x)=0, then the non-linear integral equation3}lis called homogenous,

otherwise it is non-homogenous.

2. If h(x)=0 (or h(x)=1), then the non-linear integeduation (1.3) is said to be
of the first kind (or of the second kind).

Definition (1.13):

The generalized one-dimensional non-linear integgalation (1.3) is called

Fredholm integral equation B, (x) = b, whereb. is a known constant such that

b, =g for eachi=1,2,...,n. Therefore, the integral ecuregi

100 = -2\, [k, (xy)u(y)dy, mina }<x<maxih} (1.5)
i=1 Y = =
U= £+ I, [k (x,y)u)dy, mina }< xs maxth ) (L.6)

g

represent the generalized one-dimensional Fredhokar integral equations of

the first and second kindsspectively. On the other hand, the integral eqoat

100 = -2\, [k, (x.y,uly)dy, mina }< x< maxip} @)
i=1 g = =
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I<ign

u(x)=1(x) +Z7\ Ik (X, y,u(y))dy, min{g }< x< max{b } (1.8)

represent the generalized one-dimensional Fredholom-linear integral

equations of the first and second lsmdspectively.

Definition (1.14):

The generalized one-dimensional non-linear integgalations (1.3) is called

Volterra integral equatiowhen b, (x) = x for somej}{L,2,...,n}. Therefore the

integral equations:

n B
f(x) ‘—27\ [ kO y)u(y)dy+A, IK (X, y)u(y)dy, x= min{g } 1.9

|¢J %
n bi(x)
u(x)= f(X)+Z7\ [k (x,y)u(y)dy+A\ I K (X, y)u(y)dy, x> min{g } (1.10)
|¢J %

represent the generalized one-dimensional Voltemesar integral equations of

the first and second kind respectively. On the other handhtdgral equations:

n  bi(x)

f(x) ‘—Z?\ [ k(. y,u(y))dy+A, M(X y,u(y))dy, x= min{a } 111
|¢J %
n  b(x
u(x) = f(X)+Z?\ [ k(Y. u(y)dy+A, I k (x,y,u(y))dy, > ming } 1.12)

|¢J &

represent the generalized one-dimensional Volteoralinear integral equations

of the first and second kind respectively.

Definition (1.15):

If the kernelk. in the integral equation (1.4) depends only ondifference

(x-y), that isk.(x,y) =k (x—y) for each i=1,2,...,n then this integral equation
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Is said to be the generalized one-dimensional rategguation of convolution

typeand it takes the form:

n b (x)

hOQU) = F)+ XA, [k (x=y)u(y)dy
i=1 a

Definition (1.16):

The kernelk,(x,y) is said to be separable or degenerate kerneisifot the

form:
ki(x,y):i:aﬁ (9 (v), i0{1,2,....

where p is finite. If each kerndl that appeared in the integral equation (1.6) is

separable, then equation (1.6) is said to be theergézed one dimensional

Fredholm linear integral equation with degeneraiané&ls.

1.3 Existence and Unigueness Theorems of the Solution for the

Generalized One-Dimensional | ntegral Equations:

In this section, we discuss the existence of thguesolution for special
types of the generalized one-dimensional integrquagons, namely the
generalized one-dimensional Fredholm linear andlim&ar integral equations of
the second kind.

We start this section by recalling some lemmasweaheeded them later.

Lemma (1.1), [22]:

Consider L,[a,b], where [a,b] is a finite interval. Suppos&€Xx,y) is

continuous for all x, y in [a,b]. Then the operator
b
Ku = [k(x,y)u(y)dy

is bounded.
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Proof:

Sincek(x,y) is continuous on a closed and bounded set, it bmibbunded.

Then, there exist M > 0 such thafx, y)| <M. Hence

Ku[=

fk(x,y)u(y)dM\ k()| u(y) dy

(] st
=M (b-a):|

and it follows that

U , P

D\Ku\ dy} s[jMz(b—a)ﬂ 0 dy

1 b 1

<M(b -y | q\[j dy}
=M(b-a)| y

Therefore

[Ku[<M(b-a)| y

and hence

K| <M(b -a).

Lemma (1.2), [22]:

ConsiderL, [a,b], where [a,b] is a finite interval. If

D C— T

b
JIkOx,y)f dxdy= M <o
then the operator K defined by

Ku = [k(x,y)u(y)dy
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IS bounded.

Proof:

Ku[=

Jx yu)ay
< [l uwydy
and by using the Cauchy—-Schwarz inequality
Ku| < D:\k(x, y)\zdy}2 [ji\ u(y)’ dy}2
Then
[T\Kurdxf <| [ikexy dxdyf Iy
Therefore

[Kuj<M]ul.

The following lemma is named as "Banach fixed ptweorem".

Lemma (1.3), [22]:

Let T be a contraction operator defined on a Hilbert sgacThe equation,

Tu=u

has a unique solutionin H. Such a solution is said to be a fixed point o

Now, we are in the position that we can give thiéowing theorem. This

theorem is a modification of the theorem that appean [22].

10
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Theorem (1.1):

Consider the generalized one-dimensional Fredhioleat integral equation

of the second kind:

<i<n

W) =FO)+ A [k (x,Y)u(y)dy, a=minfa )< x< maxfh}= b (.13)

If the operatorK, defined by
by

Kiu = [k (x,y)u(y)dy, i=1,2,...,r
g

Is a bounded operator for each i=1,2,...,n then éguatl.13) has a unique

solution for all finL, [a, b] and for sufficiently smalﬁ/li \ for each i=1,2,...,n.

Proof:

We rewrite equation (1.13) in an operator form:
Tu=u

where
Tu=f +Zn:)\iKiu
i=1
Then

I Tu, - Tu,| =‘

f+ Zn:)‘iKiul —f _Zn:)‘iKiuz
i=1 i=1

Z)\iKiul _Z)\iKiUZ
i=1 i=1
but K;is a linear operator for each i=1,2,...,n, then

H Tu, - Tu2H = ZﬂMH Ki(u -y, 1‘

11
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since K, is a bounded operator for each i=1,2,...,n thenetleist a constant

M, >0 such that

K[ <M, |u, i=1,2,....n

for all u in the Hilbert spacez[rg_i(n{ai},rp_ax{bi}].

Therefore

HTul - Tuz” = ;P‘i‘ M, H U, — uz”

for Zn:\Ai\Mi <1, T is a contraction operator and by using lemma8)(Il has a
i=1

unique fixed point u irL,[a, b|, which is the unique solution of equation (1.13).

The proof of the following corollary is clear, thhwe omitted it.

Corollary (1.1):

Consider the generalized one-dimensional Fredhiokar integral equation

of the second kind given by equation (1.13). If

b bj )

[ Ik (. dydx= B <eo

ag

then equation (1.13) has a unique solution fof il Lz[a,b] and for sufficiently

small|A | for each i=1,2,...,n.

Next, the following theorem is a modification okttheorem that appeared
in [22].

Theorem (2.2):

Consider the generalized one-dimensional Fredhadm-lmear integral

equation of the second kind:

12
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I<i<n

W)= F)+ A K (% y,u(y)dy, a=minfak x< maxfb= b (1.14)

Suppose that
ki (%Y, ug(Y)) = ki (%, y,ua (W) < M; (X, y)ug(y) —up (v).8 sy<b;,i=1,2,..n

and

b bj
”\Mi(x,y)\zdydx=Pi2<oo, i=1,2,..n.

aaj

n
If Z\)\i IR <1, then equation (1.14) has a unique solution.
i=1

Proof:

We rewrite equation (1.14) in an operator form iuwhere

n
Tu=f +Z)\iKiu
i=1

and

by
Kiu= [k (xyu(y)dy.

i

Then

[Tu, = Tu,||= Zn:)\i KU, —Zn:)\i K U,
= =

n bj

=[S [k, (x,y,ul(y))dy—zzl:)\i j k (X,¥,4 (y))d>“

i=1 g

13
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[Tu, - Tu, =Hi7\if[ k (Y4 ()= k (%,y,4 ()] dJA
i=1 a

n

93

i=1

§

a

:27{

[

i=1

n
SZM
i=1

n

ZM

i=1

<

n
:ZM
i=1

Therefore

n b
[Tu, = Tu,| < 21:\)\,\[[
= a

J

b

J

a

[ki (%, y,uy (¥)) = ki (x,y,ux(y))]d

1

}dy{ dx]
y} dx]

1

_ 4

I{ki (X, Y,ui(Y)) = Ki (X, y,uz(Y))

ai

|

b

a

bj
ﬂki (X, y,uy(¥)) = K; (X, y,u,(y))[d

aj

b | bj 2 >
j{jMi (X,Y)‘Ul()’) - Uz(y)‘dy} dX]
1
L 12 2
b |(Pi 2(bj 5
J{ﬂMi(X'V)‘ZdVJ “\Ul(Y)—uz(y)\zdy] dx
} il
b( bj bj 5
J[I‘Mi (X’Y)‘deJ{j‘U1(Y) - Uz(y)zddex}

1

bj b 2
[IM; o,y dydx{ﬂ 4wy dyﬂ
a4 3

14
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1

[Tu, = Tu,||< i\?\i\{f f M, (%, y) dyd{ [lu (v u o) dxﬂ
i=1 ag a

n | bbj % b 2
=Y ] [ [Ims ) e [j \ul(y)—u2(y)\2dy]
i=1 aa; a

n _ 1 n
= > [l -l = D s -l

i=1 i=1

for ZME’ <1, T is a contraction operator and by using lemma&)(Il has a
i=1

unique fixed point u irLz[a,b] , Which is the unique solution of equation (1.14).

Remarks (1.2):
(1) If n=1 in theorem (1.1) and corollary (1.1) therearan get the same fact

that appeared in [22] and valid for the standard-dimensional Fredholm
linear integral equations of the second kind.

(2) If n=1 in theorem (1.2) then one can get the saanethat appeared in [22]
and valid for the standard one-dimensional Fredhobn-linear integral

equations of the second kind.

15



Chapter Three

The Multi-Dimensional Integral Equations

Introduction:

The aim of this chapter is to classify the multménsional integral
equations and extend them into the generalized i4aioliensional integral
equations and presents some numerical methoddve g® multi-dimensional
Fredholm linear integral equations of the seconwlkiMoreover, we use the
repeated modified trapezoid method to solve thetirduhensional Fredholm
linear integral equations of the second kind.

This chapter consists of three sections:

In section one, we classify the standard multi-chsienal integral equations
into linear/nonlinear, Volterra/Fredholm, homogem®@oonhomogeneous, first
kind/second kind.

In section two, we define the generalized multi-elnsional integral
equations with their classification.

In section three, we use some of the quadraturéhadef namely the
trapezoidal and Simpson's 1/3 rule to solve tha&dstadl multi-dimensional
Fredholm linear integral equations of the secomd ki

In section four, we derive the modified trapezoidale for evaluating
multiple integrals and use it to solve the standardti-dimensional Fredholm

linear integral equations of the second kind.

57
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3.1 Classification of The Standard Multi-Dimensional heqgral

Equations

It is known that the standard multi-dimensionalegral equation is an
integral equation in which the integration is oadriout with respect to m
variables, [14].

In this section, we extend the classification & ftandard one-dimensional

integral equations to include the standard mulii&hsional integral equations.

Definition (3.1):

The general form of the standard multi-dimensionah-linear integral

equation is:

(X, X ey X WU % s Xy 7 TG % o0 X F
Bm(Xm)Bm-1xm-2  B{x1]
A [ | KXo %015 08 1§ UGS 5S 1S RS, dS, (3.1)

Om Om-1 az
where h and f are known functions ®f,x,,...,X,, k is a function, known as

AR

the kernel of the integral equation which is alsowkn, 5 is a known function

of x; for each j=1,2,...,ny,

; is a known constant for each j=1,2,...,rh,is a

scalar parameter and u is the unknown functionrthegt be determined.

Definition (3.2):

The standard multi-dimensional integral equatiotersned to be linear if it

takes the form:

N(X X e X UK % e Xy FFOG %0 e % T
Bn(Xm)Bm-1Xm-2 B1{x1]
A [ | KOG XX 1§48 s JUCS 5S ooppS Y, (3.2)

Om Om-1 a1
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where h, fanojé’j are known functions oxj for each j=1,2,...,m, k is a function,
known as the kernel of the integral equation whschlso knowng, is a known

constant for each j=1,2,...,m} is a scalar parameter and u is the unknown

function that must be determined.

Definition (3.3):

If f(Xx.,X5,...,X,)= 0, then the non-linear integral equation (3.1) idechl

homogenous, otherwise it is non-homogenous.

Definition (3.4):
If h(X;,X,,...,X, )= 0.then the non-linear integral equation (3.1) isidai

be equation of the first kind.

Definition (3.5):

If h(X;,X,,...,X, )= 1then the non-linear integral equation (3.1) isl¢aibe

equation of the second kind.

Definition (3.6):

The standard multi-dimensional non-linear integrgbation (3.1) is called

the standard multi-dimensional Fredholm non-lingaegral equation if the

upper limits of the integration§,(x) =f;,, where 3, is a constant for each

j=1,2,...,m such tha[Bj 20;. Therefore, the integral equations:

Bm Bm—l Bl

(X Xrr X)) = A [ o] KOG XG0 %018 08 1@ UES 5.8 )ds DS g (3
OmOm-1 01
and
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U(Xy s X yeens X0 )= F (X, X ey X
Bm Pm-1

B1
Mo o KOG X X0 2§08 e JUES S oS B AdS (3.4)

OmOm-1 01

represent the standard multi-dimensional Fredhah@al integral equations of

the first and second kind respectively. On the oktasd, the integral equations:

BmBm-1 B1

FXp X X)) T A [ o] KOG G0 %0 1$ 48 seeen 2US 5. S ))dS S ds (3.
Omdm-1 01

and

U(Xy s Xoyeens X0 )= F (X, Xy ey X
BmBm-1 Bz

Mo o KOG X X0 2548 e UGS 5S 1S S-S, (3.6)

OmOm-1 01

represent the standard multi-dimensional Fredhamlmear integral equations

of the first and second kind respectively.

Definition (3.7):

The standard multi-dimensional non-linear integrgliation (3.1) is called

Volterra integral equation whey(x;) =x;, for somej=1,2,...,m therefore the

integral equations:

Brn(m)Bm-fxmi1 Bix1
XX X)=A [ [ [ KOGK %0808 e )US 5S)dSdS A (3

Om Om-1 ai

and

U(X s Xgyerer X )= F(Xs X ey X JF
Bm(Xm)Bm-1xm-2 B{x1]
A [ | K4 X0 %0 1858 1@ UGS 68 1oy S AdS, (3.8

Om Om-1 a1

60



Chapter Three The Multi-Dimensial Integral Equations

represent the standard multi-dimensional Voltemeadr integral equations of the

first and second kind respectively. On the otherdhahe integral equations:

Bn(XmBm-1xm1 Bix1
(X X)=A [ [ [ KX %0,$ 08 s US5S)dSds dg (3

Om Om-1 ai

and

Xy X e X )= T (X X 0 X I
Bn(Xm)Bm-1xm-2  BAx1
A [ | KXo X0 1§08 v SUES 3S oS HHES,.dS, (3.1C

Om Om-1 aj

represent the standard multi-dimensional Voltema-linear integral equations of

the first and second kinds respectively.

Definition (3.8):

If the kernel in the integral equation (3.2) depemhly on the difference
KX =S, %= S, .. %~ §, that is K(X;,X5,..,%,,5:5 »-SF KGE S.X S .,pf
then the integral equation is said to be the stahdaulti-dimensional integral

equation of convolution type and it takes the form:

NG X e X JUOG X e Xy FTOGC % 0 T
BmXm)Bm-1xm2  B{x1
A e KX TS % TS X § UG S s s gs 6817

Om Om-1 ai

Definition (3.9):

The kernelk(x;,x,,....,X.,,S,S$ ,...5 IS said to be symmetric, if it has the

property K(X;,X,,--,%,5,S -5 F KE &S 1.5 31X X, X.) @and it said to be anti-
symmetric, if it has the propert(x;,X,,....X,,5,8 »-+8 F— KES &S 1S XX, X. -
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Definition (3.10):

The kernelk(x,,X5,....,X1,S S ,...§ IS said to be separable or degenerate

1 \mo

kernel if it is of the form:

K(X{,X5,e0s X 1S5S 500§ #Zp: A (X X s D[S 2SS
=1

where p is finite.

3.2 Classification of The Generalized Multi-Dimensionaintegral

Equations

As seen before the standard multi-dimensional nadlegquations contain
only one multi-dimensional integral operator.
In this section, we extend the previous classificatto include the

generalized multi-dimensional integral equations.

We start this section by the following definitiofhis definition is based on

the idea that appeared in [1] and it is a genextatim of definition (1.11).

Definition (3.11):

The generalized multi-dimensional non-linear ing¢gquation is an integral

equation of the form:

(XX U % %y 310G % ey 3
n  BmGm)Bim-1xm-2  Bixx2

%:Ai | [ | KX Xy 1§08 1oeen® S 5S 1oyS S, 0S,, (3.12)

Qim Oim-1 a1
where h and f are known functions ®f,x,,...,X., K; is a function, known as

the i-th kernel of the integral equation which Iscaknown for each i=1,2,...,n,

B, is a known function ok, for each i=1,2,...,n and j=1,2,...,m, is a known
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constant for each i=1,2,...,n and j=1,2,...,A,is a scalar parameter for each

I=1,2,...,n and u is the unknown function that mwsdetermined.

Definition (3.12):

The generalized multi-dimensional integral equatstermed to be linear if

it takes the form:

N0 Xg e X UG X e FFOC X 000 F
n  BmOCm)Bim-1xm-2  Bifx2
;Ai | [ | K% %1805 1oy JUS,S 1S JaBMdS, (3.1

Oim Oim-1 ai1
where h, ff;,a;, and\ are defined previouslyk; is a known function of

X1,X2,. Xy 13 :52,-.-,5p for each i=1,2,...,n and u is the unknown functtbat

must be determined.

Remarks (3.1):
(1) If f(Xy, X5, X,)= 0, then the non-linear integral equation (3.12) ideda

homogenous, otherwise it is non-homogenous.
(2) If h(X;,X5,...,%,)=0(orh(% ,% ,....,% ¥ 1lthen the non-linear integral

equation (3.12) is said to be equation of the kst (or of the second kind).

Definition (3.13):
The generalized multi-dimensional non-linear inggequation (3.12) is

called Fredholm if3; (x) =f3;, wheref3; is a known constant such th@t = a;

for each i=1,2,...,n and j=1,2,...,m. Therefore, thegnal equations:

n  BmBma By
FX X X)Z DA | | o] K (K% 1%y 1§08 1o U §)dg A g (3

i O Gima i

and
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U(X s X oo Xy )= TG, X ey X
n BimBm-1 B
DA | o [ KOG X ey 1§45 1eeer ULS 5S 1S JS,ddS, (3.1%

=l ojmaima ap
where Jrlq_in{O(ij} <X | sr?_ax{ﬁj}, ]=1,2,....,m, represent the generalized multi-
dimensional Fredholm linear integral equations loé first and second kind
respectively. On the other hand, the integral eqoat

n  BmBma By
FXpXarn X)) =D [ e[ K% 00Xy 1508 oS USH-0S,))dg A . dg (3]

i gjmoim  oj
and

U(X s X yeees X0 )= FOX Xy X J
n  BmBm-1 B

;xi [ ] K00 % Xy 1848 sn ULS2S 1oy IS,..dS,, (3.17

OimQim-1 Qi1
where ]rpin{aij} <x; smax{f}, j=1,2,...,m, represent the n-generalize multi-
<i<n I<ign
dimensional Fredholm non-linear integral equatiohthe first and second kind

respectively.

