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ABSTRACT 
 

A systematic study of the non-relativistic Hartree-Fock method and its 

relativistic version, Dirac-Fock method for the average of configuration 

have been presented. In the non-relativistic case, a fully derivation of the 

Hartree-Fock equations were presented and relativistic corrections (mass-

velocity, Darwin and spin-orbit terms) are treated as first-order 

perturbation. For the relativistic case, Dirac-Fock equations were derived, 

and Breit interaction operator is used as the relativistic correction for the 

interelectronic Coulomb interaction, and is treated as the first-order 

perturbation. Expressions for the matrix elements of the Breit interaction 

operator (magnetic and retardation terms) are given for the average of 

configuration. Numerical results of some atomic properties for the ground 

states of  (Rb, Zr, Pd, Sn, Cs, Ba, Lu, Ir, Hg, Tl, Bi, Rn ) atoms computed 

and compared with their corresponding experimental values. The 

relativistic effect on the orbital energies is important on the inner shells 

especially for the ١s and 2s shells and this effect becomes more   

pronounced as Z increases. The contribution of Breit interaction is about 

2% of the relativistic shift (mass-velocity and Darwin correction). The 

Hartree-Fock calculations and relativistic correction gives reasonably 

good approximation for heavy atoms while Dirac-Fock calculation and 

Breit interaction gives high precision calculations. 
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                               CHAPTER 1                

 

1-1- INTRODUCTION 

 

    It has been noted that an accurate solution of Schrödinger’s equation is 

possible only for the hydrogen atom and single-electron ions [1]. A majority 

of the elements in the periodic table are many-electron systems where the 

motion of every electron is coupled to the motion of all the other electrons as 

well as to the nucleus. To study such systems we have to rely on some 

approximation methods. One widely used approximation method is the 

Hartree-Fock method. It is based on the rather natural approximation that 

every electron moves in the potential created by the nucleus plus the average 

potential of all the other electrons. This assumption leads to the independent-

particle model, which essentially reduces the many-electron problem to the 

problem of solving a number of coupled single-electron equations. The single-

electron equations are solved in an iterative manner until a chosen level of 

self-consistent accuracy is achieved. 

The Hartree-Fock approach is a method for obtaining approximate total 

wavefunctions for many-electron systems. It has been applied successfully to 

many areas of quantum mechanics including atomic, molecular, and solid-

state systems [2].  

    It is well accepted that an accurate prediction of electronic properties of 

medium and heavy atoms cannot be achieved without the introduction of 

relativistic effects. To include these corrections the relativistic counterpart of 

Schrödinger’s equation is considered which is the Dirac’s equation, this is 

lead to Dirac-Fock method. 
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1-2- HISTORICAL PERSPECTIVES 

 

    In this section we try to trace some of the important developments that 

determined the directions taken by the field of the atomic structure theory. 

Hartree published two important papers in 1928 [3,4]. In the first he described 

a numerical method for the solution of the radial equation with a non-coulomb 

central field; in the second he used these methods to find a field of force such 

that the distribution of charge given by the wavefunctions shall reproduce the 

field. He called this field the self-consistent field. The system of differential 

equations that he solved later became known as the Hartree equations or, as 

Hartree himself called them, “equation without exchange”.  

Soon after, in 1930 Fock pointed out that the Hartree wavefunction was 

invalid, as it did not satisfy the Pauli exclusion principle that the wavefunction 

must be antisymmetric with respect to electron interchange. Fock also showed 

that a Hartree product could be made antisymmetric by appropriately adding 

and subtracting all possible permutations of the Hartree product, thereby 

forming the Hartree-Fock (HF) wavefunction [5]. Later, Slater showed that 

the resulting wavefunction is simply the determinant of a matrix, called a 

Slater determinant [6]. The idea of the configuration average was discussed 

early by Shortley [7] and has been treated in detail by Slater [8].  

In 1935 attempts to set up relativistic self-consistent field calculations were 

initiated by Swirles [9]. She showed that Dirac’s equation could be able to 

carry through the relativistic version of Fock and Slater’s formulation of the 

Hartree-Fock equations for a closed shell configuration.  

After this, nothing much was done until the introduction of computers in the 

1950’s, with the exception of a relativistic Hartree calculation for +cu  by 

Willliams (1940) [10]. Similar calculations has been carried out by Mayers 

for Hg , this calculation required many hours of computer time [11]. After 
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this, Cohen (1960) published results for W , Pt , Hg and ++Hg  in the same 

approximation [12].  

Later, some relativistic self-consistent calculations were made by various 

authors, but most of these calculations either omitted the exchange term or 

made some approximations to avoid the numerical difficulties. For instance, 

Schonfelder computed for various atoms numerical wave functions without 

the exchange terms [13], and Liberman et al., calculated numerical 

wavefunctions for closed-shell configurations of some atoms by 

approximating the exchange term by Slater’s method [14].  

The problem was reformulated by Grant (1960, 1965) in terms of the algebra 

of tensor operators, and this has allowed the theory to be expressed in a 

simpler and more general form. He presented expressions for the relativistic 

Hartree-Fock equations for closed shell configurations, and also dealt with 

matrix elements of the magnetic part of the Breit operator [15,16]; the 

retardation part has since been treated by Kim in 1967 [17].  

Desclaux [18] calculated highly accurate spinor energies, total energies, and 

other expectation values for closed shell atoms. He also published a program 

for calculation on multiconfiguration Dirac-Fock (MCDF) in 1975 [1٩]. In 

1980 Grant et al., published their MCDF code [٢٠], the numerical methods 

they used are similar to those applied in Desclaux’s code. Mrkus Reiher and 

Karsten Kind studied the effect of the inclusion of the frequency independent 

Breit interaction on Dirac-Fock total energies for He and Be-like ions [21].  C. 

Z. Dong et al., studied the M1 transitions of +13Ar and +14Ar using the 

multiconfiguration Dirac-Fock (MCDF) method [22]. 

Irimia and C. F. Fischer in 2004, performed multiconfiguration Hartree-Fock 

MCHF calculation with Breit-Pauli relativistic corrections to compute the 

energy levels and transition probabilities in Ar [23]. 
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The purpose of this work is to study the various contributions to the energy 

for the relativistic and non-relativistic cases using Hartree-Fock method for 

some heavy atoms. In the non-relativistic case, the Schrödinger’s  

Hamiltonian as non-perturbation and the one-electron relativistic corrections 

as a perturbation is used. In the relativistic case,  Dirac-Hamiltonian as non-

perturbation and the two-body Breit interaction correction from the quantum 

electrodynamics as a perturbation is used. 

In chapter two, the non-relativistic many-body Hamiltonian, and the 

classification of the one and two body operators and the construction of the 

many-body wavefunction which built from central field wavefunctions are 

described. This followed by the derivation of the average energy of 

configuration and the Hartree-Fock equations.       

In chapter three, the formulation of the relativistic Hamiltonian for many-

electron system, and the derivation of the Dirac-Fock equations are discussed. 

In chapter four, a full derivation of the matrix element of the frequency 

independent Breit interaction for both the magnetic and retardation parts is 

presented. A brief discussion on the numerical process to solve both the non-

relativistic and relativistic Hartree-Fock equations is presented in chapter five. 

Finally, results and discussions for several selected atoms are presented in 

chapter six.  
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                           CHAPTER 2                
 

                        
          THE HARTREE-FOCK THEORY 
 

 
2-1- The Central Field Model 

 

  For an N-electron atom with a nuclear charge Z, the non-relativistic 

Hamiltonian may be written [24] (in atomic units)  

∑∑∑
≠=

+=
N

i

N

ij ij

N

i
i

r
rhH

1

2

1
)(

1
0
v                                                                    (2-1-1) 

where )(0 rh
v

 is the single-particle operator for the sum of the kinetic energy 

and the electron-nucleus interaction given by 

r

Z
rh −−= ∇2

0 2

1
)(
v

                                                                                   (2-1-2) 

The term  r ij
1−  represent the Coulomb repulsion among the electrons. 

   The Hamiltonian (2-1-1) is quite complex for any atom having more than a 

few electrons. As a further approximation it is then customary to assume that 

each electron moves independently of the other electrons in an average field 

caused by the nucleus and the electrons. This assumption leads to the 

independent-particle model, which provides an approximate description of the 

atom. The problem is considerably simplified if we assume that the average 

field is spherically symmetric. This is the well known central-field 

approximation [25]. The single-electron wavefunction )(r
lnlm

vφ µ , can then be 

written as a product of a radial function )(rPnl , a spherical harmonic 

),( 
lm ϕθY

l  and a spin functionχ µ
21
  [25].  
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χφ µµ ϕθ 21
),( )(

1
)( YP

l
mnlnlm ll

r
r

r =v
                                                         (2-1-3) 

where, n  is the principal quantum number, l is the orbital angular momentum 

quantum number, lm  is the orbital magnetic quantum number, and  21±=µ  

A non-relativistic total atomic wavefunction (Atomic State Function ASF), 

Ψ is an approximate solution of the Schrödinger’s equation 

ψψ EH =                       (2-1-4) 

where ψ is the exact total wavefunction. 