Definition (3.14):

The generalized multi-dimensional non-linear inggequation (3.12) is

called Volterra integral equation whe)(x;) =x;, for some ji}{1,2,...,m}and
i=1,2,...,n, therefore the integral equations:

n  Bmm)Bmaxm2  Bidxa
f(xl,xz,...,xm):—Zl:)\i [ ] ] KOXX $.5 oS JUS,S 1S JES.SH
:;J Om  CGim4 il
BmOm) Bim-a(md B 050) X B-105-0)B.00)
T T e T T T KO $.8 s S e JdSGS g (3
Gim  Cim4 dia % % @&
and
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UK e 0 7 T OG0

n  BmGim)BmaGim-D B

A | [ e | KXy $.5 S US,S 1S YSTS S
i7 Qim Qim-1 Qi1

BmCm)Bim-axm-2 Fi20540) %) B109-0) B ()

N T T LT T KOty 5505 UG § o )SES S

Qim Qim-1 dja G G4 q1

where X; 2]r_nin{0(ij}, j=1,2,...,m, represent the generalized multi-dimenal
<I<n

Volterra linear integral equations of the first asgtond kind respectively. On the
other hand, the integral equations:

n  BmmBmaxmd  Bigx3
(XX = IN | | o | KRy .8 s UGS 1y SSRS,. St

S o T 01
14

BmOem B0 Fia0a) X B4040)109)
N o T T T ] k%$.8 s8-8 )dSs s 3

Om  Om- o4 G Gz @

and

U, e X 7 FOG X000 0 I
n  BmGimBmakim)  Balxj)

2 wo | KROEK X 1808 S 1 USHS 1S NS s
::] Qim Oim-1 Qi

BmCmBm-axm-) A-a054) X f4.09-0)B10q)
N T o] o T ] ] KXy 808 e US S 1S SAS o dS

Qim Oim-1 Oij¢ G G4 G

here szjr_nin{aij}, j=1,2,...,m, represent the generalized multi-dimenai
<I<n

Volterra non-linear integral equations of the faisid second kind respectively.

Definition (3.15):
If the kernelk; in the integral equation (3.13) depends only ondifference

(% =8.% =S, § that ISk (4, X0 %188 08 F KQE 8.6 S o
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then the integral equation is said to be the gdéimechmulti-dimensional integral

equation of convolution type and it takes the form:

NG X X JUOG X 1 X F o TOC X 0 X0
n BmGm)Bimaxm-2  Bixxa
DA T ] e ] K =% 8 e 8 U S S YiSS ., 08.27)

I om oima ajg

Definition (3.16):

The kernelk; (X;,X5,....,X,,S,S ,...,5 IS said to be separable or degenerate

kernel if it is of the form:
Di

Ki (X1, X000 X008 08 sees F2, B XX 4eenX JD(S5S8.,8,), I0{,2,...,n,
ji=L

where p, is finite and iD{l,Z,...,r} If each kernelk, that appeared in the

integral equation (3.15) is separable, then egonafh15) is said to be the
generalized multi-dimensional Fredholm linear imgg¢@quation with degenerate

kernels.

3.3 Numerical Methods For Solving The Standard Multi-

Dimensional Fredholm Linear Inteqgral Equations:

In this section, we generalize some of the quadeatuethods namely,
trapezoidal and Simpson's rules to solve the ndiriensional Fredholm linear

integral equations of the second kind.

3.3.1 The Trapezoidal Rule:

It is known that, the trapezoidal rule is a numarimethod used to solve the

one-dimensional integral equations, [16], [7].
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In this section, we extend the trapezoidal to sdhe multi-dimensional
Fredholm linear integral equation of the secondlkiut before that we need to

derive the trapezoidal rule for evaluating multipi¢egrals. So, for simplicity,

db
consider”f(x,y)dxdy. First we use the repeated trapezoidal rule touatal
ca

b
jf(x,y)dx by treatingy as a constant. Therefore the interval [a,b] igdsubted

a

: : . : a
into n subinterval$x;,x; ], i=0,1,...,n— 1 of equal widthh, :T such that

X; =a+ih,,i=0,1...,n. Hence

b n-1
[0k =] £x0,)+ 231063, 9)+1(%,,9)
a i=1

with the global errolE, given by

—(b- a)hz 0*f(,y)

E, = B 52 a<p<b
Thus
j j f(x, y)dxdy~—{ [ f(xo, y)dy+ 22 j f(x;,y)dy+ j f (% y)dy} (3.23
ca i=1l ¢

The repeated trapezoidal rule is now employed @h @#tegral that appeared in
the integral equation (3.23). So, assume thatritezval [c,d] is subdivided into
m subinterval [y, y;,], ]=0,1,...,m- Iof equal widthh, =d_r;c such that

y;=c+jh,, j=0,1,..,m Hence

hy
jf(xo,y>dy~— f(xo,yo)+2zf(xo, )+f(XoYm
=

with the global erroiE, given by
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~(d=-¢),20% (X0, &)
E,= h , c<¢&n<d
0 12 y ayz EO

h,
If(X.,y)dy~—{f(X.,yo)+22f(X.,yJ)+f(>9 ym)}, 1=12,...,n-

=1
with the global erroig; given by

—(d-¢)

_ zazf(xi,Ei)
TR R

oy

, c<§ <d, i=12,..,r

and

h m-1
jf(xn,y)dy~—{f(xn,yo)+22f(xn,y,)+f(xn,ym>}

=

with the global errolE,, given by

g =~(@-9)p 0°f (X,.€0)

, C<¢,<d
12 y ayZ En

By substituting these values of integrals into eigua(3.23), one can have

m-1 n-1
j jf(x y)dxdy= Xh{f(xo,yomz f(xo Y+ f(XoYm) + 22 F(Xi,Yo) +

ca j:1 i=l

n-1m-1
4ZZf(X|,y,)+22f(>ﬂ ym)+f(><n,yo)+ZZf(Xn,yJ)”(Xn,ym)}
i=l j=1
with the global error E given by

= h 3B ijlady

(0I C) hiazf(xo,io) (d- C)mrﬁZazf(x"E) (d- C)*} 60%(&“5)

(b-a) - 02f(uyo) af(uy,) hy % (W Yom) (d ©) 04f(u€)
12 K 2 hy,zl 2 ox® hi
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d o n-192f 0°f
_( c) hi{ S;oao) § ga) gysqzn)}

(b-a) o, [o%(uyo) , m'lazf(uyj) L P Ym) (b—a)(d— C)o 20" FUE)
i P9 00, e g L

wherec<§& <d.

Now, consider the two-dimensional Fredholm linedegral equation of the
second kind:

u(x,y)=f(x,y)+)\ﬁk(x,y,s,t)u(s,t)dsdt, 4 X by d (3.24)

By subdividing the intervals [a,b] and [c,d] intcand m subintervals, such that

x;=a+ih ,i=01..,nandy= ¢ o 3 01,..,, where h, =¥ and

h, =d_r;c and by replacing the integral term that appeandtie right hand side

of the above equation by the repeated trapezaidkalone can get

n hy [ k(x,y,a,c)u(a,cr k(x,y,a,d)u(a,e) k(x,ydu(b,cx

n-1m-1

k(x,y,b,d)u(b, d}+)\ h hY > kixy,

121 p=1

h n-1
{.Z[ K(XFnO)U(S ,CF

K%Y, QUG A ST Ky, 2t U@, tHk(x,y,b,t Ju(b, )]}

p=1
By substitutingx = x; and Y=Y, 1=0,1,...,n, j=0,1,...,m in the above equation
one can have

ulx, ¥ )=f0%.y )+Ah§?[k(>$ y.acu@ck kix;y,adu@s) kx,ycu(b,cx

n—1nm-1

KOG,y b, d)ulbd]+A D> kX y,S,t ues, t+)Ah*m{Zl[ k(.Y S ,Qu(stc)

1= p=1

K,3,.5 U > | KX,y o U@t KX,y bt )u(p,t]} = DN, FOL..!
=1
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By evaluating the above equation at each i=0,1,anghj=0,1,...,m, one can get

a system of(n+1)x(m+1) linear equations with(n +1) x(m+1) unknowns
{u(x;,y})} 2 j=o- This system can be written as

AU=F (3.25)

where A is the matrix of the coefficients defingd b
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U is the matrix of solutions and F is the matrixioh-homogeneous part, defined

by

Ug,o fo.0
Ui o f1o
un,O fn,O
Ug1 foa1
Ug g f11
u=| : and F=| : (3.27)
un,l fn,l
uO,m me
u1,m fl,m
un,m fn,m

_ _ 0p — _hshy
Here u; ; = u (% Y ),fi,j —f(xi,yj), ki'j =k(Xi,Yj S b ) Zip —Tw(xg,yp),
,/=0,1,...,n jp=0,1,..,mand the values of(x,,y,) are given in table (3.1).
Therefore the approximated squtim{us(xi,yj)}i”;r(?’j=o can be obtained from
U=A"F.

Table (3.1) represent the values of yy¥ i=0,1,...,n, j=0,1,...,m, for the trapezoidal rule

w(X,Y;) Yo Y1 Yo Ym-2 Ym-1 Ym
Xo 1 2 1
X1 2 4 2
X2 2 2
Xn-2 2 2
Xn-1 2 2
Xn 2 1
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To illustrate this method, consider the followingemple:

Example (3.1):
Consider the two-dimensional Fredholm linear indkgquation of second
kind:

1 17 f
U Y)= ¢ =2 (k) =+ [ [ (x+ y+ s+ (s, Hdsd
00

We solve this example numerically with the repedtadezoidal rule. To do this,

first we subdivide the interval [0,1] into 10 sutd@rvals such that

X; =1|—O, 1=0,1,...,1C Also, by subdividing the interval [0,1] into 1Qlsntervals

such thaty =i, j=0,1,...,10Then the above integral equation becomes:
110

1 17 1
u; =yj>ﬁ2—6(>s ry)-= O([(x Y o FOXHY F DYy + (X +y + Do +
9

+ —
22 4
1 9 1 (2
(X +Y + DUgyo |[F =D D (K + Y+ % + YU gt =3 DT X+ Y+ X U o+
100(:1 p:]_ 200 /=1

9
(X +y; +X, +1)U/4,10} +Z|:(Xi Ty Yt Oy 1 %)Ulo,p}}

p=1

By evaluating the above equation at each i,j=0,10.gne can get the solutions
of {u(xi Y, )}il(:(')l?zo , Which tabulated in the appendix (see program )3.1)
Second, we subdivide the interval [0,1] into 20 istdyvals such that

X; =$, 1=0,1,...,20 Also, by subdividing the interval [0,1] into 20ksatervals

such thaty. :i, ]=0,1,...,20Then the above integral equation becomes:
120
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U =Y, % ——(x y)—?2+ 160(£(>$+y)lao (XY DYy + (X+ Y+ Dby +

19 19

(X +Y, +2)Lbozo OZZ(X TYitX% +yp)w,p+% Z|:XI +Y+X%)ot
= =1

=
(X +y; +X, +1)Uf,20] +Z[ G+ Y+ ¥ )pp+ (5 +y +1+ yp)u20,p:|}
p=1

By evaluating the above equation at each i,j=0,20.gne can get the solutions
20,20 : : :

of {u(xi Y )}izo =0 which tabulated in the appendix (see program )3.1)

Third, we subdivide the interval [0,1] into 30 sot@rvals such that

X =3|—O, 1=0,1,...,30 Also, by subdividing the interval [0,1] into 20tsatervals

such thaty. =i, ]=0,1,...,20Then the above integral equation becomes:
120

Ui ; :yﬂﬂ __()ﬁ "'Y)‘?Z"'% (X +Y)o +OX+Y +DYy + (X+ Y+ Do+

29 19

1
ZZ(X +yj+X1/ +yp)uﬂp

+
6005 Do Z[x i+ X o+

(X +y; + 2)“30,20]

19
(X +y; +X, +1)Uz,2o} +Z[ G+ Y+ ), t (5 + Y +1+ yp)u30,p]}

p=1
By evaluating the above equation at each i=0,10..a)3d each j=0,1,...,20 one
can get the solutions (§1'u(xI Y )}30 2]_0: , Which tabulated in the appendix (see
program (3.1)).

Fourth, we subdivide the x-interval [0,1] into 20da40 subintervals and we

subdivide the y-interval [0,1] into 30 and 40 submals respectively and by

following the same previous steps one can getdbalts that can be tabulated.

Some of these results are tabulated down.
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Table (3.2) represent the least square error famgke (3.1) by running program (3.1) for some galu

of n and m at specific points

Nodes n=20 n=30 n=20 n=40
(x,y) m=20 m=20 m=30 m=40
(0,0) -0.000833 -0.000857| -0.000857 -0.0009

(0.1,0.1) -0.000237 | 0.000242 0.000242 0.000298
(0.2,0.2) 0.0063584| 0.006421 0.006421 0.00667
(0.3,0.3) 0.0249544| 0.025436 0.025436 0.02756
(0.4,0.4) 0.0615503| 0.062332 0.062332 0.06435
(0.5,0.5) 0.1221462| 0.122437 0.122437 0.12432
(0.6,0.6) 0.2127421 0.21282 0.21282 0.21453
(0.7,0.7) 0.3393380| 0.34118 0.34118 0.35776
(0.8,0.8) 0.5079339 0.51243 0.51243 0.52567
(0.9,0.9) 0.7245299 0.73287 0.73287 0.74923
(1,1) 0.9951258 0.99667 0.99667 0.99970

3.3.2 Simpson's 1/3 Rule:
Like the trapezoidal rule, Simpson's 1/3 rule soa numerical method used

to solve the one-dimensional integral equationis,[17].
In this section, we extend Simpson's 1/3 rule teesthe multi-dimensional
Fredholm linear integral equation of the secondikbut before that we need to

derive Simpson's 1/3 rule for evaluating multipiéegrals. So, for simplicity,

db
consider”f(x, y)dxdy. First we use the repeated Simpson's 1/3 ruledtuate

ca

b
If (x,y)dx by treating y as a constant. Therefore the intdes8] is subdivided
a
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into n subinterval$x;,x; 41, 1=0,1,...,n—10of equal widthh, :B such that n
n

is an even positive integer ang=a+ih, i=0,1,2,...,r. Hence,

n nl

jf(x y)dx~h— f(Xo, >+4zf(x2. N2 (0 )+ ()

i=l

with the global erroiE, given by

_—(b-2),,0*1(y)

E
X 180 ox*

, a<p<k

Thus

,_1 d

db d
(T1exma="s [0y 25 00y 2 o e 165000 @20

I'ic I'ic

N\:

The repeated Simpson's 1/3 rule is now employeckawh integral in the

integral equation (3.28). So, assume that thevatdc, d] is subdivided into m

subintervals [y, ¥;4], J=0,1,...,m- Iof equal widthh, :d_r;c such that m is

an even positive integer and =c+ jh,, j=0,1,...,m. Hence

m ml

h,
jf(xO y)dy~— f(X01Yo) +4Zf(xO y2r1)+22 f(XaY2)+T(XoY )

=

with the global erroE, given by

Eo — _(d_C)h4 a41:()(0’60) ’ C<Eo< d

180 ¥ oy’
jf(XZi—l’Y)dy:Ey f(X20Y0) +4zf(X2|—1 Yord * ZZ FX o0 Y 2) H T (X 52y )
c =
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wherei =1,2,.. 2 with the global erroE,;_; given by

~(d-¢),4 0*f (X511, €511 .
T hy ;yl 2 <&, < d, i=1,2,..,h

m1

J.f(xzuy)d :_y f(X2|’y0)+4Zf(X2|’y21 1)+zzf(X2|’y21)+f(X2|vym)
3

wherei =1, 2,. g— 1 with the global erroE,; given by

—~(d—=c) 4 0% (Xy, &) .

E, = h e c<E, < d, I=12,..] -
2i 180 Yy ay4 EZ ( h?

and

h m m 4
J.f(xn1y)dy~_ 1:(Xn’yO) +4zf(xn’y21—]) + 22 f(X n’y21)+ f(X n’y n*)

=1

with the global erroE,, given by

_ _ 4
E = (b a)h;l/a f(xn4,En),
180 oy
By substituting these values of the integrals thiintegral equation (3.28), one

c<¢,<d

can have

db h, h > T

Hf(X’Y)dXdY" f(Xo,¥0) * 4zf(xo’Y2r1)+ 22 f(Xo Yot T(Xo Y m)t
ca =

n n

n m n m
AL nm,
2 2 2 2 2 2
4Zf(><2i-1,yo) +1 sz(x2i—1!y2j—1)+ 82 Z f(X2F1'y2j)+ 42 f(Xor 1, Ym)*
i=1 i= = i=

i=1 j=1

77



Chapter Three The Multi-Dimensial Integral Equations

n. o Ty 1
2 2 2
sz(xa ’yO) +8zzf(X2|'y21—1) + 42 z f(xzi’y2j)+ 22 f()(2i’ym)+ f(Xn,y0)+
i=l j=1 i=l j= i=l

m m,

2 2
4zf(xn’y2j—1) + 22 1:(Xn’ij) + f(Xn'ym)
j=

I

Now, consider the two-dimensional Fredholm linedegral equation of the
second kind (3.24):

u(x,y):f(x,y)+)\Tfk(x,y,s,t)u(s,t)dsdt, 8 ¥ b ¥

By subdividing the intervals [a,b] and [c,d] into and m such that

x,=a+ih ,i=0,1..,nandy= ¢ jr ,3 0,1,...,iwhere hxz?l and

h, = d; where n and nare even positive integers. Then by replacing the
m
integral term that appeared in the right hand sidlthe above equation by the

repeated Simpson's 1/3 rule, one can get

u(x,y)=~f(x,y)+ )\%[ k(x,y,a,c)u(a,cr k(x,y,a,d)a(d)+ k(x,y,b,c)u(b,cy

Ny

k(x,y,b,d)u(b,d)- iZ[ k(x,y,5 Cugs ,8) k(x,%s ,d)y(s }e)

m, n

222 [ k(x.y,a,b, )u@s, ¥ k(x.y.bg, ulbd, )+ i[ K(X, 851, C)U(g,-1 ,CF
-} =1

m

K(X,Y, S, d)U($-1 ’Ci)"' i‘,[ KOG Y agh s U(@gh 1 1) KX Yy, Ju(d,t 5, ﬂ"‘

p=1

8izz:k(xiy’§e—1’t2p)u(%—1’t2p BZZ:i k(X,¥, 3, 1)U 41D

=1 p=1 =1 p=1

485 $ ks, 15U 5 185 Kooy ss i UE 3 o)
=1 p=1

0=

;_\

p=1

78



Chapter Three The Multi-Dimensial Integral Equations

By substitutingx = x; andy =y;, i=0,1,...,n, j=0,1,...,m one can have

h.h
u(x;, )= (%, )+ A XQY{k(x,x,ﬁ GG & ¥ KEK.Y S o JUES ot B

n

K%, Y;08 6)UG 8 ) KO Y 8 o UG b 3 Z[ KX Y55 ot Jufs o)

KOG Y308 ot UGS, o )+ B[ KOCY S b DU6Sta,) + KX, Y5,y UGS, 18, )+

p=1

D

NSIERN NNE

:k(Xi Y0 b U b KOGLY bs-r b UGy o })"'

A5 [K00Y, 9 by JUE by I KOS Y5 s UGS

BZZK(Xi’y]‘@/—l’tzp JUSy g0 top) + 8ZZ|<(Xi,yj,~°z/ b )UES b 1 )
=1 p=1 /=1 p=1

4221221k(xi,yj,s25,5p>u@ ,wlilil KLY S dos UGE L oy o))
=1 p= =1 p=

where i= 0,1,...,n and j=0,1,...,m. By evaluating tHeowe equation at each

i=0,1,...,n and j=0,1,...,m one can get a system gh+1)x(m+1) linear

equations with(n +1) x (m +1) unknowns{u(x;,y;)}{Zg =0 -This system can be
written as equation (3.25), where A is the matrixcoefficients defined by
equation (3.26), U is the matrix of solutions andisFthe matrix of non-

homogeneous part defined by equation (3.27), where;; =u(x,Y ),

p h,h, _
fi; =F(xy;), ki,'j =k(x,y;.8,4) and z,, =Tw(xf,yp),|,l =0,1,...,n
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Jp=0,1,....,m andthevaluesw(x,,y,) is given by table (3.2). Therefore the

approximated solutionfu(x;,y;)} g ;-o can be obtained from UK.

Table (3.3)epresent the values dN(Xf , yp) , £=0,1,...,n, p=0,1,...,m for the Simpson's 1/3 rule.

WX, Yp) | Yo | Y1 | Y2 Ys | =+ | Ym3 | Ym2 | Ym1 | Ym
Xq 1 4 2 4 | ... 4 2 4 1
X1 4 16 8 16| ... | 16 8 16 4
X; 2 8 4 8 | ... 8 4 8 2
X3 4 16 8 16| ... | 16 8 16 4
Xn-3 4 16 8 16| ... | 16 8 16 4
Xn-2 2 8 4 8 8 4 8
Xn-1 4 16 8 16| ... | 16 8 16 4
Xn 1 4 2 4 4 2 4 1

To illustrate this method, consider the followikexxpmple:

Example (3.2)

Consider the two-dimensional linear Fredholm iné&grguation of second
kind:

u(x,y)=e" + (1- é )(x+ y)lrﬁ (sx+ ty)u(s,t)ds

We solve this example numerically with the repedeadpson's 1/3 rule. To do
this, first we subdivide the interval [0,1] into 1€ubintervals such that
X; =i), 1=0,1,...,1C Also, by subdividing the interval [0,1] into 1Qlsntervals

such thaty =l, j=0,1,...,10 Then the above integral equation becomes
110
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a*y 1 2
;=€ + (1= é)(x+ yﬁﬁ[ Yo+ Xthot (X* Y )i+ Z;[ % XY ot
=
4 5
(XgpX; + yj')uzf,,lo] + 22[ YapY Uoopt (Xi+ y2pyj)u10,2p;| + [ Xp XlUp 14
p:]_ (=1

5
(XgpgXi + yj)u2€—1,10:| + 42[ Yop Y Hozp it (Xit Yo ¥ YU 10,2-p1+
p=1

5 4 4 5
8D D (XyaX; + YapY MUz-12pt > (Xyx;+ Yop Y Uz 2p it

/=1 p=1 /=1p=1
4 4 5 5

432 (Ko X; + YoYUy 25+ 160 3 (Xa 1 Xi+ ¥ 1Y) L&f—l,zpl}
(=1p=1 (=1p=1

By evaluating the above equation at each i,j=0,10.gne can get the solutions
of {u(xi Y, )}il(:(')l'?zo , which tabulated in the appendix (see program )3.2)
Second, we subdivide the interval [0,1] into 20 istdyvals such that
X; =%), 1=0,1,...,20 Also, by subdividing the interval [0,1] into 20ksntervals

such thaty. =i, ]=0,1,...,20Then the above integral equation becomes:
120

Xj 1Yi 1 9
Uy =€+ (1= @)0ct Y o] Yo+ Xbot (K% Y Dtbaot 2 % XY ot
=
9 10
(Xo0X; +y1)uzz,2o] + 22;[ YopY Uo2pt (Xi+ y2pyj)u20,2[;' + ZE;[ Xp XUp 1
p= =

10
(XgpX + yj)u2/—l,20:| + 42[ Yop Y Moom +(X; + y2p—1yj)u20,2p-l:| +
p=1

10 9 9 10
8> > (XyX; + YopY Mo—12pF > (Xy X+ Yoo ¥ )Up 2p i
=lp=1 =lp=1
9 9 10 10
4> > (X% + YopY)Uz 2pt 16)D . (Xg- 1%+ Yop 1Y) Up- 120 J
(=1p=1 (=11
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By evaluating the above equation at each i,j=0,20.0ne can get the solutions
20,20 : : :

of {u(xi Y )}izo =0 which tabulated in the appendix (see program (3.2)

Third, we subdivide the interval [0,1] into 30 sota@rvals such that

X; =3I—O, 1=0,1,...,30 Also, by subdividing the interval [0,1] into 20tsatervals

such thaty, = 0, ]=0,1,...,20Then the above integral equation becomes:

Ly 14
u; =€+ (1- &) (x+ y ¥ O[yblzo+ Xthot (X+ Y )ehaot %[ % XY ot

540

9
(Xg0X; + yj)u2ﬁ,,20:| + 22[ YapYUo 2pt (Xi+ y2pyj)u30,2[;| + ZE[ Xp XUp 14
=1

p=1

10
(Xgp_pX; + yj')uzz—l,zo] + 42[ Yop Y Mozps + (Xi +Yap-1Y )Uz0 2 1:| +

p=1
14 10
822()(2/—1)( +Yo,Y)Ugog 2pt >, (Xpx+ Yop ¥ YUz 2p it
£—1p=1 =L p1
15 10
42;21()(25)( + Yo, YUy 2pt 16;121()(2 12Xit Yap 1Y DUz 12p ]
=1p= =

By evaluating the above equation at each i=0,10..a)3d each j=0,1,...,20 one
30,20 . : :
can get the solutions ({ﬁ.l(xi Y )}i=0 =0 which tabulated in the appendix (see

program (3.2)).

Fourth, we subdivide the x-interval [0,1] into 28da40 subintervals and we
subdivide the y-interval [0,1] into 30 and 40 submals respectively and by
following the same previous steps one can getdbalts that can be tabulated.

Some of these results are tabulated down.
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Table (3.4) represents the numerical solutiorsxaimple (2.3), by running program (2.3) for sorakigs

of n and m at specific points

Nodes n=20 n=30 n=20 n=40
(x,y) m=20 m=20 m=30 m=40
(0,0) 1.000000 | 1.000000 | 1.000000 [ 1.000000

(0.1,0.1) 1.221406| 1.22275 1.22275 1.22367
(0.2,0.2) 1.491832| 1.49762 1.49762 1.52732
(0.3,0.3) 1.822130| 1.83289 1.83289 1.85371
(0.4,0.4) 2.225557| 2.22678 2.22678 2.22893
(0.5,0.5) 2.718302| 2.72735 2.72735 2.75631
(0.6,0.6) 3.320141| 3.32296 3.32296 3.32819
(0.7,0.7) | 4.055228| 4.06186 4.06186 | 4.06326
(0.8,0.8) | 4.953064| 4.95604 4.95604 4.95629
(0.9,0.9) 6.049683| 6.04983 6.04983 6.05196
(1,1) 7.389096 | 7.39462 7.39462 7.39591

Remarks (3.2):
(1) The previous methods can also used to solve theergkzed multi-

dimensional linear Fredholm integral equationshef$econd kind.

(2) Like Simpson's 1/3 rule, Simpson's 3/8 rule camals® used to solve the
standard multi-dimensional linear Fredholm integ@liations of the second
kind.

3.4 Modified Trapezoid Method For Solving The Multi-Diensional

Integral Equations

In this section, we modify some numerical methodsely, the trapezoidal
rule to solve special types of the multi-dimenslaongegral equations namely, the

two-dimensional Fredholm linear integral equatiohthe second kind.
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But before that, we must generalize the modifigebeged trapezoidal rule to

db
evaluate the multiple integralﬂf(x,y)dxdy. To do this; first, we use the

ca

b
modified repeated trapezoidal rule to evaluﬁfeéx,y)dx by treatingy as a
a

constant. Therefore the interval [a,b] is subdididieto n subintervalfx;,x; 4],

i=0,1,...,n— 1 of equal widthh, :Ta such thatx; =a+ ih, ,i=0,1...,n

Hence

hzaf(a,y)__l‘?af(b,y)d
12 0X 12 0 X

Hf(x y)dxdy= J f(a y)+—f(b y)* hZ fOx )+

with the global error E given by

_-h*a*(n.y)
* 720 ox*

Then, we use the modified repeated trapezoidal taukevaluate all the integral

, a<n<b

terms that appeared in the above equation. Somasthat the interval [c,d] is
subdivided into m subintervaly, y;,,], j=0,1,...,m- 1of equal widthh, :d_r;c

such thaty, =c+ jh,, j=0,1,...,m, to get

I of(a,c) I af(a,d)

d
{f(a,y)dy~—f(a c)+—f(a d) DZ fayr; oy 12 dy

with the global error Egiven by

S5 a4
Eoz_ y 0 f(a!CO)’ C<C0<d
720 oy*

5 of(b,c) I af(b,d)

d
oy y
{f(b,Y)dY~ f(b,c)+— f(bd)”bzf(b 12 oy 12 oy

with the global error Egiven by
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5 24
oMy o f(b;cn), c<c <d
720 oy

Tf(xi,Y)dy f(X,,C)+ yf(xl,d)+h/2f()§ y )+ rﬁ@f(xl,c) I'ljaf(xi,d)

12 0y 12 0y

with the global error Egiven by

5 4
LA RS
720 9y

while i=1,2....n-1,

d h h m-19f(a,
Iaf(a,y)dy:_yaf(a,c)Jr_yaf(a,d) h Z ( y)
. OX 2 0X 2 0Xx

92 f(a,c) 1 9° f(a,d

0X 12 oyx 12 09X
with the global error Egiven by

5 15 0
Eome hy o f(a,cl), c<d<d
720 dy“*ox

and

d m-1 .
Iaf(b,y)dy:&af(b,c)Jr&af(b,ol)Jrh of (b, y,
. OX 20X 20X Y

)+jazf(b,c)_jazf(b,d}
@ 0 12 0yx 12 09X

with the global error E given by

5 15 O
Eomm hy o f(a,c1)1 c<dd<d
720 oy“*ox

Therefore

jjf(x y)dxdy = hxhyf(a o)+ = , W f(a,dp =L

ca

LR h §of(a,c)
£ ey e
h,hZ of (a, d), hxm hy m-1 h Bof(b,c)
24 oy f(b,c)+—2 f(bd)+ 5 gf(b,yj)+ 24 0y

2 n-1m-1
2}“@” mmZHm®+nQZHm®+mmZZnyﬁ

i=1 j=1

85



Chapter Three The Multi-Dimensial Integral Equations

hyzaf(x.,c) hf5ia0s.d), Thafac), Thofad, g fay)
12 5 oy 12 7 0y 24 0y 24 0 X 1275 0 x
hihy 0%f(a,c) M H a%f(a,d) Hh af(b,c) Kb af(bd)
(12¢ oyox  (12f dyox 24  0x 24 09X
hihy wof(byy;) KK % (b.c) , 1 If 9% (b,d)

12 % ox (12 ayox  (12¥ ayox

with the global error E given by

= _hhi[o'fag) , o'k, _w”z-la“f(xi,ci)_ tH[o% @ a%(ba)]
1440 oy* oy’ 72017 oy* 764D oyox oy Bx

hih, {64f(r],c) . 64f(r],d)} _KBhmiotty) i ff£a5f(q,c) L% d)} .

1440  ox* ox* 720,§1 ox* 7640 oyox>  oyox*

hzhy % (n.9Q
518400 dy*dx* '

c<c<d

Now, consider the two-dimensional Fredholm linedegral equation of the
second kind given by equation (3.24). To solve thiegral equation via the
modified repeated trapezoidal rule we subdivideithervals [a,b] and [c,d] into

n and m subintervals such that=a+ih, andy,=c+ jh, for each i=0,1,...,n

and j=0,1,...,m. In this cash, :b_r—]a and h, =d_r;c. By approximating the

inner integral term that appeared in the right hsidd of equation (3.24), one can
get

u(x,y):f(x,y)+h—2"Tk(x,y,a,t)u(a,t)dtr&f k(x,y,b,t)u(b,t)dt

dn-1 h2 2ok(x,y,a,t) e ¢ au(a 0 4
h {%k(x V.S b us t)dtrlij u@,t 2[ K(X,y,ast)
h2 2ok(x, y,b,t) au(b t)
12I S u(b, t)dt- 2£k(, y, bf)———dt
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Again, we use the modified repeated trapezoida tolevaluate all the integrals
that appeared in the above equation to get

u(x,y):f(x,y)+h—2{h—2yk(x,y,a,c)u(a,c)-& k(x,y,a,d)u(a,d)
hy ak(x,y,a,c) hy u(a,c)
12 at @, k(x’y’a’gW

:2 W) u(a,d)- hy k(x y,a, d)ﬂ)} {hyzk(x,y,b,c)u(b,cy-

hymz__“lk(x,y,a,g u@,f r =

h m-1 h
D kb aubar B3 Kexy.byt ulbyt 3 1t 2SO
p_

h2 du(b,c) 2 ak(x,y,b,d) 1% u(b,d
Zk(xybe LI DD (o, a2 K(x,y.b,df-50 N+
xyb.o)— = o vl dr kixy Jt

u(b, e)

h
h Z{ —2k(x,y,s ,€) U@ B+ yk(X y,s ,d)u(s ,dy DZ K(X,y,s pt ufs ,t4
hj ak(x,y.s ,0) h Qu@ ) Wa kx.y,s ),
12 't u(s”c)+ k(xw dt 12  at uis &)

h; ak(xéﬂ) u(a’C}&M)u(a,dH
S

hy ) du(s d)|, K
120 s 95 } 12{

m-19Kk(X,Y,a, 2
hY (X,y,a 'i))( af ) ffa k(x,y,a,c) u(a, )Fiia k(x,y,a,cp u(a,c)

] 0s 12 09t 12 0 s 0t
h? 62k(x y,a, d) h d k(x,y,a,dp u(a,d) h>| h (a c)
12 o9t eV 5 6t}> 1{ xy.ac
hy K(x yad)au(a d)+ QZ K(X,y ,aJ = f‘fé) k(x,y,a,cp u(a, cl

12 0t ds
&k(x’y’a’ ofu(ac)_ o k(xy.adp u@ad ' xy.a & u(a,ji)_

a9t 12 ot 0s 0 t

h?[hy dk(x.y.b,0) y Ok(x,y,b.d) Ak (x y, ,tp)
12{ 2 ds u(b.c)+ 0s u(b.dy+ @Z HEb.g )
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P R S
zzak(xays b, )3 u(b, dﬂ i Y k0,0 U0 iy af 20
h, :le k(x,Y.b.1) gbstp) TZGK(Xayt b.0)9 lg(z =4 hy kY. C)MC)

By substitutingx =x; andy=y;, i=0,1,...,n, j=0,1,...,m in the above equation

one can have

h
u(x, )= th[k(x,y,a,c) u@@cr kix,y.ad)u@d) kix,y.du(b,cx

h,
k(%;,Y; b, d)u(b, d)+—

{Z K(X .y 3t )u(ap,tﬁZ k(x,y .b.t Yu(p,t+)

n~=1lm1

Zk(x Y,,$ ,Q)u(s C}Z kG ys AU Ay T kY Spt Juls,t)r

(=1 p=1
hh[ k(% .y ,a,c) u(a,c) 9 k(x.y.ad
24 dt

0t 0t u@d
du(a,d), 9k(x.y;,b.c) u(b,c) 9k(x;,y;,b,d)
ot ot ot o0t
6 b,d n_lak(xi!y'v ’C) nl ’
K(x;,y;,b,d) ua(t )+ 2, Y s or B kix Y S ,CSLS% o).
=1

= ot

u(a,c} k(x,y ,a, c{3

k(x,y;,a,d) u(b,cj k(x,y b, c? u(b,d)-

DR

at U@.cp
/=1

) u(s ,d) }iqak(g(yac)
u@,d%ik(x,y,;,c@ ot } 24{ 5 s

u(ad) 0 k(x.,y ,b,c)
d0s

K.y 8.0) d u(a,c), ok(x.y;,a,d)
I’ 0s ds

au(b c) 0k(x;,y;,b,d) (b d),
e 3 s u(b,d)y- k(x,y, bd)—

= ok(x,yp.at ) @ )+ ZrTil KOy alp)
p=1

u@dy kx,y,.a eR u(b,e)

k(x;,y;,b

ou(at, )
0s

2y Z

= 0

O KOsy b )
5s  Ubb)-
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0 kx.y.aQuc),

2n§k(><i YD1 )au(b’tp)} + J }i [6 KOty ’a’c)u(a C
p=1

0s 144 09t 0s 0t
ok(x,y ,a,c 2 0% k(x,y ,b,d
(%, Y, )au(a’c)+k(xi,y-,a,c)a u(@.c) (.Y )u(b, o
ot ds . 09t 09t
ok(x;,y;,b,d) gu(b,d) , 0 Kx;,Y;,b,d) du(b,d) 0% u(b,d)
: + : +k i '1bld ’ -
ds ot ot SR LAy
62k(xi,yj,a,d)u o d d k(x,y ,a,dbu(a,d)_a kix,y,a,d u(a,d)
00 t ’ 0s 0t 0t 0s
2 02k(x;,V;,b,c a k(x,y ,b.c 0 kx,y ,b,c
o d)a u(a,d) 0°k(x.y, )u(b,c)- 0,y ,b,ch u(b,c) 9 kx;,¥;,b,.0au(b,c)
dtos 09t 0s 0t ot ds
2
k(xi,yj,b,c)‘%;’s’c)] i=0,1...n, ¥ 0,1..,m (32

The above system of equations consistgrof 1) x(m+1) equations with

3n+3m+nm+9 unknowns, namety,,i=0,1,...,n and j=0,1,...,m;

auio’ auim ’ i:O,l,,,,,n aqu | aunj ’ J :0’1’.“m’ azuoo’ azuno’ 62U0m and
ot ot 0s 0s 0sdot  0sot  0sdt
0°u,,
0sdt
- - OUg; OU; 2 2
To find Yo Mim j_gq o Moi M _gg 97U O%Ung
ot ot 0s 0s Jsat Jsat