The total wavefunction for a bound state labeled Γ  for an N  electron atomic 

system is assumed to be expressed as a linear combination of configuration 

state functions CSF, ) ( LSγΘ  where γ  represents the configuration and any 

other information required to uniquely identify a configuration state. Thus 

[26], 

) ()( LScLS r

n

r
r

c

γΘ∑Ψ =Γ                              (2-1-5) 

where cn  is the number of CSFs included in the expansion and rc  are the 

configuration mixing coefficient for state Γ . Configuration state functions 

(CSF) themselves are formed by taking linear combinations of Slater 

determinants Φ , so as to obtain eigenfunctions of the total orbital angular 

momentum operators L
2 , LZ  and total spin operators S

2 , S Z . 

)(...)()(
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where  ,...,ba  denote sets of four one-electron quantum numbers (µlnlm ) 
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2-2- The Average Energy of a Configuration 

 

The energy of state Γ is given by  

s
sr

rsr cc

LSLS

H

HE

       

)()(

,

*∑

ΨΨ

=

ΓΓ=Γ

                  (2-2-1) 

where the Hamiltonian matrix element is given by 

∫ ΘΘ
∞

=
0

3) ( ) († rLS dHLSH srs r
γγ                    (2-2-2) 

(* denotes complex conjugate, † denote Hermitian conjugate)   

The non-relativistic average energy of configuration represent the diagonal 

contribution to the Hamiltonian matrix, which can be written as [27] 

 2∑=
r

rrrav HE c              (2-2-3) 

  The non-relativistic average energy of a configuration is defined as the 

center of gravity of all the states belonging to a given LS  configuration, and 

given by [28] 

∑

∑

++

++
=

r
rr

r
rrr
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SL

LSESL
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)12)(12(

)12)(12(
 

)(
                                                     (2-2-4) 

 
where Lr  and S r  are respectively the orbital and the spin total angular 

momenta of a state )(LS r
, )(LSE r

 is the energy of a state )(LS r
 and the 

r  summation extends over the number of states in the configuration. 

From equations (2-2-3) and (2-2-4), we get 

∑ ++

++
=

j
jj

rr
r

SL

SLc
)12)(12(

)12)(12(
                  (2-2-5) 
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The Hamiltonian (2-1-1) includes one-electron operators of the type )(0 rh i
v , 

which act on the coordinates of one electron, and two electron operators of the 

kind rij
1− . 

The matrix element of the one-electron operator )(0 rh i
v [29] 
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The matrix element of the two-particle operator rij
1− [29]                     
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In the above, subscripts i  and j  refer to individual electrons, while a  and 

bstand for sets of one-electron quantum number. 

g abab
 and g abba

 are called the direct and exchange matrix element of the 

Coulomb interaction r ij
1−  respectively, and is given by 

)()()()(         

 

21
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122

†

0 0
1
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1
12

2
3

1
3 rrrrrrdrd
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vvvv φφφφ −
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−

∫ ∫=

=
                         (2-2-10)  

The evaluation of Eav  amounts to averaging over all possible sets of values 

of the one-electron magnetic quantum numbers  ml  and µ  [30]. 
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From equations (2-2-8) and (2-2-9),, the average energy of configuration is  

( ) ( )[ ]∑∑ −+=
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2

1
),(                                            (2-2-11) 

 
Equation (2-2-11) can be rewritten as [30] 

( ) EqqEqqE ab
a ab

ba
a

aaaa
a

aav aaIq ∑∑∑∑
≠

+−+=
2

1
1

2

1
),(                  (2-2-12) 

where a  and b  run over all nl  shells rather than one-electron quantum 

number within a shell, and  q  is the occupation number of the shell. 

and where 

( ) ( ) ba   electrons equivalentfor          - == ggE abbaabab avavaa             (2-2-13) 

( ) ( ) ba  electrons equivalent-nonfor         - ≠= ggE abbaabab avavab    (2-2-14) 

A general Coulomb matrix element gabcd
 can be evaluated by using of the 

decomposition of rij
1−  given  [31]                                                                                              
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where r 〈
 is the lesser and r〉

 the greater of the two distances  r1
 and r2

of the 

electrons from the nucleus, and where C
k  is  a tensor operator having 

components  

),(
12

4 ϕθπ
YC

k
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k
q k +

=                                                                            (2-2-16) 

With the aid of the above decomposition, equation (2-2-10) becomes 
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where )(abcdRk is called Slater integral given by  
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 By using Wigner-Eckart theorem [32]  
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where , ),,;,,( 2121 mmll qkC  is the Clebsch-Gordan coefficient, 

 and where lCl
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21  is the reduced matrix element, given by 
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 is 3-j symbol. 

 

Equation (2-2-17) can be written in terms of the reduced matrix element 
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From the above equation, the direct contribution  
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For the exchange contribution 
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To carry out the averaging over all permissible values of the four magnetic 

quantum numbers, first, we sum over all permitted pairs of values of the two 

quantum numbers µbmlb
, and divide by the number of such pairs. 
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  we make use of the identities [30] 
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where the sum over µb
 just introduces a factor of two [25].  

Similarly for the exchange term, we have [30] 
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Both equations (2-2-29) and (2-2-30) are independent of µml a a
and so there 

is no need to average over these quantum numbers. Therefore, from equations 

(2-2-29) and (2-2-30), equation (2-2-13) becomes 
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where we have using equation (2-2-20), and )()( aaaa GF kk =  

Similarly, for non-equivalent electrons 
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The expression for the average energy in non-relativistic case given in 

equation (2-2-12) becomes 
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where the sum over k  extends over all values permitted by the angular 

momentum selection rule 2121 llkll +≤≤−  with the constraint that the sum 

evenkll =++ 21  

 

 



 

  ١٣

2-3- The Hartree-Fock equations 

 
We invoke the Variational principle to determine the radial wave functions. 

It is required that the average energy be stationary  

0=Eavδ                                                                                                   (2-3-1)       

for small changes in the radial part of the wave function subject to the 

orthonormalization constraint   
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Equation (2-3-1) with the condition (2-3-2) is equivalent to satisfying the 

equation [25] 
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where N ab  represent the overlap integral given by equation (2-3-2), and the 

parameterλ ab  are the Lagrange multipliers , which they have the effect of 

preserving the orthonormality. 

The variation in the function )(rPa  is designate by )(rPaδ  and it is required 
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Combine the above equation with equation (2-3-3) to give  
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 It follows from the above equation that the expression to be varied depend 

upon the integrals ),( aaI , )(abF k , )(abGk , and the overlap integral N ab . 

We consider first the variation of these integrals separately. Using equation 

(2-2-8) we obtain 
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integrating by parts and using the fact )(rPa  and )(rPaδ vanish at the origin 

and at infinity, one may have  

drr
r

Z
raaI P

r
ll

dr
dP a

aa
a )( 

2

)1(

2

1
)(2),( 

0
22

2

∫
∞












−

+
+−= δδ                     (2-3-8) 

In order to obtain the variation of )(abF k and )(abGk  integrals it is 

convenient to introduce the Hartree function given by [25] 
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The )(abF k and )(abGk  integrals in equations (22-2-23) and (2-2-25) 

becomes 
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combine the above two equation to obtain 
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similarly, the variations of the exchange integral and the overlap integral are 
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With the expression for the variations of the integrals given above, equation 

(2-3-6) becomes                                            

 



 

  ١٦

( )

0)()()()(

),(
1

)()( 

16)-3-(2           
2

1
 ),(

1
)()(

),(
1

)()(
)14(

)12(
 

),(
1

)()(1

)( 
2

)1(

2

1
)(

00

0

2

0
0

00

2

0
0

0
22

2

),(

000

000

=−−





×

−



+






+
+

−





−+












−

+
+−

∑ ∫∫

∫

∑ 







∑ ∫

∫∑ 








∫

∫

≠

∞∞

∞

≠

∞

∞

>

∞

∞

ab
baabbaaaa

kba

kab
aab

kaa
ka

a

aaa

a
aa

a

rrdrrrdr

rab
r

rrdr

rbb
r

rrdr

raa
r

rrdr

raa
r

rrdr

drr
r

Z
r

PPllqPP

YPP

lkl
YPPq

YPP
lkl

l
l

YPPq

P
r

ll
dr
dP

ba

ba

aa

δδδ

δ

δ

δ

δ

δ

λλ
  

This integral will vanish for arbitrary )(rPaδ , only if the radial functions 

satisfy the equation [25] 

 

( )

0)()(

17)-3-(2   ),(
1

)(
2

1
),(

1
)(

)(),(
)14(

)12(
),(

1
1

)( 
2

)1(

2

1

),(

000

000
2

0

0

2

0

22

2

=−
















−+

















+
+

−−+












−

+
+−

∑−

∑ ∑ 








∑ 








≠

≠

>

ab
babbaaa

ab
kb

k
ab

ak
ka

a
a

a
aa

rr

rab
r

rrbb
r

r

rraaraa
r

r
r

Z

PllqP

YP
lkl

YPq

PY
lkl

l
l

Yq

P
r

ll
dr
d

ba

ba

aa

λλ δ

 

In this equation λ aa   serves as a single-electron eigenvalue. If we denote  

λε =a aa
 and λε =ab ab
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equation (2-3-17) becomes 
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This is the Hartree-Fock equation for the radial part of the orbitals in the 

subshell a . There is one HF equation (2-3-20) for each occupied subshell a .  