0%Ug, 2Upm . . . .

n one must differentiate equation (3.24) with respex to get
osot Jsot

ou(x,y) _9f(x,y)
(604 0X

db
+A[[H(X,y.s,t)u(s,t)dsdt, & = b, £ § d (3.3
ca

ok(x,y,s,t)

whereH(x,y,s,t)= 3
X

On the other hand
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db
a“(X’Y)zaf(x’y)+)\”G(x,y,s,t)u(s,t)det, 8 2 b=yd (3¢
oy oy ca

0k(x,y,st)
oy '

where G(x,y,st) =

Therefore

9%u(x,y) _ 9*f(x,y)
oxoy oxoy

db
+A[[W(x,y,s,u(s,t)dsdt, & = b, £ ¥ d (3.

ca

32 k(x,yst)
oxoy

whereW (X,y,st) =

Next, to solve the integral equation (3.30), onesthaonsider two cases:

Case (1):

¢ 0°k(xyst)
0sotox

appeared in the right hand side of equation (3v@) the repeated modified

exists, in this case, we approximate the integhailt

trapezoid rule to obtain

ou(x,y) _ af(x y) h,
0X 0X 2

h z H(X,y,a,t, )u(@f ¥ — n, —GH(xaxt/,a ©) u(a,c}& H(x,y,a,cg lg(?,c)_

{ Y H(x,y,a,c)u(a, c)L H(x,y,a,d)u(a,d)

22 aH(Xa)t/,a d) u(a,d)- m H(X Y, ,d)ﬂ)} |: yH(X y,b,c)u(b,c)

X,Y,b,C)

h m-1 h?
_VH(x,y,b,d)u(b,d)k IQZ_: H(x,y, bt )u(bpt-bl—;aH( 3t u(b,e)

h? au(b,c)_hj a H(x,y,b,d) b u(b,d
Y H(x,y,b,c ’ b,dy—L H(x,y,b,df— "1+
oy b=y b, Hixyb.aaR
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m-1

h z{ T HXY,§ ,0) UG c} HOxy.s d) u(s 8) B HOsy.b)u(s b

p=1

hy aH(x,y.s .c) h & (% ) Wa H(xy,s ),
12 ot us - C)+ H(XW dt 12 ot us .4

2

h u(s ,d)| . §|h, 0H(x,y,a,c) h, 8 H(x,y,a,d)
12H0Y:s d)T} 12{ o s V@O o T u@dy

a u(a L)Jrffa H(x,y,a,c) u(a,cy fia H(x,y,a,cd u(a,c)
=1 S 09t 12 0d's 0t

5 0°H(x.y.a,d), L) h} 9 H(x,y,a,dp u(a,cﬁ)Jrh_i{h_

12 09t 12 0s 0t 12

(E)) t‘EOH(xyacﬁ u(a,c
+h/pz_‘1H(xy,ag, ds 12 4t asl

hy P u@.0)_ h 0 H(x,y,a,dp u(a,d) m ¢ u@d)
2 YRS 12 ot 0s vty tT

h du(a,d)
—Y H(x,y,a,d
> (x,y,a,d) 3

12| 2 0s

h2 82H(x, y, b, ), u(b.o)+ hyaH(x y,b,cp u(b,c) Waz H(x,y,b, dJ(b o-
12 09t 12 0s 0t 12 o0&t

h 9H(x,y,b,d)d u(b,d) _hZ[ h, . H(cy.bie )au(bc) n L H(x,y.b.d
12 0s ot | 12 0s

hynilH(X,y,pr) ds ) k@aH(Xybc)au(bc) kﬁ H(x ybcpu(b’c)—

h y OH(x,y.b,C) yaH(xy,bd) (y 1)
{ ————u(b,c)+ > s u(b, d)+ bp_l u(bt ¥

? (b d),

12 ot 0s 08t
h? aH(x,y,b,d)d u(b,d) hy 9 u(b,d
12 ot ds Hoy.D 45 t}
Thus
du@y)_of(ay) hJfh b
T + 2{ H(a,y;,a,c)u(a,c} 5 H(a,y ,a,d)u(a,H)

oH -
nSHay s uag o el g L ey aB20-

91



Chapter Three The Multi-Dimensial Integral Equations

:2 a H(aaz = d)u(a AT H(a dm)} {— H(a,y ,b,c)u(b,€)

dH(a,y,b,c)

yH(ayJ b,d)u(b,dy pz H(a,y .t )u(lgt) ™ u(b,€)
p=1

hy du(b,c) hjdH(y .bJ hy u(b,d)

o H@.,y, )7at TRET u(b,d)- H( Y bd)i}

h Z{ H(ay,s .c)ul c)hy H(a;y ,s .d) u(s ﬂd)yﬁ H(asy.; Ju(s .§ *

p=1

hzaH(ay $ ,C) b
2 ot &org;

2

_VH(a,yj,§ )LS’; } 'i{

Juis .0)_ [0 H@y ) )

0t 12 ot u(s .4
h, 0H(@a,y, ac) _pa H(a,y ,a,d)
2 0s ua.cr 2 0s

hmza (ay] 5) 0% Hea,y . ac)( ¥ Hy .asl(ac)
y 12 09t 12 d s 0 t

h26 H(ay.,a,d) i§ 0 H(a,y adau(ad) h2[ h Q(ac)
1_; 6sajt e e } 2{ ey 2975

H(ay e

u(@ e

u@p

hy u(a d), T ; (1), HoH@Y.adu@,),
H@.y.a.0) Dpzz‘i @y &t ds 12 at 0s

hg azu(a,c)_hyaH(a,yj,a,d)au(a,d)_ y u(a,d) _

FE I T TR S TR PR A A I

n2[h, dH(@,y, bc) pa (ay .b.d) ™10 H(a yla )

12{ 2 ds os  BAr D; Mo 7

h_iazH(a,yj,b,c)u(b’C) o H(aJy b,Qu(b,c) h;oH(a,y,, b,d) (b, )

12 09t 12 ds ot 12 09t

h dH(a,y, ,b, d)au(b d) b (b ), u(b,d)
1 5 } i H(a, bc H(a bdyi

m-1 btp) IfaH(ay bCBu(b c) g ub,c)
hng(a’yi’b“ o0s 12 ot s 12H( RS FET
hy OH(a,y ,b,dpu(b,d) 4 9% u(b,d)
2 ot os 12 NP oe (5:358)
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and
du(b,y;) _af(by) h R y
P P 2{ H(b,y;,a,c)u(a,cy 5 H(b,y ,a,d)u(a,d)
H(b,
h ZH(byj apu@t ¥ %) (a,eB—lj H(b,-y,a,%tf%’c)—

2
:2 W) @y H(b ds’“(ia)} { ™ Hb,y: ,b,c)u(b,c}

h? dH(b,y;,b,c)
dt

&H(b,yj’b’c)w_&w) u(b, d)— H(b bdg&)}

yH(b y;,b,d)u(b,dy pz H(by byt Jultyt4 u(b, &)

ot 12 0t

h Z{ H(b,y;, s, ,c) u@s C)* H(b,y .5 ,d) ufs .&) yi HB, Y, ,§ T 9ug )+

p=1

@ Hb,y ,s ,d
u(s c)+ H(by§ 3%) 162 (G{KS )(«sdi

h? du(s .d)|, §[h dH(b.y.a,0) h o Hb,y ,a,d)
1—H(b,yj, d>7:| 12| 2 aS U(a,C)+—2 aS U(a,d)'

ot
ym—laH(b Voat, ) @ )+E 92 H(b,y ,a,c)u a’c}_jwa H(by ,a,0lu(a,c)
=1 0s 12 09t 12 0s 0t
h_iazH(b,yj,a,d) lja H(by aCBu(ad

u(a,d)-
12 99t 12 ds dt

u(ad) QZ Hb.y at\ u@t), 9 Hby addu@c),
0s 12 0t d0s

hzaH(byJ S c)
12 ot

ou(a, c)

) y
}12{ H(b,y;.a 0)7

hy
E H(b!yj’

h? azu(a c) hZoH(by.a,dp u@d B 2 u(a,d
—yH b, "a,C’ : - ) =2 Hbl la'i : -
(b o9t 12 0t ds 12( Y 0 t

hz{h dH(b,y, bc) I;)d H(b,y ,b, d) m-19 H(b,jy,bpt )u(bt}
— Ao P

12| 2 0s ds u(b.dy IQZ

h2 82H(b,y; b.c) (5,0)+ I 0 H(b,y,b,cau(b,c)_ fio? Hby, bd)(IO o-
12 09t 712 0s ot 12 o0&t

h2 dH(b.y .b.d 2| h
hy ( Y, Jou(b,d) _& _VH(b,y-,b,C)m)*'& H(b’Y ,b,d
12 0s ot 12 | Is 2

4 (b d),
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hZH(b bE)T £aHb.Y b.chub,o), 62H(b’¥’b,cm:)_

12 odt ds 08t
h aH b,y ,b,d 2
(b.y;.b,dpu(b,d)_ 4 I Hoy, b d)w) (333
12 ot 0s
Case (2):

g()(; 2;[3’ ) does not exists, in this case, we approximatarttegral
X0S

that appeared in the right hand side of equatid30j3with the repeated trapezoid
rule to obtain

du(x,y) _af(x,y)  Ahh,
S [HX Y. 8. 6)ug b F HXY.8 .8 JuG .4 3

n-1

HX Y8 6)u(s b F HOGY.S 6 U o4 3 H(X,y,S ot JU(s o t)

=1

zzH(xy% AIICI S, Z HX,Y.§ o UG ot 2 by, s 4)u(s o4

n-1m-1

4y Y HX,Y.8 5 )us . )

(=1 p=1

Hence, fory =y;, j=0,1,...,m, one can have

0 of A
u((iyj) ;iy) QU[H(a Y9 ,b)u@@ 4 H@y & of Jufs ot

n-

H(@,y;,s b )u(§ & F H@Y .S of Juls 4t H(@y,. s, t )u(s )

(=1

;_\

23 H(ay 3 b uls f ¥ z H@y o5 ot Y8 .t)+

n-1m-1

22H(ax S UG ¥ LY H@y s, t)uls,t) (3.29

(=1 p=1
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du(b,y,)_df(b,y) )\hxg

Ix ax [H(b.y,.$ . 5)u(§ .5 ¥ Hby . . Jugs b9

[N

n-

H(b,y;,s .5 )u(g .§ ¥ H(by .5 . Juls L9 H(b,y,.S¢ 1 JU(s 1)

=1

imeS%N@A%g*WW§Jm%H

ZZH(byJ S SNCINS ZZZ H(b,y ,s ,t Ju(s ,t]) (3.3,

/=1 p=1

Next, to solve the integral equation (3.31), onssttonsider two cases:

Case (1):

2 k(x,yst)
0s0tdy

appeared in the right hand side of equation (3v@th) the repeated modified

If exists, in this case, we approximate the integnat

trapezoid rule to obtain

du(x,y) _ 0f(x,y) h | Py ~6(xy.a.0u, c} G(x,y,a,d)u(a,¢)

ay oy 2
m-1
hyZG(X’y’a’B)U(a,J)“ VW) (ae) y G(x.y.a ’}3(?,0)_

zéégﬁﬁﬂ)(dr Guyadﬁﬂgjﬂ {VG@ybCWWC*

X,Y,b,c)

yG(xybd)u(b dy pz Gy, byt Ju(Bt 2 hy aG(at u(b,€)

hy du(b,c) N aG(x,y,b,d) h u(b,d
TpG0yb o) T - EFE D ub, dy L G(x,y,bdf—

h Z yG(xy§ ,C) U, , c)+—yG(xy§ ,d) u(s ,dh sz G(X, Y Sput JU(S, B

hj 9G(x,y.s ),
12 at

u(g ,c)_&d G(x,Y,s ,d)
ot 12 0t

hy
u(s , C)+ G(x Y:$ ues ,d)
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ou(s ,d)|, gl h aG(x,y,a,c) (a,d)
12 |

at T u(a,c}h/w)u

h2
2 G(x,y,s ,d =
12 2 0s 2 0 s

m19G(X,Y,a,}) @GZG(x,y,a,c)u(a C}_@a G(x,y,a,a u(a,c)

hy ) —————u(a, #—
=T @b de i 12 0s 0 t

h 82G(x,y,a,d) N 9G(x,y,a,d)9 u(a,d} h?
y IPY A @, d-— F1x
12 09t 12 0s ot | 12

{h—yz G(x,y,a,c)ia (;J(a,ql)

S

m-1

h—ZyG(X,y,a,d)%)J, hY Gxy.af g%:phﬁa G(xy.ad u(@c)

92u(a, d)} B

2 2 2

d%u(a.c) " a G yadp u@d)lf
Y G(x,v,a,c) -1 ~ Y G(x,y,a,df———
12(y 7ot 12 ot s 12(y 09 t

h_i{ﬁ 0G(x,y,b,c) h, 8 G(x,y,b,d) ™19 G(x,y,b,} )

s u(b, c)+ ub,dy >

2 ————— u(bgt
2 ds 2 ds ] ds (b

h_§a2c;(x,y,b,c)u(b’c)+ﬁa G(x,y,b,cP u(b,c) Iy o2 Gey.bdy o

12 09t 12 9s ot 12 o3&t
:_iae(xa,z, b,d)a tg(k;,dﬂ_ h_fz[h_yzG(X’y’b’c)a ;(:’Cl &2 GOyb. d)"ai:’dl

Thus forx =x,, i=0,1,...,n one can get the following equations

du(x;,c)_af(x.,c) hi|hy hy
oy = oy + Z{ZG(xi,c,a,c)u(a,c} > G(x ,c,a,d)u(a,d)

h_f,aG(xi,c,a,c)
12 o0t

h2 . h2 h
b 000 c.ad) o % oy ’C’a’df%)}+h—2{7y6(xi,c,b,c)u(b,c)lr

: du(a,c)

h
a,ed—~L G(x,c,a,
u@.e); Glx.cas

h, S G(x.caf u@g ¥
p=1

12 ot

hj aG(x,c,b,c)
12 dt

h—zye(xi,c,b,d)u(b,d)r t;nf G(x ,c,b,t Ju(ly,tH) u(b,€)
p=1
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15000097500 :zaG(xé'fbd) o G B9 )}

h Z{ 2G(%,¢,$ ,0) U c} Gix .c,s ,d) u(s ,ﬂ)y”ﬁl GOSChL UG . )

2

hZ Ny 0G(x,¢,8 ,¢) (S/,c)+h G(x,c,8 ,C

12 ot

au(sf ,c) 6 G(x,c,s d)
ot 12 ot

;l_ZG(Xi’ cs .d ugs/t, )} Ii{hy 0 G(x ’C’a’c)u(a,c}&a G(x ’C’a’d)u(a,d)

u(s ,dy

2 0s 2 0 s

m19G(x,C,a,} ) lfl, 0°G(x;,c,a, c) u(a ¢+h_iaG(xi ,C,a,cpu(a,c)
= 0s 12 09t 712 0s 0t

h_iazc;(xi,c,a,d)u(a d)_&a G(}(,c,a,cbu(a,d)}r_fni& Sx c.a,cfu@0)
’ 2 T g s

h

u@p )+

12 09t 12 0s 0t 1

du(a,d)

7 ot cadfied, ';lf G(x. Capt9%tp)+ﬁac;(xi’c’a’cﬁ“(a’c)+

12 0t 0s

2

:;G(x,,cac}azu(a ) h hy 0G(x,c,a,dp u(a,d) h’G( %0 ,dzaz u(acﬁ)

a9t 12 at s
2[h :

h2 _yaG(xl,c,b,C)u(b,C)_'_ y 0 G(x.c.bd)
12| 2 0s 2 d0s

2

ﬂazG(Xi’Qb’C)u(b,cﬁh 3 G(x ,c,b,cpu(b,c) hy a2 G(x, cbdl}(b o-
12 0sdt 12  ds ot 12 08t

hzaG(x,,cbd)au(bd) {[ h, u(b.c), y u(b,d)
T 3s } 2{ G(x,,cbc)i G(g( cbds)i

u(b,d) I;)z

10G b,
A0 4o

) hi dG(x ,c,b,c)u(b,c) 2 u(b, c)

y
h ZG(" ’bE 12 o 0s +1zG(X"CbC)
h_iac;(xi,c,b,d)au(b,d) h aZU(b d)
12 0t 0s 126( e0.d) } (3.35.a)
and
6U(X.,d) af(X y) h<|: yG(X,,daC)u(a C)’ GQX,d,a,d)u(a,d
oy oy 2

97



Chapter Three The Multi-Dimensial Integral Equations

2
h? GG(xé,td ,a,C) (a,ea& G(x da, ;u(a ,C)

2
%aG(Xafad)( d)- y 5 Glx.da ,d%ﬂ {— G(x.d.b,c)u(b,e)

h ZG()Q daflu(@t ¥ =

y 0G(x;,d,b,c)
ot

h2 du(b,c) hzaG(x,,dbd) u(b,d)
15806.d.b 0T - Y S (bd)— G(p( db(ﬁf}

yG(x,,d b,d)u(b,d) pz G(x .d.htub.t)+ 2 u(b, )+

h Z{ —-G(x,d,s ,c)u(s c} G(x.d,s ,d) y(s ,ﬁl)ynﬁl G(x.dg .t )uH

hy 0G(x,d,s .©),
12 ot

CQ u@ .c) Mo G .ds d),
at 12  oat
ou(s, ,d)

h? K[h, o G(x,d,a,c) h o G(x,da,d)
_yG _’d d’ y (A ’ Y U, A,
12 & 0t } 12{ 2 0s ua.cy 2 0 s

m10G(x,d,a,} ) yaG(x,,dac) ya G(x ,d,a,du(a,c)
y oo ds @)+ 12 09t u@cyr 12 9s 0t
hf, azG(Xi ,d,a,d) y ) G(x ,d,a, ck)u(a d) j‘l hy (a C)
o a9t J@dr s } G(X"daC}

h2
(Sg,c)+ o G(x ds,

ugs .d)

u(a,d

rﬁ 0G(x,d,a,c0u(a,c),
12 0t 0s

au(a d)

h
G d.a,df=" pz G(x .d, po

h? azu(a c) hj aG(x,d,a,dp u(ad) u(a,d
YL G(x ,d,a,cy——- K Gx,dad)i
12 o oDt 12 0t ds o

h_f[ﬁ dG(x ,d,b,c)u(b’C)Jr&a G(x ,d.b.d), 10 G(x,d,b, rp)

u(b,dy QZ u(b,t,)+

12| 2 0s 2 0s 0s

h2 2 ' 2
hjo G(x,,d,b,c)u(b1c)+ y @ G(x ,d,b,cpu(b,c) M d* G(x,d,b, ?P(b o~
12 09t 12 0s 0t 12 06 t

h2 aG(X, ,d,b, d)aU(b d) fi y 0 U(b C) hy U(b d)
12 0s } 2{ G(x.d.b,cy—F ="+ — G(x.d, bd§7

a1 btp) hiae(x,,dbc)au(bc) fﬁ azu(bc)
hy 0G(x,d,b,d)du(b,d) hy 2 u(b,d)
2 ot os 12otndRdTEeT (8550
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Case (2):

3
If 4 I;g;g,s,t) does not exists, in this case, we approximatdritegral
Yy

that appeared in the right hand side of equatidilj3with the repeated trapezoid
rule to obtain

du(x,y) _0f(xy)
dy dy

GX.Y:8 b)) UG § F GOXY.8 of U ofH) /ZZ; G(X,Y,Spt ) U(S,t)

Ah
Zhy [G(nyv% ’B)U(% ,S )I- G(X,y,§ ,rx )u(s "I_'_)

ng(X,y1§ ’In )U(§ 1;1; )- rjz;‘: G(X,yUS pt )U((SpH') mzz_%‘l @;Gl’sn ,tp)u(% ’l; ).|_

n-1m-1

4% > G(X,Y,s .} )u(s ’J]

=1 p=1

Thus forx =x,, i=0,1,...,n one can get the following equations

ou(x,c) _0f(x ’C)+)\hxhy
oy oy 4

G(%,C.5 §IUGS 4 F GX.CS »f )ufs mt+)'fz:§f G(X ...t UGS # )

[G(x,€,$ .5 )u(s 4 ¥ G(X ., ot JUfS ot+)

Z”ZjG(x,c,s 1uGs ¥ Z G(X 16, 1 )U(s,) +

23 608 4)us of ¥ L3 Gix 5,1 )u(s, ) (3.85

and

au(x ,d):af(x ,d)+)\hxhy
oy oy 4

GOX,dhs 5)U(S o ¥ G(X.4ys 4 U o) B G(x 65,1 (s #)

[G(x,d,$ .5 )u(s .& ¥ G(x.de f Jus .t
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[N

m-

2560505 4)u6 f ¥ & G(x 4, )ufs,t)

p=1

n-1m-1

ZZG(x d§ UG £ ¥ XY G d,s,t)u(s, 1) (3.8p

(=1 p=1

Next, to solve the integral equation (3.32), onstconsider two cases:

Case (1):

f oY k(x,y,st)
0sotoxay

exists, in this case, we approximate the integnal

appeared in the right hand side of equation (3v@#) the repeated modified

trapezoid rule to obtain

a% u(x, y) 9% f(x, y) h, | h,
W(X,y,a,c)u(a,c W(x,y,a,d)u(a,d
o0y o0y 22(3/)()‘ (x,y,a,d)u(a,d)

" ZW(X vagu@g aW();i/ = (a,cy_v wix,y.a,d lja(?’—c)_

(a,d

aW(Xyad)( a,d)- yW(xy d)i)} {VW(xybc)u(bc)k

12 ot

o AW(X,y,b,c)
ot

hyW(X 1,0y 2u(d.C)_ h o W(x,y,b,d) (bd}r@ Wx,y.b.d u(bd}

hyW(x y,b,d)u(b,d) pz W(x,y, byt Julbyt -~ n, u(b, e)

0t 12 0t 0t
h,
h Z{ — W(x,y.s ,c) ug,, C)+—W(XY$ d)u(s & JWZ W(X,Y,8 1 )u(s,, t

hj aW(x,y,s ,c)
12 ot

h ©) FEa W(xy,s ,d
u(s, ,c)+_V2 W(X,Y,s ,c,@ uai C)_%2 (;tyﬁ )uQs @

h h
y OW(X,V,a,c) u(a,C)Jr_yaW(x,y,a,d)
2 0s 2 0s

hy ou(s .d)|, §
12 Vs g } {

u(a,dy
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ot avv(x v.ay), o Wx,y,a,cp u@a,c)

H 0°W(x,y,a,c) i,

hy; u@prs FER: T 12 ds 0t
:ZOZW(()xg)y,ta d), Wa.d %Tza W(g(,y,a,d)) u(aﬂ)+ h_iz{i W(X’y’a’ca u(@,g)
S o0t 1 0 s

h, du(a,d) u@t), H aw(x,y,a,c) ua, ),

o Wkyad=o +hZW(Xy’aT” s 12 at ds
h? du@ac) hiaW(x y.a,dp u(ad) l;gz u(a, )
12W(Xy’a’C 09t 12 4t 0s W(Xy” 0 & jj
h2 | h, aW(x,y,b,c) hy()W(xy,bd) w1 OW(X y,btp)
12{ 2 s ub.cyr 0s i d)*hé ub.g
h} 0*W(x,y,b, o), u(b.o)+ hﬁaW(x y,b,cp u(b,c) I 8> W(x,y,b, dJ(b o-
12 99t 12 ds ot 12 0&t
b, aw(x,y,b,d)d utb,d) K[ h d u(b,c) h : (bd
12 ds 6t}1 W(”’)as,Jrz(”bOI .
s u(b,t), 1 aW(x,y,b,c) u(b,c), f 5? u(b,c)
hyéw(x’y’b’ﬁ” s 12 ot os 1 ybeTT
h} oW(x,y,b,d)d u(b,d) hy 0’ u(bd
12 ot 0s 1"yba) }
Thus
0°u(a,c)_0” f(a, c), h.|h

o0y 50y 5 { 2W(a c,a,c)u(a, c} W(a,c,a,d)u(ad)
h ZW(aca,;)u(at-} GVV(Z%:) (a,e):—y2 W(a,c,a,ae;(%c)—
EZWL( d) 1 W(acad ;(?’dj+h—2{&W(a,c,b,c)u(b,c}

n 5 Wia.c,b,d)u(b,dy pZ W(a.c.bt Ju(h, #)7 W) u(bse)
Q du(b,c) h: aw(a,c,b,d) u(b,
12W(a,c,b )T 12—6 . u(b, d} W(a c,b, Ggi})

AN

m—

hXZ{ —~Wf(a,c, s ,c) \{ ,c)+ n, W(a c,s,d)u(s.,d W(a,¢,s ,t )u(s it

=1 p=1
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h ow(acs .c K g (s 0) o Wacgs ,d
12 ot L( C)+ W(a €5 € ot 12 ot L)( d)

hZ us .d)| K| h aw(,c,a,c) h o W(a,c,a,d)
o@cs ’dQT}-TZ{_ZT u@,ej———— - "u@d)

m-1 GW(a c,a,} )

h 9°W(a,c,a,c h, 8 W(a,c.ad u(@,.c)
PWacad), o, :

hy; u(@ B)+ 09 t 1 s ot
QaZW(a,c,a,d i o W, cad u, ) i g u(a,c)

12 09t L(a’d)_lz 0s at}j 12{ —yMacac 0s

h au(ad) \( ), f@aW(amc)au(ac)

5 W(a,c,a,d)y—— bz W(a,c,3,t-) 3e 5 ot 3

h @u(a,c)_ﬁa W(a,c,a,d) u(a,d_)rﬁ (a,H)
At ST T2 ot 5s  pl@ca 397?

he|h, 0W(a,c,bc) maW(acbd m-law(acb,l)

12{ e u(b,c)+ )u(b dy p; u(b,t ¥

h2 GZW(acbc)u( 6 W(a,c,b,@ u(b, c)hy o W(acbuc?D o

12 99t 12 s at 12 08t

h, aW(a,c,b,dp u(b,d} h:[ h (b qh u(b,d)

12 ds 0t 1 1 W( ehe : W(a,c,b, 0's
hZW(ach} u(b tp) r@aW(ztcbc)a g(sbc) 1yW(a’ cb, Ea u(bc)

h; 9W(a,c,b,dp u(b,d) Iy 9% u(b,d ,
R 3 12W( .c,b, d)i}) (3.37.c

9% u(b, c)_ a? f (b, c) h,
0Xxoy 0Xxoy 2

{ ZVW(b c,a,c)u(a, c} W(b,c,a,d)u(a,)

h?
h ZW(bcaE)u(bJ} %) (a,eb—y W(b,c,a,a; l;(::l,c)_

:ZW)( a,d)- hy W(b, , ,dwﬂ+ 2{ —~W(b,c,b,c)u(b,cy

GW(cbc)
ot

hy du(b,c) h aw(b,c,b,d) u(b,d
25 W(b.c.b,o)y =" - S R (b, d} , W(b.cb, 087}’

n, ~ W(b.c,b.d)u(b,dy pz W(b,c,b,t )u(bﬁ,t+)— u(b,€)
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n-1{ h h m-1
h, 2. {%W(b,c:@ ,C)us ,C}Ey W(b,c,s .d)y(s &), W(sch)u(s . F
=1 p=1

h? aw(b,c,s ,c) h? gu(; c) o wb,c,s ,d)
Yy 1 ’ _be’ S, vl Y VA ’
12 0t us .or 12 (b.c.s .c 0t 12 ot us &

h? du(s ,d)]  H[h, aw(b,ca,c) h, @ W(b,c,a,d)
_yW bl ) 1d) L +— 2 —— ) +_y —— 1d
12 (b.c.s dt } 12| 2 ds La.c) 2 0s u(a.dy

hyrnz-laW(b,c,a,[, )u(a,g " § 0°W(b,c.ac) (a’c)k_lja W(b,c,a,@ u(a,c)

S 0s 12 09t 12 ds 9t

h? 92W(b,c,a,d) h? 9 W(b,c,a,d u(a,d) h?[h du(a,c)
Y =% (e, d- — it e 4= | L W(b,c,a,cr——+
12 o9t @D dt j 12| 2 M ds

h du(a,d) , mi Qu(at,), 1o W(b,c.a,d ua,c)
—~ W(b,c,a,d———+ W(b,c,a,t-) +- 7 121 Gy ’
o W ds szzl beat )y os Y12 o ds

hZ
_be”, Wb”,d
VA 5s 12 ecad e

2 M=
hZ[hy aw(b,c,b,c) (b,c)+& 0 W(b,c.b,d), PJZ1aw(b,c,|o,;; )
12 2 9s 2 9ds =]
h_§azw(b,c,b,c)u b c)+h_5‘9 W(b,c,b,cd u(b,c) I} 0 W(b,c,b,d)
12 09t 712 0s 0t 12 03t

hy dW(b,c,b,d)d u(b,d] h2[ h ou(b,c) h Q u(b,d)
e — ==X L W(b,c,b,c)——+- W(b,c,b,d —+
12 ds ot j 12| 2 ( ds 2 ( ds

d?u(a,c) h o w(b,cad uady 92 u(a,ji)

u(b,t ¥

b,c)-

1f 9% u(b,c)
Y W(b,c,b,cy——L
12 ot as 1pVbeberomm

hy aw(b,c,b,d) u(b,d) hy 9° u(b,d})

hy"fW(b,c,b,g augt;tp)Jﬁavv(b,c,b,c)a u(b,c),
p=1

W(b,c,b,df

(3.3.b)
12 at ds 12 98t

2 2 h h
O u@d)_9” f@,d) n\ N \yio g ac)ua L W(a,d,a,d)u(ad)
oxoy oxoy 2| 2 2

m-1 h2 h2
h, 2 W(a,d.af)u@ty oW(a.d,a,c) u(a,e)—= W(a,d,a,%}a u(a,c)
= T 12 ot 12 dt
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h oW@dad) . d)-lf Wea,d.a, “(a’d]&{ﬂ W(a,d,b, c)u(bic)

12 ot dt 2| 2
hyW(adbd)u(bd} hz W(adtgt)u(lg'&u%?bc) u(bsc)

h 2ulbic) K owadbd u(b, d)
W@ b= 2 - S S o - W(dbd)i}

h z{ ZWa,d,s 0 ugs eehy Wads s, Wads tysnt)

h oW(a,d,s ,c h Q ui .0 o Wads .d
12 ot L(S;’C)"' W(a ds, 51 P > L}( &)

h, u(s ,d) h, aW(a,d,a,c) h, 8 W(a,d,a,d)
pWats ’67} 12{ 2 as @9 5 U@

m dW(a,d,a,} ) 0°W(a, d, 0 W(a,d,a, )
S e e T g R

hZaZW(adadL( d)_h§6W(adad)3 u(a,d), hi
12 99t ds ot | 12

h—zyW(a,d, d)M> Z Wada ( 1), rliza w<§ ?a@ e

EVZW(adac@u(aC) hfaW(adaok) u(ad)hf Wia.d.a UG )}

a, c)

[ h, u(
— W(a,d,a c)i

09t 12 ot 09 t
h2|h, 0W(a,d.b.c) hyaW(adbd usyo (ade)
12{ 2 ds U0 )u(b a b;
hZOZW(adbc)u(b - r@a W(adbcz) u(b,0)if &° W(aolbudd3 o
12 09t 0s ot 12 0t

h aW(a,d,b,d)p u(bd Rz h (bc h, u(b,d
e } ~ Wa,d,b.c)—~ 1 W(dbogig

hijW( b (Stp) ;ﬁzawc;?bc)a u(:c)*i Wea dbg 0.9

u(b,t ¥

h; aW(a,d,b,dp u(b,d) iy u(b,d)

G .d,b, d)L 3.37.
12 ot ds @ 09t (3.37.0
and
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0’ u(b, d)_ 9% (b, d) h,
oxaoy oxoy 2

{ “W(b,d,a,c)u(a,cr—= hy W(b,d,a,d)u(a)

hy§W(b,d,a,£ Ju@,t ¥ —= i %) (a,G)% W(b,d,a ﬁic)
" oWk dady, o 7 ey, n
- . u(a,d)- W(b d,a,d T } > |: W(b,d,b,c)u(b,cy

n, 2 W(b.d,b, du(b,dy ;12 W(b,d,b,t )u(h, t+)—2 —aW(t;? 0.9 L(be)
%W(b,d,b )y 2ube) 22—6 WL Dy, d% - wib,d,b, -2 })

m-1

h Z{ —~LW(b,d,s ,c) |, c)+h—W(bd s.,d)u(s.,d) B W(b,d,s, t)us .t

hj ow(b,d,s ,c) Qu(;,c)_ﬁa W(b,d,s ,d)

ufs ,@)
12 ot ot 12 odt
hind ou(s ,d)], {[h aw(b,d,a,c) h, 9W(b,d,a,d)
e (bd,s ,dy———|+ — " UQ,Cc)t > 3s u(a,dy

(/,C)+:§ W(b,d,s ,¢c

ot 12 2 0s
oW, dat) § o*wb,d,a,c) ho wb,daaq uac
hy; s O aer YT as ot

h ewb.dad) o o o Wbdad u(aj’)hzimW(bdacQ u@,,

12 09t 12 0s

h, du(a,d), Qu@@t), Ko wb,dad u@c

2 W(b,dadf s pz Wb, d, 3,19 L+ e )

h azu(a,c)_ia W(b,d,a,d) u(a,d_)i gz u(a, ¢)
12W(b dac Todt 12 at 0s 12W(b’d’a’ 0 & t}j
hzhaW(bdbc) haW(bdbd) 6W(bdb];)

12{ 2 s GO s UOdF bZ 1o ¥
hZaW(bdbc)( - hyOW(bdbc@ u(b,c) Y &° W(bdbdzb o-

12 09t 12 9s ot 12 0&t

E;aW(t;: b.d)o u(b, dj n W(b d,b,c (““) oy L W(b,d,b, d)i(b 9,
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- ou(b.t,) 1 aW(b,d,b,cp u(b,c) K 32 u(b,c)
hyZW(b,d,b,E 7 s +T2 9t ds +—12W(b,d,b,C 0at

p=1

h aW(b,d,b,d) u(b,d) K 0% u(b,d

i ~ Y \W(b,d, b, df——— 3.37.c
12 at ds 12 ( 08t (

Case (2):

4
If 0 kix,yst) does not exists, in this case, we approximatdritegral
0sotoxady

that appeared in the right hand side of equatid3®(3with the repeated trapezoid
rule to obtain

62u(x,y):62f(x,y)+
oxoy oxoy

Ah
Zm[w(x,y’%’%)u(% ,B )'I' W(X1y’§ ’lj{-ﬁ )U(§ 'n]; -B

n-1

WX, .5, 5)U(s b F WEGY.§ .4 U 9 2 WX YS ot )u(syt)

/=

2jz;lfw(x,y,$ DL, TZ; WX,y ot )ugsp,)t+2m§:;_11W(x,y,sﬁ UGS L

4 S W(x,y,s U@ .f )

(=1 p=1

Thus

9°u(a,c)_o° f(ac), Ahh,

X0y X0y 4 [W(a,c,5 .5 )u(s & ¥ W(a,Ces ,t ufs ,t+)

W(a,c.5 8 )u(s & F WG ot Jufs ,t8) D2 W(ae,s.t)ulg #)

22W(a,c,§ 1UG ¥ z W(a,6,5 ,t u(s,)

ZmZ::_llW(a,c,g Jus o f ¥ :glfil W(a,6,s ,t )u(s,.1) (34F
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9% u(a, d)_ 9° f(a, d) Ah
oxoy oxoy

W(a,d,s .5 )uls 4 ¥ Wads b )ufs ,t+) zz W(a,d.s .t Jus # )

”[W(ad% BIUG & F W(@,ds b )ufs ,t+)

25 Wea.ds . uls f ¥ "32_1 W(a,d,s,t )us,)t

2ZW(ad§ UG ¥ XY, Wds,t)us,]) (3

/=1 p=1

8% u(b, C)_ 0> f (b, c) Ah
oxoy oxay

W(b,c,s .t )u(s .§ ¥ W(b,c,s 1 )u(s ,t+) 21 W(b,¢,sy,t )u(s * )

; y[W(bc:% B)UG 5 ¥ Wb,es b )ufs &

S W0.es h)us ¥ B Wb, )ulss

n-1m-1

2ZW(bc% BG4 F Y W(bc,s,t)yes,t) (3.8F

=1 p=1

and

8% u(b, d)_ 8> f (b, d) Ah
oxoy ox0y

W(b,d,s .5 )u(g & ¥ W(b,d,5 f Jufs 4t+) %2 W(b,d,s,,t )u(s i )

; y[W(bd% LI § ¥ Wb,ds b us b+

EW0.ds 4)us 4 ¥ T Wbds,us

22W(bd$1 ADLICENE f{jg‘; W(b,d,s ,t )u(s, }) (3.88
The system which consists of equations (3.33) ¢uagons (3.34)), (3.35) (or
equations (3.36)), (3.37) (or equations (3.38)ethgr with equations (3.29), can

be solved by using any suitable method.
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To illustrate the previous method, consider théofeing example:

Example (3.4):

Consider the two dimensional linear Fredholm inségrquation of the

second kind,
7 11
u(x,y)=—g+”(x+ y+ s+ t)u(s,t)dsdt (3.4:
00

This example is constructed such that the exaatisal of it is u(x,y)=x+y. Here,
we use two methods to solve this example, nhamatréipezoidal rule and the
modified trapezoidal rule. First, we use the trapeal rule to solve this example.

To do this, we use equation (3.25) for n=m=1 to tipet following system of

equations:
il
1 -025 -025 -05)ug) | &
-025 05 -05 -075|uy,| |§
-025 -05 05 =-075|ug| |7
-05 -075 -075 0 Jug _67
6

which has the solution u(0,00, u(1,0)=u(0,1). 0.778 and u(1,1)1.556. But
from the exact solution of this example, one cardude that u(0,0)=0,
u(1,0)=u(0,1)=1 and u(1,1)=2.