 

2-4- Koopman’s Theorem 

 

The value of ε a  has a direct physical significance. To see this, we multiply 

all terms of  equation (2-3-20) from the left by )(rPa and integrating, and 

using equations (2-2-8), (2-3-10), (2-3-18) and (2-3-19) this gives 
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using equations (2-2-31) and (2-2-32), then 
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This quantity is the energy associated with an electron in subshell a  

according to (2-2-12).  

The Hartree-Fock energy eigenvalue ε c
 is related to the energy required to 

remove an  electron from the subshell c . The energy of an ion is 
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Thus the removal energy, calculated with Hartree-Fock wave function for the 

atom, is the negative of the corresponding Hartree-Fock eigenvalue. This 

result is called Koopman’s theorem [33].       

 

2-5- Off- Diagonal Energy Parameters  

 

The off-diagonal energy parameters enter into the Hartree-Fock equations 

through an orthogonality constraint. We can a obtain relation to determine 

these parameters, by multiplying equation (2-3-20) by Pb , and integrating 

over r  from zero to infinity, we get 
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2-6- Relativistic Corrections 

 

There exists two approaches to include relativistic effects. One way is to treat 

the relativistc interactions as perturbations to the nonrelativistic Hamiltonian. 

This is done in the Pauli approximation, where relativistc effects are treated to 

order 2α  (where α  is the fine structure constant).  

A more accurate way of treating the relativistc interactions is to approximate 

the Hamiltonian by a sum of single-particle Dirac Hamiltonians )(rhD

v
 and 

the Coulomb interaction between the electrons, r
1

12
− , as can be seen in the next 

chapter. 

For the first approach, we starting from Dirac Hamiltonian for a particle 

moving in a central field V [34] 

VcpcrhD ++⋅= 2 )( βα vvv
                           (2-6-1) 

Where p
v

 is the momentum operator, c  is the speed of light; in atomic units, 

c =137.0359895. The quantities αv  and β  are )44( ×  Dirac matrices: 
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Where ),,( zyx σσσσ =v
 is )22( ×  Pauli spin matrices, which are given by  
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, I and 0 the )22( × unit and zero matrices, respectively. 

If )(r
vφ is an eigenfunction of the one-electron Dirac Hamiltonian )(rhD

v
 with 

eigenvalue ε , then  
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where 1φ  and 2φ  represent the large and small components of the wave 

function respectively. 

The wave equation then becomes 
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eliminating 2φ  by substitute the second of the above equations into the first, 

gives: 
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expanded to the order of  21 c to obtain 
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since V  is spherically symmetric, then 
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equation (2-6-10) becomes 
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The first and second terms on the right side of equation (2-6-11) give the non-

relativistic Schrödinger equation. The third term is called the mass-velocity 

term because it arises from the relativistic variation of mass with velocity 

[35]. The forth term is called the Darwin term which represents a relativistic 

correction to the potential energy [30]. The last term is the spin orbit term 

which represents the magnetic interaction energy between the electron's spin 

magnetic moment and the magnetic field due to the electron orbital motion 

[30].  

    Incorporating these relativistic effects within the format of the non-

relativistic approach. 

For the spin-orbit term, the matrix element is 
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Equation (2-6-12) involves summation over possible values of aµ , therefore, 

for any specific value of aaa mln , there will be one–electron matrix elements 

with aµ equal to both  21+  and 21− . Therefore these two matrix elements 

will be equal in magnitude but opposite in sign; thus the spin-orbit 

contribution to Eav   is zero [30]. 

For mass-velocity term 
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and for the Darwin term 
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From equation (2-6-13) and (2-6-14), the relativistic shift due to mass-

velocity and Darwin term is: 

 

EE Dmshiftlativistic += Re                                                                  (2-6-16)                             
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                                 CHAPTER 3                  

                      

                       DIRAC-FOCK THEORY 
 

3-1- Dirac-Fock Equations 

   

    Pauli approximation becomes less satisfactory for high atomic numbers 

where the use of perturbation theory starts to break down [3٦]. Therefore, a 

theory in which the one-body relativistic correction are treated in non-

perturbative fashion must be used. This is achieved by using Dirac’s equation. 

All relativistic single-particle effects, namely the mass correction, the Darwin 

term and the spin-own-orbit interaction are automatically included via the 

Dirac Hamiltonian (2-6-1). 

The Hartree-Fock is extended to include relativistic effect. Starting with a 

relativistic many-body Hamiltonian [3٧]  
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This is known as the Dirac-Coulomb Hamiltonian. 

Where )(rhD

v
 is the single-particle Dirac Hamiltonian for an electron moving 

in nuclear Coulomb potential 
r

Z
 and is given in equation (2-6-1)  

r

Z
cpcrhD −−+⋅= 2)1()( βα vvv

                                                              (3-1-2) 

Where, the rest-mass energy term from the Dirac Hamiltonian has been 

subtracted in order to choose the zero of energy equal to the electron rest mass 

[3٨].  

 



 

  ٢٤

 The one-electron Dirac wave function )( r
vφ  satisfies the single-particle Dirac 

equation 

)(  )( rrhD

vv φεφ =                                                                                      (3-1-3) 

The one-electron, bound-state solution to the Dirac equation (3-1-3) having 

the form [3٩] 
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where )( and  )( rr QP nn κκ  are the large and small components of the one-

electron radial wavefunctions respectively, and satisfy the orthonormality 

condition [٤٠] 
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0
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′′ δ
κκκκ drrrrr QQPP nnnn                                     (3-1-5) 

where )n(n, ′δ  is the Kronecker delta. 

The angular function ),( ϕθκΩ m  is the spherical spinor, which is defined by 

the equation [٤١] 

χ µµ
µ
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l
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Here n is the principal quantum number, and κ  is the Dirac quantum number  

which is related to the total angular momentum quantum number j  and the 

orbital angular momenta quantum numbers l and l  of large and small 

components, respectively by [1٧]  
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  The Dirac spinors which is defined by equation (3-1-4) are used to build the 

configuration state functions (CSF) ) ( JMγΘ  by taking linear combination 

of Slater determinants, so as to obtain eigenfunctions of the total angular 

momentum operators J
2and J Z  [٤٢]  
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where the subscripts ,...,ba  denote the set of the wave function mn  κ .  

   An atomic state function (ASF) )( JMΓΨ  can now be formed from 

) ( JMγΘ  for state Γ  with total angular momentum JM  in the following 

way [43,44]:   

) ()( JMcJM r

n

r
r

c

γΘ∑Ψ =Γ                              (3-1-9) 

where cn  is the number of CSFs included in the expansion and rc  are the 

configuration mixing coefficient for state Γ  such that 12 =∑
cn

r
rc . 

The total relativistic atomic energy is  

s
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where the Hamiltonian matrix element is given by 

∫ ΘΘ= rJMJM dHH srrs
3) () (  † γγ                             (3-1-11) 

The relativistic average energy of configuration represents the diagonal 

contribution to the Hamiltonian matrix which can be written as [42] 
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As in the non-relativistic case, the relativistic average energy of configuration 

is defined as the center of gravity of all the J -levels belonging to a given 

relativistic (jj)-configuration, and is given by [28] 
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where )(JE r  is the energy of  the level J r  and the r  summation extends 

over the total number of J -levels in the relativistic (jj)-configuration.  

From equations (3-1-12) and (3-1-13), we get 
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In relativistic case each nonrelativistic configuration split up into several 

relativistic (jj)-subconfiguration, and therefore, at this point it is useful to 

introduce the concept of extended average energy (EAL), which has the 

property that exactly reduces to the nonrelativistic average energy. The EAL 

is defined as the sum of the relativistic subconfiguration average energy 

defined in equation (3-1-13), sum that includes all the relativistic (jj)-

subconfigurations arising from a single nonrelativistic configuration. In the 

sum, each of the relativistic (jj)-subconfiguration is weighted by its 

degeneracy [45].   
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with  



 

  ٢٧

( )∑ +=
i

ir Jw 12  

Where the summation over s  is run over all the values of the J -levels in all 

relativistic (jj)-subconfigurations and the summation over i  is run over the 

values of the J -levels in the given subconfiguration r .  

    The relativistic average of energy is defined by [46]  
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Where the averaging over all possible sets of values of magnetic quantum 

numbers ma and mb . 

  Here the Coulomb matrix elements g abcd
 are to be evaluated using Dirac 

single-particle wave function (3-1-4) rather than non-relativistic single-

particle wave function. 

Where ),( aaI is the one-electron energy integral for the Dirac Hamiltonian 

(3-1-2), given by  
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and where g abab
 and g abba

 are the direct and exchange matrix element of the 

Coulomb operator respectively, and is given by 
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The expression for the average energy given in equation (3-1-16) can be 

rewritten as  
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and where q  is the occupation number of the subshell. 

A general Coulomb matrix element g
abcd

 can be decomposed by using 

equation (2-2-15)                                                                                                    
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and using equation (3-1-4) in the form 
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Where u and v  are large and small component of the electron wavefunction 

respectively. 