Second, we use the modified trapezoidal rule twesthis example. To do this,

we use equation (3.29) for n=m=1 to get the folluyvequation
-7 1
WY =+ (5 HY)UO.0 (x+ y + DUOLr (x+ y+ Ju(L 0y

(X, +y, +2)U(1,1j+i|: u(0,0p (x+ Yfm(g%’o)_ u(0,1y (x+ v+ jgua(:)’l)"'
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uL0)+ (x +y + 1)(M— uLly (x+ y+ 2?%11)} 1[ u(0,00 u(0,n

06 +9) 220Dk (x 4y, + 280D w0 uar e y+ f S0
(x+m+2f“@3} iaumO)GUQOl( Jygﬂm+au@n+
ds | 144 ot ds asit dt
QULY), (4 y 0 UAD) 0 u0.0) 0 uEY Dy u(0,1)
0s ) 09t 0t 0s 08t
du(L,0) auaO)( by D “Lﬂ,hjzal (3.42
at ds 9t

Then, by differentiating equation (3.41) with resfp® x and y, one can get

——_——_jju@tmsm

Therefore
0°u _
oxoy

Next, we use the trapezoid rule to approximatartegral term that appeared in
the above equation to get

ou(x;,y;) _ou(x,y)_1
1004 ay

[u@OHuaOﬁuml}ua}

Hence

0u(0,0) _du(0,1)_0 u(L,0) 0 u(l,:B
ot ot ot ot

and

_[00,0+ u@w oy vy u@}

e T 35 T s L u(0,0)+ u(L,0f u(0,1y u@}

Moreover

0°u(0,0)_0°u(1,0)_9° u(0,1) 9 U@l
9t 09t A4St 08t
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By substituting these values into equation (3.48% can have

u(xi,yj)=%+%[(>g +y)u(0,00+ (x+ y+ 1f u(0,1¥ u(L )

(Xi+y,-+2)U(1,lj+2—14{ ZU(O,O)*—; (x+ y) u(0,0y u(,8 u(Otu(,1)-

2u(1,1)—% ¢+ y+2[ u©0y uwoy u©y udlh & 01
By evaluating the above equations at each i, j<®é@ can have the following

linear system of four equations with four unknov{méxi Y, )}ilj_:0 :

23 -5 -5 =-9)ug) (-28
-7 -11 13 -15|uyy | |-28
-7 13 -11 -15| ug | |-28
-13 -17 -17 3 )ug ) (-28

which has the solution u(0,00, u(1,0)=u(0,1) 1 and u(1,1) 2. But from the
exact solution of this example, one can deduceth®todified trapezoidal rule
gives the exact solution in this case.

On the other hand, for n=3 and m=2 and by followihg same previous steps

. . 3,2
one can get the numerical solutlons{tmf(xi Y )}

iio =0 that can be tabulated

down.
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Table (3.5) represents the numerical and the esaations

of example (3.4) for n=3 and m=2

Nodes Numerical Exact
Solution Solution
(0,0) 0 0
(0.3,0) 0.316 0.333
(0.6,0) 0.649 0.667
(1,0) 0.871 1
(0,0.5) 0.478 0.5
(0.3,0.5) 0.815 0.833
(0.6,0.5) 1.146 1.167
(1,0.5) 1.482 1.5
(0,1) 0.859 1
(0.3,1) 1.312 1.333
(0.6,1) 1.643 1.667
(1,1) 1.981 2

111



Chapter Two

Some Modified Numerical Methods for Solving

The One-Dimensional Integral Equations

Introduction:

The numerical integration methods (also called catade) is the study of
how the numerical value of an integral can be esh The term quadrature
means the process of finding square with the sae® & the area enclosed by
the arbitrary closed curve. This problem arisesmwithe integration can not be
carried out exactly or when the function is knownhyaat a finite number of data,
[22].

The main aim of this chapter is to use some ofgiiedrature methods say
the trapezoidal rule and Simpson's rule to soleegéneralized one-dimensional
Fredhlom linear integral equations of the secomd kAlso, we modify some of
the quadrature methods for solving the one-dimerdiéredholm and Volterra
linear integral equations of the second kind nantely repeated trapezoidal rule.

This chapter consists of three sections:

In section one, we use some methods of the quadratethods to solve the
one-dimensional Fredholm and Volterra linear indégrquations, namely the
trapezoidal rule and Simpson's 1/3 rule

In section two, we use the previous methods toestite generalized one-
dimensional Fredholm linear integral equations.

In section three, we use the repeated modifieceaipal rule to solve the
one-dimensional Fredholm and Volterra linear irégquations of the second
kind.
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Chapter Two Some Modified Methods farl8ng The One-dimensional Integral Equations

2.1 Numerical Methods for Solving the Standard One-ddmsional

Linear Integral Equations,[16]:

A simple rule for approximating integration (or qinaté has the following

form:
Tf(x)dx =Y wif(x,) +E(f)

where E(f)is the error, the poistx,, i=0,1,...n are called quadratugoints or

quadrature nodes, anw, ,i=0,1, ...,n are the quadrature weights. In otherd&or
the integral is represented by a weighted sum lofegaof the integrand at a finite
number of pointx,, i=0,1,...,n.

In this section we use some methods of the quadratethods namely, the
trapezoidal rule and Simpson’s 1/3 rule to solve skandard one-dimensional

Fredholm and Volterra linear integral equationsthed second kind with some

illustrative examples.

2.1.1 The Trapezoidal Rule[6],[18]:

In this section we use the trapezoidal rule to eollie standard one-

dimensional Fredholm and Volterra linear integmli@ions of the second kind.
To do this, consider first, the standard one-dinwera Fredholm linear integral

equation of the second kind:

u(x):f(x)+)\Tk(x,y)u(y)dy, a< x< b (2.1

Suppose that the interval [a,b] is divided into ubistervals of equal width

hz;a such thatx, =a+ih, i=0,1,...,n. By setting x=X; in the above
n

integral equation one can obtain
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b
u(x;) =f(x;) +)\I K(x ,y)u(y)dy, i=0,1,...,n

Then, we replace the integral term that appeareithenright hand side of the

above equation by the repeated trapezoidal rujeto
_ h -l h :
u, —f(xi)+)\5k(xi ,a)y +AhY. k(x X +)\§ k(x ,b)u , # 0,1,...,
=1

whereu, denote the numerical solutiont i=0,1,...,n.
By evaluating the above equation at eash,1,...,n one can get a system of

n+1 linear equations with n+1 unknowns namély}iL,. This system can be

written asAU =F and can be solved by using any suitable methoérevA is

the matrix of the coefficients defined by

1—)\—2hk0’0 —Ahky;  —Abhky, ... —=Ahkg,, —)\—zh Kon
—)\—2hk1’0 1-Ahk,;  —Ahky, ... —Ahky., —)\—zh Ky,
Ah Ah
A = _?kz,o —Ahk,;, 1-Ahk,, ... =Ahk,., B} K,
_)\_zhkn—l,o — MK,y ARk g, o I-ARK G _)\_Zh K1
—A—zhkm0 —Ahk,, —Ahk,, ... —Ahk, ., 1—)\—2hknm

U is the matrix of solutions and F is the matrixoh-homogeneous part, defined

by
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Ug fo
Uy fy
u f
U= :2 andF= :2
un—l fn—l
| Up | o

Here,k; =k(x.,y;), i,]=0,1,...,nandf, =f(x;),1 =0,1,...,n.

Second, consider the standard one-dimensional Waltknear integral
equation of the second kind:

u(x):f(x)+)\Tk(x,y)u(y)dy, a< x< b (2.2

By subdividing the interval [a, b] into n subintats, such that x, =a+ ih,

i=0,1,...,n whereh =B and by settingk = X, in the above equation, one can
n

get

u; =f(xi)+)\T K(x.,y)u(y)dy, i=1,2,...,r

Then, by replacing the integral term that appeanetthe right hand side of the
above equation by the repeated trapezoidal rukecan get

U =10 +AD K )t AR KOS )Y A KK O, F L2 (23)
=

By evaluating the above equation at each i=1/2,and using the fact that

u, = u(x,)=f(x,) one can get the numerical solutiofig}., of the integral

equation (2.2).

To illustrate this method, consider the followingmples:
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Example (2.1):

Consider the standard one-dimensional Fredholnatimgegral equation of

the second kind:

11
u(x)=1+=[—=u(y)dy, - I x< !

We solve this example numerically with the repedtadezoidal rule. To do this,

first we subdivide the interval {1,1] into 8 subintervals such that

X, = —1+i, 1=0,1,...,8 then the above integral equation becomes:

1 17 1 1 :
u=1+=-|-| ——— [y +-) ——— Y+ ———— , E01,...,
| TTMH(& +1)2JLb 4§1+ (% - %Y L i1+ (x - 1)?) 4
By evaluating the above equation at each i=0,1,an@ can get a linear system
of nine equations with nine unknowfis}®,, which has the solution:

u, =1.91268, y= 1.89332, 1= 1.8364L% 1.74695-u 363D, u = 1.8933:

u, =1.83641, y= 1.746¢andu, =1.63639

Second, we subdivide the interval11] into 16 subintervals such that

X: = —1+|§, 1=0,1,...,16 then the above integral equation becomes:

11 1 15 1 1 1 _
i {16(1+ (x +1)2]Lb+;z_1:1+ (x—>g)2q+ 1Jil+ (x—l)zj %} O

By evaluating the above equation at each i=0,1,. ofi&can get a linear system
of 17 equations with 17 unknowr{x;li}ilfO that can found in the appendix (see

program (2.1)). This system has the solution
u,=1.63887, y= 1.69648,,+ 1.7507,® 1.79947u 18%Q@, = 1.8740]

U, =1.89804, y= 1.912528 & 1.91744u 1.91258=u 89804, u,= 1.8740
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u, =1.84089, y,= 1.7994, y= 1.7507,.&# 1.69648 ang-u 33837

Third, we subdivide the interval-[,1] into 32 and 64 subintervals such that
X; =—1+ﬁ,i =0,1,...,32 and x; =—1+é,i =0,1,...,64 respectively and by
following the same previous steps one can geteahelts that can be found in the

appendix (see program (2.1)).

Table (2.1) represents the numerical solutionsxafrle (2.1) for different values

of n at specific points

Nodes n=16 n=32 n=64

X =%1 1.63887 1.63949 1.63964
X =20.75 1.75070 1.75164 1.75187
X =%0.5 1.84089 1.84201 1.84229
x =%0.25 1.89804 1.89922 1.89952

x=0 191744 1.91863 1.91839

Example (2.2):
Consider the standard one-dimensional Volterraalinetegral equation of

the second kind:

~

u(x):x+%fxyu(y)dy, 0< X< 2
0

x3

This example is constructed such that the exacitisal is u(x)=xeﬁ. We

solve this example numerically via the repeatepdazaidal rule. To do this, first,

we subdivide the interval [0,2] into 10 subintessalich thak; =Ig, 1=01...10

and using the fact that, = f(0) = 0. Then the above integral equation becomes:
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lexjuj+ xu|,|—12 10

By evaluating the above equation at each i=1,2,..0A® can get the following
values:

u, =8x10*,u=3.202¢ 10 ,u= 7.2346 TO ,m 0.013~u 0.0
u;, =0.0306, y= 0.0433,4= 0.0598,& 0.0813ang-u 01
Second, we subdivide the interval [0,2] into 20istdyvals such thak; :1LO’

1=01...20 and using the fact thau,=f(0)=0. Then the above integral

equation becomes:

u =x +— — i=12,...,2C
O,le)q 100)$ "

By evaluating the above equation at each i=1,2,..020 can get the following
values (see program (2.2)):

u, =1x10*,uy= 4.004 10 ,1= 9.00%4 10 ,u 1.66297°10.,7u L.80°1
U,=3.627% 10 ,u= 4.96X 10 ,u 6.5265 10,-u 8.3863° 10,5 0.0104
u,=0.0128, y,= 0.0155,y= 0.0186,4# 0.0221, = 0.026]= 0.0306
0.042,y= 0.0492 and,&  0.0:

u,, = 0.0359, y,

2.1.2 Simpson's 1/3 Rulg6],[10]:
In this section we use Simpson's 1/3 rule to sdlhwe standard one-

dimensional Fredholm and Volterra linear integmli@ions of the second kind.
To do this, consider first, the standard one-dinwerad Fredholm linear integral

equation of the second kind given by equation (2SLjppose that the interval
[a,b] is divided into n subintervals of equal widlth%1 such thatx, =a+ ih,

1=0,1,...,n, and n is an even positive integer. Then by settir X; in the above

22



Chapter Two Some Modified Methods farl8ng The One-dimensional Integral Equations

integral equation and by replacing the integraimtéhat appeared in the right
hand side of the integral equation (2.1) by theeaded Simpson's 1/3 rule, one

can have

n n,
2

h 2
U =f A k(@) + DK% e+ D KX )Y+ K(x by
= '

=

whereu, denote the numerical solution:gt, i=0,1,...,n.
By evaluating the above equation at easD,1,...,n one can get a system of
n+1 linear equations witm +1 unknowns namelju;}\.,. This system can be

written asAU =F and can be solved by using any suitable methoéyevA is

the matrix of the coefficients defined by

Ah 4 h -2h -4 h A
1_ 3 k0,0 - 3 ko’l 3 k0,2 e 3 ko,ﬁ‘l 3l1k 0,n

Ah A\ h -2Ah -4 h —A
" ko Itk ke ok, 3hk1,n

Ah A\ h 2\ h -4 h —A
ac| gk Tpka 1mTpkae o Thtka.y Tpk,

Ah 4 h -2h A h A
_?kn—lo _Tkn—ll —3k 1,2 1- 3 Kn i1 3q(n-1n

Ah Z\h -2\ h -4 A
T3 Ko T K T Kez —Shkn,ﬁl 1- 3hknr1

U is the matrix of solutions and F is the matrixxoh-homogeneous part, defined

by
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Ug fo
Uy fy
u f
U= :2 andF= :2
un—l fn—l
| Up | o

Here, k; =k(x;,y;), i,i=0,1,...,nandf, =f(x;),i =0,1,...,n

Second, consider the standard one-dimensional Waltknear integral

equation of the second kind given by equation (22j)ppose that the interval
[a,b] is divided into n subintervals of equal Wid’th? such thatx, =a+ ih,

1=0,1,...,n. and nis an even positive integer. By setting= X, in the above

integral equation and by replacing the integrainteéhat appeared in the right
hand side of the above integral equation by theatgal Simpson's 1/3 rule, one

can have

I I 1

h 2 2
u, =f +A§ K(X % )Wy + 4> K(X %0 )Wia + 2D KOE % )y, + K(x ,x)u|(2.4)
= =

j
whereu. denote the numerical solution:gt, i=0,1,...,n.

By evaluating equation (2.3) at i=1 and using #u thatu, = u(x,)=f(x,)=f,,
one can get the numerical solutian . Then by evaluating equation (2.4) at i=2
and substituting the values af andu, one can get the numerical solution
of the integral equation (2.2). Therefore, by ea#ihg equation (2.3) at each
I=3,5,...,n-1, and by evaluating equation (2.4) atheix4,6,...,n one can get the

numerical solutions{u;} ., of the integral equation (2.2).

To illustrate this method, consider the followingmples:
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Example (2.3):

Consider example (2.1). We solve this example nicaky via the repeated

Simpson's 1/3 rule. To do this, we subdivide therwal [0,1] into 8 subintervals

such thatx; = —1+i,i =0,1,...,8 Then the above integral equation becomes:

1] 1 1 12 1 3 1
U; =1+—|:1—2(—] W +§Z )2 uzj—1+_]Z uzj

m 12| 1+ (%, + 17 =1+ 0~ % 6 1+ (- %;

w21 Nyl =018
12\ 1+ (x, - 1)

By evaluating the above equation at each i=0,1,an@ can get a linear system

of nine equations with nine unknowfis;}-,. Which has the solution:

u,=1.6357, y= 1.8942, 1= 1.8373,u 1.8942=u 1.91302 1.89332

u, =1.83641, u= 1.746¢andu, =1.63639

Second, we subdivide the interval1[1] into 16 subintervals such that

X, = —1+l8, 1=0,1,...,1¢. Then the above integral equation becomes:

u :1+1 i —1 +_128: 1 _ +_:I'7 1 _
T8l 1 (17 O BE T (5 - g P T 1251k (5%, F D

e ;2 Ug |, 1=0,1,...,16
16\ 1+ (x; —1)

By evaluating the above equation at each i=0,1,. o6 can get a linear system
of 17 equations with 17 unknow#g;}15, that can be found in the appendix (see

program (2.3)). This system has the solution:
u, =1.63887, y= 1.69648,+ 1.7507,® 1.79947u 18%@,= 1.87401

U, =1.89804, y= 1.912528,¢ 1.91744,w 1.91258=u 89804, u,= 1.8740
u,=1.84089, y,= 1.7994,y= 1.7507,&F 1.69648 angtu 3885
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Third, we subdivide the interval-L,1] into 32 and 64 subintervals such that
X; =—1+1LG,i =0,1,...,32 and x; =—1+é,i =0,1,...,64 respectively and by

following the same previous steps one can getdhelts that can be found in the

appendix (see program (2.3)).

Table (2.2) represents the numerical solutionsxaf®le (2.3) for different values

of n at specific points

Nodes n=16 n=32 n=64
x==1 1.63903 1.63872 1.63981
X =20.75 1.75801 1.7521 1.75107
X =%0.5 1.84102 1.84365 1.84422
x =+0.25 1.89984 1.89822 1.89982
x=0 1.91844 1.92863 1.98192
Example(2.4):

Consider example (2.2). We solve this example nigaky via the repeated
Simpson's 1/3 rule. To do this, we subdivide théerwal [0,2] into 10

subintervals such that; ='—5, 1 =01%...10. Therefore

u :(505—_0)92)[& +2—15:Z::>qqu J =1, 3,5,7,09.
and
75 4 2 |
u. =m X +7—5j2:1:>§x2j_luzj_1 +75jz:1:)g %W, |, =2, 4,6, 8, 10.
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By evaluating the above two equations at each §I7® and i=2,4,6,8,10

respectively and using the fact thgt= 0, one can get the following values:

u, =0.10011, y= 0.30122, ¢ 0.551L, 1 0.80777=u 34%

U, =1.33533, y= 1.6730L,= 2.10183 m 2.45568 apd-u.32B43

Second, we subdivide the interval [0,2] into 20istdyvals such thak; =ﬁ,

i =01,...20. Therefore

i-1
L 100 )[Xi +5%Z)§ Xy j =1,3,5,7,9,11, 13, 15, 17, 10.
=

" (100- %
and

i i
150 4 2 2 2
= | X +— X, ot — XU,
; (150- %) » 150,;1)g %oie o 150,; %%

where i=2,4,6, 8, 10,12,14,16,18,20.

By evaluating the above two equations at each3:5, 7, 9, 11, 13, 15, 17, 19
and i=2, 4, 6, 8, 10, 12, 14, 16, 18, 20 respelgtiard using the fact that, = 0,

one can get the results that can be tabulated.
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Table (2.3) represents the numerical solutionsxafle (2.4) for different values of n

Nodes Numerical Exact
Solution Solution
x=0 0 0
x=0.1 0.00091 0.10001
x=0.2 0.00052 0.20011
x=0.3 0.00097 0.30054
x=0.4 0.00171 0.40171
x=0.5 0.00257 0.50418
x=0.6 0.00369 0.60870
x=0.7 0.00499 0.71619
x=0.8 0.00661 0.82778
x=0.9 0.00839 0.94482
x=1 0.01092 1.06894
x=1.1 0.01296 1.20207
x=1.2 0.01561 1.34652
x=1.3 0.01884 1.50506
x=1.4 0.02521 1.68103
x=1.5 0.02731 1.87848
x=1.6 0.03225 2.10238
x=1.7 0.03629 2.35882
x=1.8 0.04293 2.65538
x=1.9 0.04984 3.00153
X= 0.05831 3.40921

2.2 Numerical

Methods for

Solving

the Generalized One-

Dimensional Linear Integral Equations

In this section, we use some of the quadrature odsthnamely, the

trapezoidal rule and Simpson's 1/3 rule for solvithg generalized one-

dimensional Fredholm linear integral equationshef$econd kind.
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2.2.1 TheTrapezoidal Rule
In this section we use the trapezoidal rule to edlve generalized one-

dimensional Fredholm and Volterra linear integm@la&ions of the second kind.
To do this, consider first, the 2-generalized omaemsional Fredholm linear

integral equation of the second kind:

b d
u(x) =f(x) + A[k(x, Y)u(y)dy+u[ £ (x,y)u(y)dy, & < b (2.

where[c,d]U[a,b]. By dividing the interval [a,b] into n subintervalsuch that

X, =a+ih, i=0,1,...,n, h=¥ and c and d are one of it's mesh points say

c=x, and d= x for somep,q0{0,1,...,n}. Then by settingx =x; in the above

integral equation and by replacing the integraintéhat appeared in the right
hand side of the above integral equation by theatga Trapezoidal rule, one

can have

U =106) + A0 KOG @)y +AS kG o )y +A T kG by +
2 = 2

-1
D 10 %) Uy #1306y +R0 06 % )y (2.6

=p+1 2

whereu, denote the numerical solution»t i=0,1,...,n.
By evaluating the above equation at eacl®,1,...,n one can get a system of
n+1 linear equations with n+1 unknowns namély}iL,. This system can be

written asAU =F and can be solved by using any suitable methoéyevA is

the matrix of the coefficients defined by
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U is the matrix of solutions and F is the matrixioh-homogeneous part, defined

by

Ug fo
Ug fy
U, fy
Upq fp_1
Up fo

U= u?” and F= fp,+1 .

gq-1
Ugq fq
Ug+1 fqea
un—l fn—l
un fn

To illustrate this method, consider the followingmples:

Example (2.5):
Consider the generalized one-dimensional Fredhioleat integral equation

of the second kind:

1 06
u(x) = 0.949%2 - 0.3333 - 0.2635+ I (X + y)u(y)dy + I (x2 +y2)u(y)dy
0 04

whereO0<x <1.
This example is constructed such that the exactisal of it, is u(x) = x*>. We

solve this example numerically with the repeategérzoidal rule. To do this, first
we subdivide the interval [0,1] into 5 subintervailgh thatx; =Ig, 1=0,1,2,3,4,5.

Then x, = 04and x5 = 0§ therefore p=2 and g=3. In this case, equatio) (2.

becomes
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4
1 1 1
u, =0.949%? - 0.333% - 0.2635+ ;o +52(xi # XU+ X+ DU ¢
i=1

1 5 1 5 )
—(x7+ 016)u, + —(x + 036)u,, 1= 01,2,3,4,5
10( i ) 2 10( i ) 3

By evaluating the above equation at each i=0, 13,24, 5 one can get the

following linear system:

1
- 002
- 004
— 006
- 008
-01

The solution of the above system is tabulated dantim the comparison with the

- 004
092
- 012
- 016
-02

-0.112 -0.156 -016
-016 -02 -02
0776 -0252 -024
-0.304 0688 -0.286
-04 -038 068
-024 -0512 -0456 -036

exact solution.

-01

- 012
- 014

-01

- 018

08

Table (2.4) represents the numerical and the esaations

of example (2.5) for n=5

—-0.2635
-0.2922
—-0.2449
-0.1217
0.0774
0.3525

Nodes Numerical Exact
Solution Solution
x=0 -0.04634 0
x=0.2 -0.02383 0.04
x=0.4 0.07796 0.16
x=0.6 0.259 0.36
x=0.8 0.51932 0.64
1 0.8589 1
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Second, we subdivide the interval [0,1] into 10istdyvals such thak, =1'—O,

i=0, 1,..., 10. Thenx, =0.4 and x, =0.6 and therefore p=4 and g=6. In this

case, equation (2.6) becomes

1 13 1
u =0.9493X — 0.3333% 0.2636— . x U — (e  x)e— (% u+
| | 20 | )% 102_1 |( ] ]) 20 |( 11)

1, 1 1 .
(X2 +0.16)u, +— (¥ + 0.25)u+—— (X+ 0.36u .3 0. 1,..10
20(. )} 10(% )Y 0 (X W

By evaluating the above equation at each i=0, 1,0.. One can get the following

linear system which can be written as AU=F, where

1 -0.01 -0.02 - 0.03 - 0.048- 0.075- 0.078 0.0/ 0.68 0.69.05
-0.005 0.98 - 0.03- 0.04- 0.0585- 0.086 0.0885 0.68090.-0.1 -0.055
-0.01 -0.03 096 - 0.05 - 0.07 - 0.099 - 0.1- 0.09 0& 0.1H.060Q
-0.015 -0.04 - 0.05 0.94 - 0.0825 @4 -0.1125 -0.1 - 0.11- 0.12- 0.06
-0.02 -0.05 -0.06 - 0.0 0.904 - 0.131- 0.126¢ 0.H 0.22.130 -0.7
A=-0.025 -0.06 - 0.07 - 0.08- 0.1105 0.85- 0.1405 0.2 30.20.14 -0.075
-0.03 -0.07 -0.08 - 0.09 - 0.126- 0.171 0.844- 0B 03X 0.315080.
-0.035 -0.08 - 0.09 - 0.1 - 0.1425- 0.194 0.1725 0.86 50.10.16 -0.085
-0.04 -0.09 -01 -0.11 - 016 - 0.219- 0.19- 0.15 084 0.10.09
-0.045 -0.1 -0.11- 0.12- 0.1785 0.246 0.2085 0.16 70.10.82 -0.095
-0.05 -0.11-012-0.13- 0B -0.275 -0.228 - 0.17- 0.18- 019 09

Ug ~0.2635
u, -0.28734
u, ~0.2922
Uy -0.27806
u, ~0.24494
U=|u, | and F=|-0.19284
Ug -0.12174
u, ~0.03166
Ug 0.0774
Ug 0.20546
Uy, 0.3525
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The solution of the above system is tabulated dantim the comparison with the

exact solution.

Table (2.5) represents the numerical and the esaations

of example (2.5) for n=10

Nodes Numerical Exact
Solution Solution
x=0 -0.009105 0
x=0.1 -0.000852 0.01
x=0.2 0.02733 0.04
x=0.3 0.07545 0.09
x=0.4 0.1435 0.16
x=0.5 0.23148 0.25
x=0.6 0.3394 0.36
x=0.7 0.46725 0.49
x=0.8 0.61503 0.64
x=0.9 0.78274 0.81
1 0.97038 1

Third, we subdivide the interval [0,1] into 20 swotgirvals such that, =2LO’ i=0,

1,...,20. Thenx, =0.4 and x,, =0.6 and therefore p=8 and q=12. In this case,

equation (2.6) becomes

19
_ 2 _ 3 1 1 1
u; =0.949% - 0.333% - 0.2635+ Z)xiuo +§) ; (Xj +Xj)u; +Z)(Xi + DUy +

11
1, 2 1 2 .2 1 .2 L _
Z)(xi + 016)ug +2—Oi§9 (X{" +Xj)u; +Z)(Xi + 036)u;,,1=0,1,...,20
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By evaluating the above equation at each i=0,1,. a0 by following the same
previous steps one can get the tabulated resatscém be seen in the appendix
(see program (2.5)).

Fourth, we subdivide the interval [0,1] into 30, 80 and 100 and the results can
be seen in the appendix (see program (2.5)). Soimiese results can be

tabulated down with the comparison with the exabitson.
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2.2.2 Simpson's 1/3 Rule

In this section we use Simpson's 1/3 rule to sdhe generalized one-
dimensional Fredholm and Volterra linear integraliations of the second kind.
To do this, consider first, the 2-generalized omaemsional Fredholm linear
integral equation of the second kind given by eiguaf2.3).

By dividing the interval [a,b] into n subinterva®jch thatx, =a+ ih, i=0,1,...,n,

h =—a, n is an even positive integer and ¢ and d areobitess mesh points say
n

c=Xx, and d= x for somep,q{0,1,...,n}. Then by settingx =x; in the above

integral equation and by replacing the integramtéhat appeared in the right
hand side of the above integral equation by theatgal Simpson's 1/3 rule, one
can have

n I’ll

h 2 2
U =f(xi)+A§ K(x,a)y + D KO %5 Wia + 2 KO )y + K(x by |+
= j=1

a 94
h 2 2 )
H3 £(X;, X, Uy +4]=p2+1€(>9 1 %i0 Moy + 2%16 (f % )W +2 (X% )Y (2.7

where u, denote the numerical solution at eachi=0,1,...,n. It is clear that

equation (2.7) holds in case q is an even positneger. However if this
condition is not satisfied then equation (2.7) t@nreplaced by the following
equation:

n nl

4 =F04) +Ag) Kk @) + 87 KK 50 e+ 2 kX % )i+ KGx b+
= =N

-1
o] 06X, )U, + 257 10X )+ (5 )u} 28

j7p+l
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By evaluating equation (2.7) (or equation (2.8)¢athi =0,1,...,n one can get a

system ofn +1 linear equations wittn +1 unknowns{u;}{,. This system can

be written asAU =F and can be solved by using any suitable methodravA is

the matrix of the coefficients defined by
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U is the matrix of solutions and F is the matrixroh-homogeneous part, defined

by

Ug fo
Ug fy
U, P
Upq foa
u, fp
u f
u=| Pl and F=| P
Ug-1 fo-1
Uq fq
uq+1 fq+1
un—l fn—l
L Un ] L fr i

Example (2.6):

Consider the generalized one-dimensional Fredhioleat integral equation

of the second kind:
1 0.8
u(x)=0.9493% - 0.3333x 0.2636] (x y)u(y)dy[ Tt °y Wy
0 0.2

where0<x <1.
we solve this example numerically via the reped&eadpson's 1/3 rule. To do

this, first we subdivide the interval [0,1] into 1€ubintervals such that

X =1'—0, i=0,1,...,10

Then x, =0.2 and xg = 0.8, therefore p=2 and g=8. In this case, equation) (2.

becomes
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5 4
u, =0.9493% - 0.3333x 0.2635%[ 24 (ko QU 22 itk X ot
i=1 =

(¢ +Dug] + o 06+ 0.4y + & (F+ Fa )+ 2F+ 036k (e 046))
=3

where i=0,1,...,10.
By evaluating the above equation at each i=0, 10..0yfie can get a linear system
of 11 equations with 11 unknowtis } '3 that can be found in the appendix (see

program (2.6)). The solution of this system is tated down with the

comparison with the exact solution.

Table (2.7) represents the numerical solution efhexe (2.6) for n=10

Nodes Numerical Exact
Solution Solution
x=0 -0.009505 0
x=0.1 -0.000952 0.01
x=0.2 0.03733 0.04
x=0.3 0.08545 0.09
x=0.4 0.1535 0.16
x=0.5 0.24148 0.25
x=0.6 0.3594 0.36
x=0.7 0.47725 0.49
x=0.8 0.62503 0.64
x=0.9 0.79274 0.81
1 0.98038 1
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Second, we subdivide the interval [0,1] into 20istdyvals such thak, =2'—0,

i=0, 1,...,20. Thenx, =0.2 and x,, =0.8 and therefore p=4 and q=16. In this

case, equation (2.7) becomes

10 9
u =0.9493% — 0.3333x 0.26356—10[ et D4 (k% JuF D2 (K X Ju
i=1 =

8

(¢, + D]+ 04 + 0.4y + 3 (F+ d Jut g (f+ %)y + (R+ 046)y]
By evaluating the above equation at each i=0,1,. a0 by following the same
previous steps one can get the tabulated resatscém be seen in the appendix
(see program (2.6)).

Third, we subdivide the interval [0,1] into 30, 40 and 100 and the results can
be seen in the appendix (see program (2.6)). Soimiese results can be

tabulated down with the comparison with the exabitson.

42



Chapter Two Some Modified Methods farl8ng The One-dimensional Integral Equations

43



Chapter Two Some Modified Methods farl8ng The One-dimensional Integral Equations

2.3 The Modified Trapezoid Rule for Solving The One+Bensional

Linear Integral Equations

In this section, we modify some of the quadratusthods to solve the one-
dimensional Fredholm and Volterra linear integemuations, namely the

repeated trapezoid rule.

2.3.1 The Modified Trapezoid Rule for Solving The One+iBensional
Fredholm Linear Integral Equations[29]:

Let f be a continuous function defined on the etbsnterval [a,b]. By

subdividing the interval [a,b] into n subintervis,x; 4], =0,1,...,n— 1 of equal

width h :Ta such thatx; =a+ ih,i =0,1,...,n. Then the repeated modified

b
trapezoid formula for evaluatiny(x)dx IS:

b h n-1 h2 ,
if(x)dx=§ f(xo)+2j§1f(xj>+f(xn) + 5l (<0 ~F x3]

Next, consider the one-dimensional Fredholm lineeegral equation of the
second kind given by equation (2.1). First, we dkvthe interval [a,b] into n
subinterval [X,,X.,],i1 =0,1,...,n=1 such that x, =a+ih, i=0,1,...,n where

:b—a
—

h So, the problem here is to find the solution ghaion (2.1) at

X.,1=0,1,...,r. Let u, denote the numerical solution of the integral ¢igua(2.1)
at eachx.,i=0,1,...,nThen, we approximate the integral that appearethen

right hand side of equation (2.1) with the repeatedlified trapezoid rule to get
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u(x)="~(x) +—k(x Xo)Uo +)\hz K(X, %)y, +)\ K(x, %, )y, +
=
y=xrj

u(x)= f(x)+—k(x xo)uo+)\h2k(x,x)u +)\ K(X,%, )u, +

=

Akt + 306, M= (%, )= 305,%, )] 2.9)

0k(x,y)
oy

Ah?

0
E{a—y(k(x,y)uw))

)
—a—y(k(x,y)U(y))

Yy=X0

Therefore

whereJ(X,y)=

By substitutingx =x,,1=0,1,...,nin the above equation and transform all the
terms involving the solutioru, to the left hand side of the resulting equation

leaving onlyf(x.) on the right hand side, one can have
Ah -l Ah
_?kiouo Ay ki y ey koW~
=1
Ah? . _ :
_2[ki0u0+‘Ji0uO_ knth = lﬁ]— f. F0L..n (2.1

where,f, =f(x,), k; =k(x;,y,), J, =3(x,% ),i=0,1,..,randp=0,n.
The above system of equations consists of n+1 mmsatvith n+3 unknowns

namely,u., i=0,1,...,nu, and u,. To find u, and u., one must differentiate

equation (2.1) with respect to x to get

b
u'(x)=1f'(x) +)\jH(x,y)u(y)dy (2.11)

a
ok(x,y)
ox

It is easy to check any solution of equation (2s13 solution of equation (2.11)

whereH(x,y) =

too.
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Next, to solve equation (2.11), one must considerdases:-

Case (1):

9°k(x, )
oxoy

If exists, in this case, we approximate the intetiyatl appeared in

the right hand side of the integral equation (2.With the repeated modified
trapezoid rule to obtain

u'(x)=f' (x)+—H(x xo)uo+)\hz H(X, x; )y, +)\ H(x,%, )u, +
=l
y—xn:|

u'(x)= f(x)+)\—H(x xo)uo+)\hZH(x,x)u +)\ H(x,x, )y, +

=l

)
-a—y(H(x,y)U(y))

Ah?Z| 0
E{a—y(H(XN)U(Y))

¥Y=Xo

Therefore

Ah?

1 “—[H(X, X, )y + L(X,Xq)Ug = H(X,X,)Uy= L(X,X,)u,]

OH(x,y) _ 9°k(x,y)

whereL(X,y) =
x.¥) ay dyox

Hence forx =x ,p=0,n, one can get the following equations:

TR Ah
u(,:fo+2 ool o +)\hZHOJJ 2H u,+

On%n

)\ 2
[Hoou +Loo— Hol = L oM J

n-1
u;:f;,+)\2thou +AhY H,u, +)\—2hH u,+

=1

Ah? , :
E[Hnouo"' I—nOu 0~ H and n” L niH r]

wheref, =f'(x) and f, =f (x ).
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The system which consist of the above two equatiogether with the n+1

equations given by the equation (2.10) can beeavridts AU=F, where

A, AR Ah AR AR AR
I ko= ohe bk ARy - =Tkt =0 Jon o Ko T Ko
Ah, AR AR NG A
_E Kio _EJlo I-Ahky; —Ahkg, - _E k1n"'T2 Jin _TZ Ko TZ Kin
A A Ah AR Nt A
_E kzo _EJzo -\ hk21 1=\ hkzz _E I(2n"'T2 Jon _TZ kzo TZ k2n
A= : : : ) : : :
Ah i Ah A AT A
_E knO _EJnO K hknl A hknz e 1_72 knn+T2 Jnn _TZ knO TZ knn
Ah A Ah Xi; N A
S Hoo _ELOO —AHg  —AhHg, - S H 0n+T2L on 1_TZH 00 TZH 00
Ah A Ah AT Nt A
_E HnO _ELnO —AhH nl —AhH n2 _E H nn+T2L nn _TZH no 1_TZH n_(
U, | £,
U, f1
u, f,
U=l : | and F=
un fn
Uy f
U, | fo

This system can be solved by using any suitablehadetto find the n+3

!

unknownsu,, i=0,1,...,n,§ and}.

Case (2):

9°k(x, ) o . .
If Taxdy dose not exists, in this case, we approximatdritegral that
Xoy

appeared in the right hand side of the integrab&qn (2.11) with the repeated

trapezoid rule to obtain
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u(x)=f' (x)+—H(x X,)U, +)\hz H(X, X, )y +)\ H(X,% )u,

=
Hence, forx =x_,p=0,n, one can get the following equations:

, Ah = )\h
uy =fy+ 5 —H,l, +)\hZHOJ it — H,,u

on™~'n

n-1
u, =f; +)\—2thouo+)\hZ Hm.uj+)\—2h H u.