Equation (3-1-19) becomes 
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Treating the first term of the above equation, by using equations (3-1-22) and 

(3-1-4) 
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Using the definition of the spherical spinor (3-1-6), then the above equation 

becomes 
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The matrix element of the scalar product of the spherical tensor operators can 

be decomposed by applying Wigner-Eckart theorem to give [46] 
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with 

oddkl

evenkllkllCll
k

ll
C

k

=++=

=++=〉 








+
++

21

21

21

2121

l  if                                                       0                  

  if )000;(
)12(

)12)(12( 21
(3-1-28) 

 

Equation (3-1-26) becomes 
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Now introducing a coefficient  
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Equation (3-1-29) becomes 
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From [46], it is find that 
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Similarly for the rest terms of equation (3-1-24) 



 

  ٣١

),(),(                           

1

0
1

12

mjmjdmjmjd

PQ
r
rPQuv

r
uv

ddbb

k
ccaa

k

k
dck

k

badcba

×

= ∑
=

+
>

<

                        (3-1-33) 

),(),(                           

1

0
1

12

mjmjdmjmjd

QP
r
rQPvu

r
vu

ddbb

k
ccaa

k

k
dck

k

badcba

×

= ∑
=

+
>

<

                            (3-1-34) 

),(),(                           

1

0
1

12

mjmjdmjmjd

QQ
r
rQQvv

r
vv

ddbb

k
ccaa

k

k
dck

k

badcba

×

= ∑
=

+
>

<

                        (3-1-35) 

Combine equations ( 3-1-31), (3-1-33), (3-1-34) and (3-1-35) into equation 

(3-1-24), then we have  
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Where )(abcdRk
is the relativistic Slater integral defined by 

[ ]

[ ]

[ ]drrQrQrPrPrY
r

rQrQrPrP
r
r

dr

rQrQrPrPdrR

cacak

dbdbk

k

cacak

bd

abcd

11111
0

1
1

2222
0

12

1111
0

1

)()()()(),(
1

               

)()()()(                 

)()()()()(

+=

+×

+=

∫

∫

∫

∞

∞

+
>

<

∞

          (3-1-37) 
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The summation over k  in equation (3-1-36) is limited by rules on 

d
k coefficients which can be derived from the triangular condition of the 

Clebsch-Gordan coefficients of equation (3-1-32) and from equation (3-1-30), 

respectively    
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From equation (3-1-36), the direct part  

)(),(        

)(),(),(

0

0

ab

ab

Fmjmja

Fmjmjdmjmjdg

k
k

bbaa

k

k
k

bbbb

k
aaaa

k

abab

∑

∑

∞

=

∞

=

=

=
                         (3-1-41) 

Where, we have used  
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Using equation (3-1-39) and (3-1-40), the permitted values of k  are:  
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For the exchange contribution, we obtain 
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The range of k  for the exchange integral is limited by the following 

conditions: 
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and 
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To perform the averaging, the sum over the magnetic quantum numbers 
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 in equation (3-1-41) is carried out first, we have 
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using the identity [35] 
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Similarly, for the exchange term in equation (3-1-44) 
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From equations (3-1-50) and (3-1-51), the quantities  E
C
aa  and E

C
ab  given in 

equation (3-1-21) become 
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Substitute equations (3-1-54) and (3-1-55) into equation (3-1-20), then we get 
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where ),( aaI  is given in equation (3-1-17). 

   Again, as in the non-relativistic case, we require that Eav  be stationary 

with respect to variations in the radial functions P aan κ  and Q
aan κ
. This 

requirement is combined with the orthonormalization condition  (3-1-5)  
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Introducing Lagrange multipliers λ κκ abaa nn ,  the variational condition is [29]  
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The variations P aan κδ  and Q
aan κ

δ   are required to vanish at the origin and 

infinity.   

Using the abbreviation PP an aa
=κ  

We consider first the variations of the integral I a  in equation (3-1-17), we get 
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where we have used 
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d
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From equation (3-1-20), the following variation in the average energy due to 

variation of )(rPa  and )(rQa
 is obtained, while the remaining orbitals are 

held constant 
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The variation of the )(abF k  integral with respect to variation of the radial 

function )(rPa and )(rQ
a

is: 
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and for equivalent electrons ba =  
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In general, 
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From equations (3-1-59), (3-1-65) and (3-1-66), equation (3-1-60) becomes 
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substitute the above equation into equation (3-1-58), and dividing by cqa
2 , 

we get 
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Introduce the function 
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equation (3-1-68) becomes 
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 The coefficient of Qa
 δ and Paδ−  
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where we denote 
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 equations (3-1-71) are called Dirac-Fock equations.    

 

3-2- The Relativistic Koopman’s Theorem 

We multiply equation (3-1-71a) by cQ
a
 and equation (3-1-71b) by cPa

−  

and using (3-1-72) and (3-1-73), yield  
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adding, and integrating over r  from zero to infinity, we get 
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by using equation (3-1-69)                                                                                                                             
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and finally from equation (3-1-21), yield   
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This quantity is the energy associated with an electron in subshell according 

to (3-1-20), which is equal to the relativistic configuration-average binding 

energy of an electron in the subshell a  [29].  

The Dirac-Fock energy eigenvalue ε c
 is related to the energy required to 

remove an  electron from the subshell c. The energy of an ion is: 
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Thus, the removal energy, calculated using Dirac-Fock wave function for the 

atom, is the negative of the corresponding Dirac-Fock eigenvalue. This result 

is called Koopman’s theorem [29].       
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3-3- Off- Diagonal Energy Parameters  

As in the nonrelativistic case, we can obtain relation to determine the off-

diagonal energy parameters, by multiplying equation (3-1-71a) by Qb
 and 

equation (3-1-71b) by Pb , subtract and integrating over r  from zero to 

infinity, we get 
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                                  CHAPTER 4                

 

                  BREIT INTERACTION 

 
The relativistic Hamiltonian which we have used so far has been constructed 

in a simple manner; we have taken the non-relativistic form, and replaced the 

terms corresponding to the single-particle interactions by their relativistic 

equivalents, leaving the two-particle interaction terms unchanged. A correct 

relativistic treatment of the many-electron problem is much more complicated 

than this; the main effect neglected is contained in the Breit interaction. The 

correction to the Coulomb repulsion between two electrons due to the 

exchange of a virtual photon is referred to as the Breit interaction [47]. 

The Breit interaction is given by [48,49] 
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where ω  is the frequency of the virtual photon exchanged between the 

interacting electrons. 

The Breit operator may be written in its long wavelength limit (independent 

frequency) [٥٠,٥١,٥٢] 
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where the Taylor series expansion of the cosine is used 

where the magnetic (Gaunt) term  
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and the retardation term   

( )( )rg ij

R
jjiiji )()()()(

2

1
),( ∇⋅∇⋅=

vvvv αα                                                          (4-4) 

We deal first with the magnetic term. 

  Using the definition of the αv -Dirac matrix in equation (2-6-2), then equation 

(4-3) becomes 
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The energy correction due to the magnetic term is:  
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Where g
M

abab
 and g

M

abba
 are the direct and exchange matrix element of the 

magnetic term respectively, which, in general, can be written as: 
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Where )( r
vφ  is given by equation (3-1-4). 

   A general matrix element of the magnetic term can be evaluated by 

inserting equations (3-1-23) and (4-5) into equation (4-7).  
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 Using equation (3-1-22) to expand the M -operator in the form   
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 Dealing with the first term in equation (4-8) 

From equation (3-1-4) and (4-10), the first term becomes 
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Using equation (3-1-6), then equation (4-11) becomes 
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 Using Wigner-Eckart theorem, then the matrix element of the scalar product 

of the tensor operators becomes [1٧]  
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Therefore equation (4-12) can be written as: 
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The summations over µµ
ca
 and µµ

db
 in the above equation can be 

performed by using the formula [1٧] 
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  is the 9-j symbol. 

Equation (4-16) becomes 
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Where 
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The integer J  takes only the values 1  ,  ,1 +− kkk  to satisfy the triangular 

conditions of the 9-j symbols, and the allowed values of k  are determined 

from those of the Clebsch-Gordan coefficients in equation (4-14) 
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The rest of the terms in equation (4-8), may now be deduced from equation 

(4-18) 
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Therefore, equation (4-8) becomes 
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For the direct part of the magnetic interaction, we put a=c, b=d in equation (4-

24), then we get 
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From the symmetry relation [27]  
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It is noticed that ),( mjmjf bbaa

k
 vanishes unless Jk +  is even. From 

equation (4-20), kll ++  must be even and since ll +  is odd [1٧], k  must be 
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For the exchange part  
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From equation (4-6), the configuration average energy correction due to the 

magnetic term is: 
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Where the averaging over ma and  mb  
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The averaging over the exchange part is: 
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Where, from [١7] 
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From equations (4-36) and (4-37), equations (4-33) and (4-34) becomes 
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Where, equation (4-28) is used, and the fact that 
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Equation (4-39) will not vanish only if Jk +  is even. From equation (4-20), 
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From equation (4-32), (4-41) and (4-42) the configuration average energy 

correction due to the magnetic term is:  
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Dealing now with the retardation term. 

The retardation operator can be simplified by using the definition of the α -

Dirac matrix in equation (2-6-2), then equation (4-4) becomes 
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The energy correction due to the retardation term is:  
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Where g
R

abab
and g

R

abba
 are the direct and exchange matrix element of the 

retardation term respectively, which, in general, can be written as: 
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Where )(r
vφ  is given by equation (3-1-4). 

   A general matrix element of the retardation term can be evaluated by 

inserting equations (3-1-14) and (4-44) into equation (4-46), and we have  
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Where ),min( 21 rrr =< and ),max( 21 rrr => . 
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Performing the scalar product between the tensor operators, we obtain 
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Therefore, equation (4-52) becomes  
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In this context the differentiations apply to the )2,1(W k and not to the wave 

function on which g
R
operates. 

Dealing with the first term in equation (4-47) 

From equation (4-55), we obtain 
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Using Wigner-Eckart theorem, then the above equation becomes  
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and  
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Because the triangular conditions of the Clebsch-Gordan coefficients in 

equation (4-59), the summation over p ,q  and m may be carried out, and their 

values are limited to  
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Therefore, equation (4-59) can be written as: 
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The summations over µµ
ca

 and  in the above equation can be performed by 

using the formula [1٧] 
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  A similar relation also holds for the sum over µµ db
and . With these results, 

equation (4-63) becomes  
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Where, we have used the definition of the e -coefficient given in equation (4-

19) 

The rest of the matrix element of the retardation term, equation (4-47), may 

be now deduced from equation (4-65). The general expression for the matrix 

element of the retardation term is: 
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   The allowed values of λ  and ω  in the above equation are limited to 1±k . 

The values of k  are restricted by the triangular condition of the 9-j symbol 

and the Clebsch Gordan coefficient embedded in the e -coefficients 
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From equation (3-3-66) the direct part of the retardation term is:  
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Using the symmetry relation in equation (4-28), then equation (4-68) becomes 
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From the triangular condition of the Clebsch-Gordan coefficient of the above 

equation, we obtain   

evenk =++ 1ω                                                                                          (4-71) 

It follows that the direct matrix element of the retardation term vanishes 

identically. 
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For the exchange part of the retardation term is:  
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Kim [1٧] has remarked that this is a consequence of the fact that 
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†
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distributions so that their Coulomb repulsion cannot be retarded. On the other 

hand, the exchange matrix elements involve an interaction between charge 

distributions )()( 11

†
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vv φφ  which are necessarily non-

stationary in time, unless, of course a=b. 

When we carry out the differentiation of )2,1(W k in the above radial matrix 

element, we find that  
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and 
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The summation over λ  and ω  can be carried out, by substituting 1±k  in 

equation (4-73), then we obtain 
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using equations (4-75) and (4-76), we get  
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using the above relation with equation (4-77), equation (4-79) becomes 
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performing the sum over mb , the above equation becomes  

( ) ( )
( )

]
( ) ( )
( )

]
[

( )
( ) (

)( )}ba)(ab,-ba)(ab,),()(

),()(ba)(ba,-ba)(ba,

),()(ab)(ab,-ab)(ab,

),()()000);1(1()000);1(1(

ba)(ab,)()(2

ba)(ba,

82)-(4                 ab)(ab,
)32(

)000);1(1(

ba)(ab,),()(2-

ba)(ba,

ab)(ab,
)12(

)000);1(1(
2

)1()1(11

11)1()1(

11)1()1(

11

)1(11

)1(

2

)1(

2
2

)1(11

)1(

2

)1(

2
2

,

,

,

,

,,

),(

),(

,

),(

);,(

1

1

1

1

GGljljeljlje

ljljeljljeGG

ljljeljljeGG

ljljeljlje

Gljljeljlje

Gljlje

Gljlje

Gljljeljlje

Gljlje

Gkljljeg

R
k

R
kbbaa

k
kbbaa

k
k

bbaa

k
kbbaa

k
k

R
k

R
k

bbaa

k
kbbaa

k
k

R
k

R
k

bbaa

k
kbbaa

k
k

R
kbbaa

k
kbbaa

k
k

R
k

R
k

R
kbbaa

k
kbbaa

k
k

R
k

k

R
k

R

abba

kkCkkC

k

kkC

k

kkC

bbaa
k
k

bbaa
k
k

bbaa
k
k

bbaa
k
k

mb

+−+−

+−+−

+−+−

+−

+++

+

+

−−−

−

−

+

−×

+×

+−−

−

+




+
++

+








−
−−=

+

+

−

−∑∑

             



 

 ٥٩

The configuration average energy correction due to the retardation term is: 
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Where the averaging over ma and  mb  

From equations (4-82), (4-84) and (4-85) we get 
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  From equation (4-83) and (4-86) the configuration average energy due to 

retardation term  
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                              CHAPTER 5                

 

NUMERICAL SOLUTION OF THE HARTREE-FOCK 

EQUATIONS 

    In this chapter we try to present a brief description of the general scheme 

for the solution of the non-relativistic Hartree-Fock equations which lead to a 

system of second order differential equations, and  then  proceed with solution 

of the relativistic Hartree-Fock (Dirac-Fock) equation which lead to a system 

of pairs of first order differential equation.   

 

5-1- Solution of the Non-relativistic Hartree-Fock Equations 

 

   Our object now is to obtain solutions of equations (2-3-20) by 

straightforward iterative scheme. From estimates of all the functions )(rPa , 

we tabulate the functions )(rX a  and  )(rY a  for some particular choice a . 

The solution of the radial differential equations (2-3-20) then gives new 

estimate of the function )(rPa . The process is then repeated with each 

function until the whole system is self-consistent to within the prescribed 

tolerance.   

There are, therefore, three processes : 

 

a- Tabulation of )(rX a  and  )(rY a : 

From equations (2-3-18) and (2-3-19), it is clear that )(rY a  and )(rX a  

depend completely on the function ),( rabY k , and because this type of 

function occur frequently in Hartree-Fock calculations, it is desirable to 

determine them with maximum efficiency.  
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The ),( rabY k  function given by equation (2-3-9) can be rewritten as: 
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introducing the function  
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Equations (5-1-1) and (5-1-3) can be regarded as solutions of a pair of 

differential equations [54] 
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with the boundary conditions  
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Because the bound orbitals exhibit a rapid variation near the origin and an 

exponential decay at large values of  r  it is more efficient to make the change 

of variable [2]: 
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where  h is the step size. 
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with this transformation, equations (5-1-4) and (5-1-5) become 
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both of which are of the form 

)( taf
dt

df φ=+                                                   (5-1-11) 

where a  is constant and )( tφ  is known tabulated function. Step by step 

integration of this equation in the direction of increasing (decreasing) t  is 

stable for a  positive (negative), so that we can integrate Z k  equation 

outwards from the initial value ),( 1tabZ k , and then Y k  equation inwards 

from some sufficiently large value  tt m=  with  ),(),( tZtY mkmk abab = . 

Equation (5-1-11) is equivalent to the relation [55] 
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The integral is approximated by Adams method [56]                                                          
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equation (5-1-12) becomes  
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The initial value needed to start the integration forZ k can be obtained from[2] 
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b- Solution of the radial differential equation for )(rPa :  

  Now, we ought to solve the equations 
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where )(rY a  and )(rX a  are regarded as given tabulated functions, as well as 

the ε ab  parameter from equation (2-5-1). The boundary conditions are  

0)0( =Pa   and    0)( →rPa as  ∞→r  

The change of variable rt ln=  gives rise to a second order differential 

equation of the form  
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equation (5-17), has the form: 
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Using Numerov,s method, which takes the form [55] 
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  The possible instability in the region where 0)( <tφ  ought to be avoided. 

Therefore it is required an outward integration for small r , and inward 

integration for large r  [55]. 

Starting values of the outward integration are obtained from a series 

expansion [2] 
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)()( 3
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and where 00 ,, xyA  and 1x  are constants. 

 Numerov's method is then used step by step to the point  jt  where the term 

)( tφ  becomes negative. The inward integration is treated as a boundary value 

problem[57]. 

we have thus obtained solutions of the equation (5-1-19) of the form  
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                                                       (5-1-23) 

which match at the point j , that is FF jj
)1()0(  = , however, the two solutions 

will not agree, and must adjust the original estimates ( abaA εε   and  , ) to 

satisfy the normalization and orthogonality until they give the same value at 

the matching point.     

 

c- Self consistency  

The solution )(1 rP
n
a

+  can now be compared  with the estimate )(rP
n
a  used in 

computing )(rY a  and )(rX a . The new estimate is derived from the 

combination [2] 

( ) )()(1 1 rcrc PP
n
aa

n
aa +− +

                                 (5-1-24) 

where ac  is a constant. 

Initial estimates are chosen to be hydrogenic orbitals with effective nuclear 

charge )( σ−=∗ ZZ , where  σ  is the screening parameter. 
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5-2- Solution of the Relativistic Hartree-Fock Equations 

 

     The general scheme for the solution of the system of pairs of first-order 

differential equations is very similar to the non-relativistic case described 

above. The tabulation of the functions )(rY a , )(rX
P
a  and )(rX

Q
a  involves 

the same numerical problems as in the non-relativistic calculations, and is 

carried out in the same way. The only important difference in the 

computational procedure is in the actual solution of equations (3-1-71):  
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                                 (5-2-1a)             
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                                          (5-2-1b)             

Now, we consider the solution of the above pair of differential equations. 