=1

The system which consists of the above two equsttogether with the n+1

equations given by equation (2.10) can be writeAd=F, where

. Ah, AR A AR AN
1_* Koo _E‘]oo “Ahky  Ahky - _3 koH"T2 Jon _TZ Koo TR
)\h AR Ah A A A
2 I<1o 12 10 1_)‘hk11 -\ hk12 _E k1n"'T2 Jln _TZ klO TZ 1n
Ah )\h2 Ah A A AN
?kzo 12 20 -\ hk21 1=\ hkzz _3 kzn"'T2 ‘]Zn _TZ I<2o TZ 21
A= : : : ) : : :
_)\hkno_}\hz"]no _)\hknl —A hkn2 SR ﬁ-l k )\ﬁ ‘]nn _ﬁ knO LH)- knr
2 12 2 12 12 12
)\Zh Hoo —)\hH01 —)\hH02 _)\Zh Hon 1 0
—E Hyo —)\thl —)\th2 —& Ho, 0 1
L 2 2 i
u, | ]
U, fl
u, fz
U=| : | and F=
ul’] fn
Uy fo
| Un ] fh
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This system can be solved by using any suitablehodeto find the n+3

!

unknownsu,, i=0,1,...,n, 4y and.

To illustrate the previous method, consider théofeing example:

Example (2.7):

Consider example (2.1), we solve this example nigady with the

repeated modified Trapezoid rule. To do this, firge subdivide the intervals
[-1,1] into 8 subintervals such that; =—1+L4,i =0,1,...,.8 Then the above

integral equation becomes:

1)(1 1 1 2(x +1) 1

U= 1 Ksu(x +1)2+192[1+ (x + 17?] er (x— §ui+
11 1 2(x-1) L1 1
81+ (x —1Y 192 [k (x- 1§ § 1921 (x+ B °
1 1 u’g] i=0,1,...,8
192 1+ (x — 1f

, 1)1 1 (F1-x) 251 1

u°“n{96u° 21[1+ 1-x¢F 4 12000° 12004

1) =251 1 (=X __1 _

8_n[lzooouo 2,213 [ (x5 i R 1200%}

By evaluating the above equation at each i=0,1,an@ can get a linear system
of eleven equations with eleven unknowfus} ', u;and u;, which has the

solution:

u, =1.63639, u= 1.74695 = 1.83641Lw 1.89332=u 1268, u= 1.8933:
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u, =1.83641, u= 1.746¢andu, =1.63639

Second, if we subdivide the interv@tl,1] into 16 subintervals such that

X, =-1+ ;—3 1=0,1,...,16 then the above integral equation becomes:

11 1 1 2(x +1) | 1E
ui_1+EKE1+ (x+ 1) 7681 (x+ D] j az I (?< x? W

i 1 1 2(x, —1) U. +
161+ (x -1f 768[% (x- 1) *° 768ir (9<+ B
1 1 .
' 1,i=0,1,...,.16
7681+ (x — 1f u“} |
, 1] 1 18 (-1-x) 491
o = n{384 le [+ €1~ x§f " 48000 480(516

e S S k) N S 1%_
= 11 28000 ° 4,21: [+ & x§i 384°° 2800

By evaluating the above equation at each i=0,1,. oji&can get a linear system
of 19 equations with 19 unknowds }'5, u; and U, that can be found in the

appendix (see program (2.7)). This system hasdheien:
u, =1.63887, y= 1.69648,+ 1.7507,® 1.79947u 18%@, = 1.8740]

U, =1.89804, u= 1.912528,&= 1.91744,-u 1.91258ru 89804, u,= 1.8740
u, =1.84089, y,= 1.7994,y= 1.7507,F 1.69648 angu 38349.
Third, we subdivide the interval-[,1] into 32 and 64 subintervals such that

X; =—1+ﬁ,i =0,1,...,32 and x; =—1+é,i =0,1,...,64 respectively and by

following the same previous steps one can getdkelts that can be tabulated in

the appendix (see program (2.7)). Some of thesdtsesre tabulated down.
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Table (2.9) represents the nuna¢solution of example (2.7) for different valudso

Nodes n=16 n=32 n=64

X =%*1 1.63887 1.63949 1.63964
X =+0.75 1.7570 1.75164 1.75187
X =+0.5 1.84089 1.84201 1.84229
X =+0.25 1.89804 1.89922 1.89952

x=0 1.91744 1.91863 1.91839

2.3.2 The Modified Trapezoid Rule for Solving The On@ytkensional VVolterra
Linear Integral Equations of The Second Kind:

In this section, we use the modified trapezoiddeé rio solve the one-

dimensional Volterra linear integral equationshef second kind.

Consider the one-dimensional Volterra linear ind¢grjuation of the second

kind given by equation (2.2). First, we divide theerval [a,b] into n subinterval

[X;,X 4], 1=01...,n- such thatx. =a+ih,i=0,1,...,r where h=Ta. So, the

problem here is to find the solution of equatior?jzat x,,i=0,1,...,r. Let u,
denote the numerical solution of equation (2.2¢athx.,i =0,1,...,n.Then, we

approximate the integral that appeared in the rngimd side of equation (2.2) at

x=x,1=0,1,..,r, to get

u =f +A[k(x,y)u(y)dy, i=0,1,..,n (2.12

wheref. =f(x.),i =0,1,...,n.

Then, we approximate the integral that appearedhen right hand side of

equation (2.12) with the repeated modified trapezole one can get
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u, =f,

Ah i1 Ah
u =, +7k(xi X ) + AR K(x %)y +7 KOxxu+
=

], i=12,...,r
Y=Xj

By transforming all the terms involving the solutio, to the left hand side of the

_90

Ah?| 9
E{a—y(k(xi,wu(y)) 9y (KO Yu()

y=Xo

resulting equation leaving onfy(x,) on the right hand side, one can have

and
Ah i1 Ah

wnga%-Mﬁmqﬂg%u-
Ah? , : ‘
E[kiouO +Jo— kU= p]=f, EL2..n (2.1

wheref, =f(x;), Jip =J(x s )=W , k(X X )= Iﬁ , LEFL2,...n, = O,

Y=Yp

Next, we have to findiyandy ,i= 1,2,...,1 To do this, we must differentiate

equation (2.2) with respect to x to get

u'(x)=f"(x) + ATH(X, yu(y)dy+ A k(x,x)u(x), x= a (2.14

whereH(x,y) = 4 k(()x, y)
X

It is easy to check any solution of equat{@r?) is a solution of equatid@.14).
By evaluating equation (2.12) at=x., i =0,1,...,n, one can get

u’(xi)=f’(xi)+)\TH(xi Yu(y)dy+Ak(x ,x )u(x ), i= 0,1,..n (2.15)
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Next, to solve equation (2.15), one must condMercases:-

Case (1):

¢ OK(Y)
oxoy

in the right hand side of equation (2.15) with tbpeated modified trapezoid rule

exists, in this case, we approximate the intetjral appeared

to obtain

' _ e, AN 1 Ah
Ui =6+ HOG % )t +AhY H(X% % )y o HO L+
j=1

Ah?| 0 0
— | = (H{X;, y)u(y) ——(H(X ,y)u(y) +
2 [ay( ) oy )]
AKX, X)W, 1=1,2,...,n. (2.16)

wheref/ =f'(x;),i =0,1,...,n.

Therefore

Ug =fo + Ak of

and

Ah i1 Ah
u=f+—H.u. +Ah u+—Hu+
i i 2 i0 ~0 J;qu 2 I_I* lrI

Ah? . . : _
E[Hiou0 + Lol — Hyui = Ly ] +Ak y, i=12,..,n (2.17
whereu; =u'(x ), H = H(x ,y ), i,j=0,1,...,nL;, =w , P=0,l.
y Y=Yp

Hence
Ug = fo + Ak gof

and

53



Chapter Two Some Modified Methods farl8ng The One-dimensional Integral Equations

: 12 , | Ah )\ H )\hz
o =m{fi +|:7Hi0 Huokoo o}co+

)\hiH Y +)\—hzl—|0fO P_Zh ' )\—hZL" Ak }} 1=1,2,...,r
=

By substituting the values af, andu,i=1,2,...,r into equation (2.13), one can
have

N1 )\hz _ ARk [Ah  APKT A
_f +{ KO +—K0k00 12 O 12+)\|f?|1|: HO H I%04- 12“0}}%4-

AR APk AR ], ARk _ ARk
{ o~ 12+4\FPH 12 'O} Ah,;{k 12+Aﬁ|#HJ}q 12\ HH“

Ahy AR AP AR AR =
{ZK‘ 12 12+>\r?|1[ H 'w”\k}p,u 12,...,n (2.1¢

By evaluating equation (2.18) at eaich0,1,...,nand using the fact that, =f,,,
one can get the numerical solutions of equatiof)(at the mesh pointx .,

i=1,2,...,n

Case(2):

9°k(x, ) L . .
If “oxdv does not exists, in this case, we approximaterttegral that
Xoy

appeared in the right hand side of equation (2xi®) the repeated trapezoid rule

to obtain
Uy =Tfo +AK o

and

i-1
ui' :fi'+)\_2I’]Hi0 U +)\hz qu +)\—2h|—i|i u+Aku, i=01,..,
i=L
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By substituting the values af, andu;, i =1,2,...,n into equation (2.11), one can

have
Ah A2h? A h? A2h3 Ah? o,
u; =f; +|:7ki0 "'Fkookio + 12 Jo — 24 K; I'ﬂo}co +—12ki0f0 +
i1 Ah? Ah? Ah A2h?
AN k. ——H. k. -———k f'+| —k - 2
§|: ij 12 |jK|:|q 12lﬁ| |: Zlﬁ 12K
2143 2
)‘22 k. H. —%qi }q L i=1,2,..,n (2.1¢

By evaluating equation (2.19) at eaichl,2,...,n with the fact thatu, =f,, the
numerical solutions of equation (2.2) at the mesimts x,, i=0,1,...,r are

obtained.

To illustrate the previous method, consider théofeing example:

Example (2.8)

Consider example (2.2). We solve this example niocaky with the

repeated modified trapezoid rule. To do this, wedsuide the interval [0,2] into
20 subintervals, such thatzé), 1=0,1,...,20and using the fact thaf =f,=0. then

the above integral equation becomes:

u, =f,
Ui =X +l[ : X — = (0'01))6 +—1i§1[xixj B (O'Ol))? P
501200 12001% (0.04)x X ¥ (0.0)
12(J(3.01)>g2 +(ix?— L, - (0.01)% L_lxl __1+)§2qu
0.01)x | 20" 200° 12 (0.0)k 20 1200

wherei =1,2,...,n
By evaluating the above equation at each i=1,2,..020 can get the following

values (see program (2.8)):
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U, =0, u = 0.10001, y= 0.20011,& 0.30054,u 0.40171%0.50418
u, =0.60870,y= 0.71619,0F 0.82778,a 0.94482,© 6BY4,
u, =1.20207, y,= 1.34652,y= 1.50506, & 1.68103,n 49,
u, =2.10238, y, = 2.35882, = 2.65538,,6& 3.00andu,, =3.40921
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Conclusions and Recommendations

From the present study, we can conclude the folgwi

. The classification of the standard one-dimensiaomi@gral equations can be

extended to the n-generalized multi-dimensionagral equations.

. The mathematical modelings that consist of the ggized multi-dimensional
integral equations are more reasonable than thkemeattical modelings that

consist of the standard multi-dimensional integguations.

. Some of the existence and unigueness theoremshtrstandard one-

dimensional integral equations can be extendeth®on-generalized ones.

. The modified trapezoidal rule for solving the onme@nsional and multi-
dimensional integral equations gave more accueseltrthan the trapezoidal

rule and Simpson's rule.

. The modified trapezoidal rule can be also usedteesthe Volterra integral

equations and integro-differential equations.

For future work the following problems could beasunended:
. Devote the modified Simpson's rule to solve thegral equations.
. Solve the non-linear integral equations via the ifiedl trapezoidal rule.

. Discuss the eigenvalue problems related to thergéped multi-dimensional

integral equations.
. Study the singular multi-dimensional integral equasd.
. Describe the multi-dimensional delay integral edapret.

. Use the variational method to solve the non-linganeralized multi-

dimensional integral equations.
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Introduction

It is known that the integral equation is an equain which the unknown

function appears under an integral sign, [15].

If the integral equation contains only one one-disienal integral operator
and the unknown function depends only on one indeget variable, then this

integral equation is said to be the one-dimensiontagral equation [16].

If the integral equation contains only one multkreénsional integral
operator and the unknown function depends on mbat one independent
variable, then this integral equation is said tathe multi-dimensional integral
equation, [16].

Many authors and researchers studied the one-diomaisntegral equation
say Hochstast in 1973, [22] discussed the existeht®e unique solution for the
one-dimensional non-linear integral equations, Beland Walsh in 1974, [16]
gave the numerical solution for the one-dimensiontdgral equations, Jerri in
1985, [25] gave some approximated methods for sglthe one-dimensional
integral equations with some real life applicatioAtShather A. in 1999, [5]
studied the one-dimensional singular integral aquat AL-Jawary in 2005, [3]
used some numerical methods for solving systenm@fone-dimensional linear
Volterra integral equations and Ibrahim in 200@][@sed the numerical methods

for solving system of one-dimensional linear Frddhimtegral equations

Also, many authors and researchers concerned tthrulti-dimensional
integral equations, say Ladopoulos in 1988, [2%legsome numerical solutions
of the multi-dimensional singular integral equasprUBA P. in 1994, [35]
studied the collocation method with cubic splines rhulti-dimensional weakly
singular non-linear integral equations, Su and Bakal999, [33] used the

moment method for solving the two-dimensional Fraddhintegral equations of



I ntroduction

the first kind, Han and Wang in 2001, [20] gave sapproximated solutions of
the two-dimensional Fredholm integral equations Walerkin's method,
Kulkarni R. in 2004, [26] gave approximate solusofor the multivariable

integral equations of the second kind, Xu and Zhow004, [34] used the
collocation method for solving the multi-dimensibnantegral equations,
Gonzalez in 2005, [19] used the regularization metfor solving the two and
three-dimensional Fredholm integral equations effttst kind, Hasson in 2005,
[21] gave some approximated solution for two-dimenal integral equations,
Cardone and et al. in 2006, [11] used some itezatigthods for solving the two-
dimensional Volterra-Fredholm integral equationsl &t-Niamey in 2006, [4]

studied the multi-dimensional integral equationsrébver Omran H. in 2007,
[30] presented solutions of the generalized muttighsional Volterra integral
and integro-differential equations and Majeed 22007, [28] gave the solutions
for the generalized multi-dimensional linear Fredhotegral equations.

The main purpose of this work is to study and dpdbe n-generalized
integral equations that contain n integral opemtdrhis study include the
existence of a unique solution for special typesheke integral equations and
solving them via some methods of the quadraturehodst namely the

trapezoidal rule, the modified trapezoidal rule #mel Simpson's rule.

This thesis consists of three chapters

In chapter one, we give simple definitions for thee-dimensional integral
equations and extend them into the generalized donensional integral
equations. Also, some of the existence and uniggsetieorems for the standard

one-dimensional integral equations extended fogtreeralized ones.

In chapter two, we use special types of the nuraknethods namely, the
trapezoidal rule and Simpson's rule to solve spetypes of the integral
equations namely, the one-dimensional Fredholm Vaolterra linear integral

equations of the second kind and shows validitythe generalized ones.



I ntroduction

Moreover we use some of the numerical methods nantbe modified

trapezoidal rule to solve some of the special tygddbe integral equations.

In chapter three, we classify the multi-dimensiomaégral equations and
describe the generalized multi-dimensional integesjuations with their
numerical solutions via the quadrature methods.oAlse modify some
guadrature methods, specially the trapezoid rulsdlwe special types of the
multi-dimensional integral equations, namely theltrdimensional Fredholm
linear integral equation of the second kind.

For each method, some numerical examples are sawed computer
programs are written in MathCAD (professional 20Q0sdoftware package, and

the results are presented in tabular forms
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Chapter Two

Some Modified Methods for Solving The One-dimensional | ntegral Equations

Table (2.6) represents the numerical and the exact solutions of example (2.5) for different values of n

Numerical Solution
Nodes =10 =20 =30 =40 n=50 =100 Exact Solution
x=0 | 910527x1073 | -2.20747x1073 | -1.02286x1073 | -5.75706x1074 | -3.68555x10~4 | -9.21732x1075 0
x=0.1 | g52746x1074 | 7.26094x1073 | 8.78049x1073 | 9.31360x10~3 | 9.56058x10~3 | 9.89010x1073 0.01
x=0.2 0.027336 0.03680 0.03858 0.03920 0.03949 0.03987 0.04
x=0.3 0.07545 0.08633 0.08336 0.08908 0.08941 0.08985 0.09
x=0.4 0.1435 0.15583 0.15814 0.15896 0.15933 0.15983 0.16
x=05 0.23148 0.24532 0.24792 0.24833 0.24925 0.24981 0.25
x=0.6 0.3394 0.35480 0.35768 0.35870 0.35917 0.35979 0.36
x=0.7 0.46725 0.48425 0.48744 0.48856 0.48908 0.48977 0.49
x=0.8 0.61503 0.63369 0.63719 0.63842 0.63399 0.63975 0.64
x=0.9 0.78274 0.80311 0.80693 0.80827 0.80890 0.80972 0.81
x=1 0.97038 0.99252 0.99667 0.99813 0.99880 0.99970 1
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Chapter Two

Some Modified Methods for Solving The One-dimensional | ntegral Equations

Table (2.8) represents the numerical and the exact solutions of example (2.6) for different values of n

Numerical Solution
Nodes n=10 n=20 n=30 n=40 n=50 n=100 Exact Solution
x=0 | 9505x1073 | -2.20849x1073 | -1.02272x1073 | -5.75601x107%4 | -3.68455x10~4 | -9.21722x107° 0
x=0.1 1 gs2x10% | 7.26122x1073 | 8.78056x1073 | 9.31370x10~3 | 9.56065x10~3 | 9.89019x1073 0.01
X=0.2 0.03733 0.03701 0.03870 0.03935 0.03969 0.03999 0.04
x=0.3 0.08545 0.08424 0.08847 0.08018 0.08952 0.08988 0.09
x=0.4 0.1535 0.15692 0.15825 0.15904 0.15945 0.15991 0.16
x=05 0.24148 0.24576 0.24801 0.24895 0.24930 0.24989 0.25
=06 0.3504 0.35505 0.35767 0.35837 0.35021 0.35087 0.36
X=0.7 0.47725 0.48450 0.48755 0.48865 0.48912 0.48990 0.49
x=0.8 0.62503 0.63375 0.63730 0.63847 0.63957 0.63982 0.64
=09 0.79274 0.80401 0.80699 0.80839 0.80898 0.80977 0.81
=1 0.08038 0.09260 0.09672 0.09823 0.99960 0.99980 1




Chapter Three

Multi-Dimensional I ntegral Equations
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Abstract

This work is oriented towards two objectives:

The first objective is to classify and study the generalized one-
dimensional integral equations that contain n onedsional
integral operators. This study includes the exmstenf a unique
solution for special types of these integral eaureti and their
solutions by using some quadrature methods, natnel{rapezoidal

rule, the modified trapezoidal rule and Simpsouals.r

The second objectivels to classify and study the generalized
multi-dimensional integral equations that contain multi-
dimensional integral operators. This study incluttesr solutions
by using some quadrature methods, namely the twagezule, the

modified trapezoidal rule and Simpson's rule.
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