For the same reasons as in the non-relativistic case it is convenient to make 

the change of variable 

rt ln=                                         (5-2-2) 

making this transformation, and omit the suffix a , equations (5-2-1) become 

( ) )()(
1

2 rrrr
c

c XQYPP
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
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 ++−+′ εκ                             (5-2-3a)           

( ) )()(
1

rrrr
c XPYQQ Q=++−′ εκ                                             (5-2-3b)       

Using the predictor-corrector method [58] to solve the system of two first 

order coupled differential equations 

 

Predictor : 
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Corrector : 
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Final value : 

[ ])(27)(475
502

1
)( 111 +++ += iii tptCty                           (5-2-6) 

where y stands for either the large P or small Q radial wavefunction,   

y′ and p′ denotes the derivatives with respect to the tabulation variable. 

As in the non relativistic case, the solution involves both an inward and 

outward integration for stability purposes. Starting values of the outward 

integration are obtained from a series expansion [46] 

( )
( ))()(

)()(
2

10

2
10

rOrqqArr

rOrppArr

Q
P

++=

++=
λ

λ

                                                            (5-2-7) 

where [ ] 21222 Zακλ −=  and where the coefficients etc. , ,,, 1010 qqpp , can 

be expressed in terms of the unknown value of A . 

To begin the inward integration, we use the asymptotic form [58]   

) exp( )(

) exp( )(

rqr

rpr

Q
P

µ

µ

−=

−=
                                                                           (5-2-8) 
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As a result of this process, we shall have two values of )( jtQ  which, in 

general, will not agree unless  the values of  abaA εε   and  ,  are correctly 

chosen during the matching process.  
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                                     CHAPTER 6                

                

               RESULTS AND DISCUSSION 
    

   After the iterative process has converged, the Hartree-Fock (non-relativistic 

and relativistic) wavefunctions can be used to compute the subshell energies 

for both calculations by using equations (2-4-1) and (3-2-4) respectively and 

compared with the corresponding experimental values [59,60]. Also the 

expectation values of the orbital mean radii r
n  for both non-relativistic and 

relativistic cases, computed by using    
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                                  (6-2) 

The non-relativistic and relativistic average energy of configuration given by 

equations (2-2-3٣) and (3-1-56) respectively, the configuration average 

energy correction due to magnetic and retardation terms of the Breit 

interaction from equations (4-43) and (4-87) can be computed. 

These properties were calculated using  

These properties were tabulated for selected neutral ground state atoms 

ranging from Rb to Rn. The calculations were performed by using the 

programs [General Hartree-Fock Program modified by C. F. Fischer] and 

[GRASP: is an acronym for the General-purpose Relativistic Atomic 

Structure Package developed by Ian Grant and co-workers].  

 Where, in the tables below , we have used  2p*= 212p  , etc. 
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   These atoms were classified according to their outermost shell, where the 

atoms ( Rb37 , Cs55 , Ba56  and Hg80  ) represent the case in which the s-

shell is the outermost shell, for open and closed shells. Each of these atoms 

had single relativistic configuration. For the atoms ( Zr40 , Pd46 , Lu71  and 

Ir77 ), in which the d-shell is the outermost shell, the non-relativistic 

configuration is split up into two relativistic sub-configurations for the 

Lu71  atom, three relativistic sub-configuration for Zr40  atom, four 

relativistic sub-configurations for the Ir77  atom, and single relativistic 

configuration  for Pd46  atom. For the atoms ( Sn50 , Tl81 , Bi83  and Rn86 ), 

This case represent in which the p-shell is the outermost shell, the non-

relativistic configuration is split up into two relativistic sub-configurations 

for Tl81  atom, single relativistic configuration for the Rn86  atom, and three 

relativistic sub-configurations for the Sn50  and Bi83  atoms. 

 The tables above display the following features:   

• Along the considered range of atoms, the Dirac-Fock calculations gives 

higher binding energies for the s-subshells than the Hartree-Fock 

calculations whereas the binding energies of the Dirac-Fock 

calculations for the d and f-subshells are smaller than that for Hartree-

Fock calculations. Furthermore, the data shows that the relativistic and 

non-relativistic binding energies for the p-subshells are approximately 

identical especially for the lower Z-atoms.      

• The values of r  and 2r  predicted from the Hartree-Fock 

calculations may be larger than those predicted from the corresponding 

Dirac-Fock calculations. Also, a contraction of all subshells, becoming 

more marked as Z increases. Whereas, the values of r1  predicted 

from Hartree-Fock calculations are smaller than those predicted from  
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      Dirac-Fock calculations. Also, an expansion of the values of  r1  as  

       Z increases. 

• The relativistic result indicates clearly that the energy for the 5s 

electron is larger than that for the 4f electron, and this result decreases 

as Z increases as shown for Rn-atom were the situation is reversed. 

• The average energy of configuration predicted from Dirac-Fock 

calculations is about 1.4% to 8% larger than those predicted from the 

Hartree-Fock calculations.     

• The effect of the Breit interaction is not large, since it is seen that the 

Slater integrals concerned contain two of the small components )(rQ as 

factors, and are, therefore, considerably smaller than that associated 

with the Coulomb interaction. The energy shift due to retardation part 

of the Breit interaction is about 10% of the energy shift due to the 

magnetic part throughout the considered range, and that the magnetic 

and retardation contributions are of opposite signs.  

• The contribution of the relativistic effect due to mass-velocity term and 

Darwin term increasing the average energy of configuration predicted 

from Hartree-Fock calculation from 1% to 6% throughout the 

considered range.      
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6-1- Rubidium   Rb37  

Table (6-1a): Comparison between Hartree-Fock and Dirac-Fock subshell 
energies compared with corresponding experimental values for Rb. 
       

subshell 
r(a.u.) 1/r (a.u.) r**2 (a.u.) 

HF DHF HF DHF HF DHF 
1s 0.04128     0.04027724 36.49597    37.88202  0.00228 0.002185 
2s 0.18174     0.17705799  8.16149    8.530965 0.03888 0.037032 
2p*  0.15231097   8.466035  0.028477 
2p 0.15693     0.15634115  8.11329    8.158655 0.03007 0.02.987 
3s 0.51811     0.50724032  2.74124    2.834400 0.30767 0.295249 
3p*  0.50946568   2.715626  0.302960 
3p 0.52076     0.51924552  2.62914    2.644874 0.31606 0.314517 
3d*  0.52078207   2.401879  0.330826 
3d 0.52134     0.52444179 2.39426    2.382972 0.33104 0.335363 
4s 1.49921    1.4727529 0.87631   0.897332  2.55722 2.469672 
4p*  1.7034948  0.769573  3.355036 
4p 1.73495    1.7391492 0.75206   0.751660  3.47783 3.498241 
5s 5.63186   5.5449411 0.21776   0.221908  36.1790 35.10924 

Table (6-1-b): Comparison between Hartree-Fock and Dirac-Fock mean 
values for Rb. 
 
 

HF/a.u. Relativistic shift /a.u. Total energy/a.u. 
-2938.357453    -38.95749849     -2977.31495191    
 

DHF/a.u. 
Breit  interaction/a.u. 

Total energy/a.u. 
Magnetic retardation 

-2979.832904 1.73597290 -0.16756788 -2978.264499 

Table (6-1-c): Average energy of configuration and their corresponding 
corrections for Hartree-Fock and Dirac-Fock  calculations for Rb. 
 

 

 

 

 

subshell HF energy/a.u. DHF energy/a.u. Exp. energy/a.u. 
1s 551.4573165 562.1446122873   558.8125 
2s 75.04932265 77.50271454893   75.6 
2p*  70.01638909688   68.52 
2p 67.90620685 67.76410350875   66.3 
3s 12.1331814 12.56013187422   11.84 
3p*  9.818275532751   9.095 
3p 9.48767595 9.464863829160   8.768 
3d*  4.675845534557   4.110 
3d 4.73226905 4.615814521106  4.05 
4s 1.52354505 1.566303618300   1.077 
4p*  0.8323037367485   0.54 
4p 0.8100679 0.7962684443181   0.51 
5s 0.13786685 0.1400454031414   0.1535 
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6-2- Zirconium   Zr40  

Table (6-2-a): Comparison between Hartree-Fock and Dirac-Fock subshell 
energies compared with corresponding experimental values for Zr. 
 
       

subshell 
r(a.u.) 1/r (a.u.) r**2 (a.u.) 

HF DHF HF DHF HF DHF 
1s 0.03814     0.03705297 39.49003    41.26185  0.00195 0.001851 
2s 0.16696     0.16190180  8.89079    9.368531 0.03280 0.030970 
2p*  0.13873339   9.306589  0.023627 
2p 0.14372     0.14305894  8.84879    8.909105 0.02519 0.024997 
3s 0.46656     0.45525703  3.05475    3.177189 0.24910 0.237511 
3p*  0.45283467   3.064105  0.238825 
3p 0.46444     0.46270301  2.94986    2.971786  0.25075 0.249149 
3d*  0.44909719   2.754855  0.243277 
3d 0.45010     0.45254411  2.74215    2.730461 0.24398 0.246878 
4s 1.24517    1.2195720 1.06774   1.098426  1.75334 1.683124 
4p*  1.3555066   0.978190   2.105134 
4p 1.38482    1.3847391   0.95141   0.953747  2.19585 2.197372 
4d*  2.1751453    0.612351   5.781382 
4d 2.13621    2.1949795  0.62119   0.606373  5.55422 5.886855 
5s 4.07776   3.9790241 0.30767   0.316827  19.0470 18.15065 

Table (6-2-b): Comparison between Hartree-Fock and Dirac-Fock mean 
values for Zr. 
 
 

HF/a.u. Relativistic shift /a.u. Total energy/a.u. 
-3538.968663    -54.40456948     -3593.3732329    
 

DHF/a.u. 
Breit  interaction/a.u. 

Total energy/a.u. 
Magnetic retardation 

-3597.113789 2.27528260 -0.22334626 -3595.061853 

Table (6-2-c): Average energy of configuration and their corresponding 
corrections for Hartree-Fock and Dirac-Fock  calculations for Zr. 
 

 

subshell HF energy/a.u. DHF energy/a.u. Exp. energy/a.u. 
1s 650.711731 665.5491068874   661.676 
2s 91.3847302 94.85119059383   93.0 
2p*  86.50523607257   84.80 
2p 83.4855444 83.32781985570   81.70 
3s 16.0617975 16.70048789095   15.82 
3p*  13.53564676378   12.65 
3p 13.02650895 13.00951336481   12.15 
3d*  7.454652491938   6.70 
3d 7.52249905 7.359449571294   6.61 
4s 2.4247528 2.512844449940   1.8 
4p*  1.547748498484   

}1.05 
4p 1.4925095 1.477990672895   
4d*  0.2931393197296    
4d 0.31093785 0.2893931784083   0.25 
5s 0.2086036 0.2153173625709    
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6-3- Palladium   Pd46  

Table (6-3-a): Comparison between Hartree-Fock and Dirac-Fock subshell 
energies compared with corresponding experimental values for Pd. 
 
 
       

subshell 
r(a.u.) 1/r (a.u.) r**2 (a.u.) 

HF DHF HF DHF HF DHF 
1s 0.03310     0.03184288  45.48052    48.24487  0.00147 0.001370 
2s 0.14355     0.13773109  10.35316    11.11257  0.02423 0.022430 
2p*  0.11723214   11.05460   0.016882 
2p 0.12298     0.12215664  10.32253    10.42200  0.01842 0.018204 
3s 0.38930     0.37688010  3.68283    3.883676  0.17310 0.162560 
3p*  0.36970714   3.779177   0.158880 
3p 0.38231     0.38006786  3.58966    3.629061 0.16946 0.167713 
3d*  0.35439535   3.447675  0.149635 
3d 0.35614     0.35781413  3.42015    3.408186  0.15082 0.152388 
4s 0.98596    0.95672639  1.37155    1.429692  1.10183 1.037855 
4p*  1.0345489   1.306789   1.228897 
4p 1.06857    1.0644817   1.25304   1.262114  1.31108 1.301720 
4d*  1.5286007  0.896504   2.932442 
4d 1.53306    1.5649343 0.89266   0.877628  2.95172 3.088464 

Table (6-3-b): Comparison between Hartree-Fock and Dirac-Fock mean 
values for Pd. 
 
 
 

HF/a.u. Relativistic shift /a.u. Total energy/a.u. 
-4937.921022    -98.65317424     -5036.57419711    
 

DHF/a.u. 
Breit  interaction/a.u. Total 

energy/a.u. Magnetic retardation 
-5041.179824 

 
3.68936474 -0.37174935 -5037.862209 

Table (6-3-c): Average energy of configuration and their corresponding 
corrections for Hartree-Fock and Dirac-Fock  calculations for Pd. 
 

 

subshell HF energy/a.u. DHF energy/a.u. Exp. energy/a.u. 
1s 873.3159525 900.1392435469   895.23 
2s 127.9665877 134.4528922469   132.51 
2p*  124.3014355370   122.43 
2p 118.5311179 118.4120400492   116.66 
3s 24.2091113 25.54368738440   24.62 
3p*  21.49016949852   20.55 
3p 20.3742918 20.42934235649   19.54 
3d*  13.31983228320   12.5 
3d 13.36344555 13.11044072465   12.30 
4s 3.5873098 3.842502740962   3.17 
4p*  2.520253271042   

}1.87 
4p 2.33008935 2.347288902157   
4d*  0.3405483675449    
4d 0.3359993 0.3197920101766   0.306 
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6-4- Tin   Sn50      

Table (6-4-a): Comparison between Hartree-Fock and Dirac-Fock subshell 
energies compared with corresponding experimental values for Sn. 
 
       

subshell 
r(a.u.) 1/r (a.u.) r**2 (a.u.) 

HF DHF HF DHF HF DHF 
1s 0.03042     0.02904621  49.47479    53.09223  0.00124 0.001142 
2s 0.13125     0.12491709  11.33067    12.33461 0.02024 0.018464 
2p*  0.10590566   12.27712   0.013790 
2p 0.11217     0.11123637  11.30644   11.43968  0.01530 0.015085 
3s 0.35053     0.33728888 4.10401    4.374595  0.14025 0.130169 
3p*  0.32872594   4.272539   0.012556 
3p 0.34211     0.33955071  4.01598    4.070937  0.13557 0.133773 
3d*  0.31149024   3.904087   0.011506 
3d 0.31362     0.31498110  3.86321    3.851536 0.11638 0.117511 
4s 0.85043     0.82201584  1.60224    1.682161  0.81647 0.763475 
4p*  0.87111936   1.564521   0.866003 
4p 0.90219     0.89857575  1.49130    1.504034  0.92806 0.921547 
4d*  1.0811642    1.225215   1.381474 
4d 1.08028    1.0957187 1.22157   1.207162 1.37671 1.419484 
5s 2.58341    2.4799582 0.49102   0.516377  7.63161 7.042617 
5p*  3.1762282    0.399572  11.73203 
5p 3.28586   3.3059498  0.38344   0.382510 12.5269 12.71073 

Table (6-4-b): Comparison between Hartree-Fock and Dirac-Fock mean 
values for Sn. 
 
 

HF/a.u. Relativistic shift /a.u. Total energy/a.u. 
-6022.914166    -140.75083358     -6163.66499962    
 

DHF/a.u. 
Breit  interaction/a.u. 

Total energy/a.u. 
Magnetic retardation 

-6171.862090 4.92727413 -0.50329172 -6167.438108 

Table (6-4-c): Average energy of configuration and their corresponding 
corrections for Hartree-Fock and Dirac-Fock  calculations for Sn. 

subshell HF energy/a.u. DHF energy/a.u. Exp. energy/a.u. 
1s 1041.228093 1079.394674150   1073.53 
2s 156.9822479 166.3260494435   164.14 
2p*  154.8855614920   152.8 
2p 146.493933 146.3720170634   144.44 
3s 31.6036073 33.56634314677   32.5 
3p*  28.87692561628   27.80 
3p 27.21365225 27.27641298050   26.26 
3d*  19.08751862976   18.13 
3d 19.16798535 18.76168650354   17.82 
4s 5.51704795 5.888774360434   5.01 
4p*  4.251109059929   

}3.25 
4p 3.9735609 3.960580408411   
4d*  1.336228001524   

}0.87 
4d 1.37355275 1.294280184702   
5s 0.47932165 0.5102032849392    
5p*  0.2575348850635   0.269 
5p 0.24858345 0.2413649545043    
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6-5- Cesium  Cs55  

 

Table (6-5-a): Comparison between Hartree-Fock and Dirac-Fock subshell 
energies compared with corresponding experimental values for Cs. 
  
     

subshell r(a.u.) 1/r (a.u.) r**2 (a.u.) 
 HF DHF HF DHF HF DHF 
1s 0.02762 0.0261014 54.46797 59.408808 0.00102 0.0009246 
2s 0.11853 0.1115467 12.55506 13.941277 0.01650 0.0147403 
2p*  0.0941291  13.882531  0.0109109 
2p 0.10103 0.0999758 12.53821 12.723509 0.01240 0.0127943 
3s 0.31160 0.2972905 4.63353 5.0145036 0.11075 0.1011274 
3p*  0.2877925  4.9149687  0.0962332 
3p 0.30219 0.2992532 4.55191 4.6314064 0.10568 0.1038562 
3d*  0.2705271  4.4768768  0.0864328 
3d 0.27310 0.2741620 4.41455 4.4039434 0.08784 0.0886293 
4s 0.72279 0.6947239 1.90341 2.0187276 0.58818 0.5440048 
4p*  0.7215985  1.9105926  0.5916457 
4p 0.75114     0.7471451 1.80409 1.8243695 0.64020 0.6341487 

4d*  0.8306059  1.5876986  0.8015026 
4d 0.83156 0.8408486 1.57837 1.5645559 0.80194 0.8212287 
5s 1.83938 1.7700107 0.69941 0.7352554 3.80549 3.5293968 
5p*  2.0289237  0.6369828  4.6849338 
5p 2.11120    2.1192349 0.60628 0.6063363 5.06661 5.1155314 

6s 6.30590 6.0842662 0.19217 0.2005899 44.9894 41.979965 

Table (6-5-b): Comparison between Hartree-Fock and Dirac-Fock mean 
values for Cs. 
 
 

HF/a.u. Relativistic shift /a.u. Total energy/a.u. 
-7553.9336560 -211.26992752 -7765.20358361 
 

DHF/a.u. 
Breit  interaction/a.u. 

Total energy/a.u. 
Magnetic retardation 

-7780.914981 6.8659267 -0.71111793 -7774.760172 
 

Table (6-5-c): ): Average energy of configuration and their corresponding 
corrections for Hartree-Fock and Dirac-Fock  calculations for Cs. 

subshell HF energy/a.u. DHF energy/a.u. Exp. energy/a.u. 
1s 1272.768824 1330.059813571  1323.0 
2s 198.1437753 212.3960633624  210.0 
2p*  199.2453587919  197 
2p 186.3161698 186.2520882130  184.26 
3s 42.6930285 45.78947928941 44.74 
3p*  40.26461802883 39.15 
3p 37.5959298 37.71052339219 36.67 
3d*  28.12573610028 27.18 
3d 28.226188 27.59139320075 26.67 
4s 8.6954872 9.330613319766 8.48 
4p*  7.262985612054 6.33 
4p 6.7685309 6.737673932827 5.94 
4d*  3.302461758338 2.89 
4d 3.37953935 3.213745834889 2.81 
5s 1.23160675 1.309148584373 0.83 
5p*  0.7266858273581  0.48 
5p 0.68347445 0.6593484481467  0.42 
6s 0.12366835 0.1282450820039 0.143 
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6-6- Barium   Ba56  

 

Table (6-6-a): Comparison between Hartree-Fock and Dirac-Fock subshell 
energies compared with corresponding experimental values for Ba. 
 
 
 

subshell r(a.u.) 1/r (a.u.) r**2 (a.u.) 
     HF     DHF    HF    DHF    HF     DHF 
1s 0.02713 0.025572  55.46669    60.71073 0.00098 0.000888 
2s 0.11627 0.109158 12.80034    14.27456 0.01587 0.014119 
2p*  0.092030  14.21520  0.010433 
2p 0.09907 0.097981 12.78481    12.98194 0.01192 0.011697 
3s 0.30480 0.290277 4.73995 5.146513 0.10596 0.096414 
3p*  0.280674  5.047176  0.091534 
3p 0.29528 0.292268 4.65942    4.744569 0.10088 0.099058 
3d*  0.263571  4.592031  0.511120 
3d 0.26623     0.267239 4.52471 4.514436 0.08341 0.084147 
4s 0.70159     0.673497 1.96457 2.088308 0.55397 0.511120 
4p*  0.697544  1.981147  0.552587 
4p 0.72696     0.722873 1.86673 1.888831 0.59929 0.593292 
4d*  7.950169  1.658385  0.732729 
4d 0.79633 0.804862 1.64750 1.633855 0.73389 0.750789 
5s 1.72119  1.656664 0.75008 0.788835 3.31905 3.079802 
5p*  1.870453  0.693735  3.961754 
5p 1.94459 1.950565 0.66037 0.661079 4.27611 4.311018 
6s 5.25681 5.083188 0.23364 0.243395 31.2707 29.30057 
 

Table (6-6-b): Comparison between Hartree-Fock and Dirac-Fock mean 
values for Ba.. 
 
 
 
 
 
 

subshell HF energy/a.u. DHF energy/a.u. Exp. energy/a.u. 
1s 1322.093397 1383.977150772 1377.0 
2s 207.1544644 222.5947350564 220.4 
2p*  209.0873996004  206.7 
2p 195.0559587 195.0091354104 193 
3s 45.28085235 48.65515494626 47.5 
3p*  42.95638562344 41.8 
3p 40.0397901 40.16696796652 39.0 
3d*  30.29759356108 29.26 
3d 30.4023086 29.71163735695 28.7 
4s 9.5564001 10.25804413848 9.3 
4p*  8.099057200357 7.05 
4p 7.54931795 7.513114694635 6.6 
4d*  3.913477420946 3.4 
4d 4.0014955 3.812526222378 3.3 
5s 1.5127214 1.603661296667 1.43 
5p*  0.9563926188673 0.61 
5p 0.9038624 0.8726359864140 0.536 
6s 0.1575276 0.1631832615725 0.191 
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HF/a.u. Relativistic shift  Total energy/a.u. 
-7883.54382577 -228.13405946 -8111.6778852 
 

DHF/a.u. 
Breit interaction 

Total energy/a.u. 
magnetic Retardation 

-8135.9844756 7.3108792015 -0.7589694 -8129.432565 

Table (6-6-c): ): Average energy of configuration and their corresponding 
corrections for Hartree-Fock and Dirac-Fock  calculations for Ba. 
 

 

6-7- Lutetium   Lu71      

 
Table (6-7-a): Comparison between Hartree-Fock and Dirac-Fock subshell 
energies compared with corresponding experimental values for Lu. 
 
 
 
 

subshell 
r(a.u.) 1/r (a.u.) r**2 (a.u.) 

    HF     DHF    HF    DHF    HF     DHF 
1s 0.02134     0.019312479 70.45377    82.249182 0.00061 0.00051178008 
2s 0.09029 0.081165323 16.50701 19.909235 0.00956 0.0078487136E 
2p*  0.067484987  19.825137  0.0056551088 
2p 0.07653 0.075057083  16.50609 16.948865 0.00710 0.0068593612 
3s 0.22980 0.21156628 6.33417 7.3147248 0.06020 0.051314755 
3p*  2.0179759  7.2139881  4.7440601 
3p 0.22008 0.21580100 6.26857 6.4789729 0.05601 5.4056037 
3d*  0.18986645  6.3498059  0042374101 
3d 0.19390 0.19420574 6.16924 6.1728644 0.04399 0.044202480 
4s 0.51624 0.47845602 2.70048 3.0343242 0.30035 0.25851157 
4p*  0.48658497  2.9199403  0.26960649 
4p 0.52639 0.51742620 2.60171 2.6778857 0.31476 0.30469106 

subshell HF energy/a.u. DHF energy/a.u. Experimental energy/a.u. 
1s 2167.731423 2342.044741753 2327.70 
2s 357.5722459 403.4314610494 399.64 
2p*  384.0666754525 380.46 
2p 341.4900667 342.9008597052 339.85 
3s 82.26871065 93.54236622599 91.58 
3p*  85.02725702380 83.21 
3p 74.86027695 76.09871579864 74.40 
3d*  61.88863915513 60.27 
3d 61.23635795 59.95946868506 58.40 
4s 16.9378601 19.69989598863 18.61 
4p*  16.19344719935 15.07 
4p 13.84504355 14.14372376181 13.21 
4d*  8.380158584436 7.53 
4d 8.26487015 7.997002286713 7.17 
4f*  0.8551588934254 

}0.25 
4f 1.0768588 0.7906609684398 
5s 2.31704075 2.702522890592 2.07 
5p*  1.62572187542 

}1.03 
5p 1.37584735 1.357794295550 
5d*  0.1912606431807 0.199 
5d 0.24335145 0.1849517448900  
6s 0.1988556 0.2225540696485  
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4d*  0.54258028  2.4499002  0.34198136 
4d 0.55138 0.55401470 2.38944 2.3875109 0.35242 0.35640081 
4f*  0.69420829  1.8658052  0.62264797 
4f 0.67458 0.70807839 1.90014    1.8347633 0.58047 0.65060022 
5s 1.29835 1.1922362 0.99640    1.1122093 1.89481 1.6008370 
5p*  1.3336889 0.89816557 0.98500352  2.0245651 
5p 1.46259 1.4435760 0.87912    0.89816557 2.43174 2.3754966 
5d*  2.6948450  0.49603326  9.0469330 
5d 2.48531 2.7796268 0.52663 0.47909852 7.52712 9.6085665 
6s 4.25876 3.9017398 0.28969    0.31988955 20.71043 17.431553 

Table (6-7-b): Comparison between Hartree-Fock and Dirac-Fock mean 
values for Lu. 
       
   
 

HF/a.u. Relativistic shift/a.u.  Total energy/a.u. 
-13851.80800258    -619.69839062     -14471.50639321    
 

EAL DHF/a.u. 
Breit  interaction/a.u. 

Total energy/a.u. 
Magnetic retardation 

-14574.3353 16.625395669 -1.75788321 -14559.46779 

Table (6-7-c): ): Average energy of configuration and their corresponding 
corrections for Hartree-Fock and Dirac-Fock  calculations for Lu. 
 

6-8- Iridium   Ir77     

Table (6-8-a): Comparison between Hartree-Fock and Dirac-Fock subshell 
energies compared with corresponding experimental values for Ir. 
 
 
 
            

subshell HF energy/a.u. DHF energy/a.u. Experimental energy/a.u. 
1s 2566.492836 2816.769717273   2798.20 
2s 413.476324 497.9201070751   493.32 
2p*  475.7631479757   471.47 
2p 413.476324 415.8273157794 412.32 
3s 102.2296445 118.8670297820 116.68 
3p*  109.0356550315 107.0 
3p 93.9029701 95.72291221036 93.77 
3d*  79.60507469305 77.80 
3d 78.57743315 76.75682313619 75.0 
4s 22.4970606 26.65494750198 25.37 
4p*  22.47740708912 21.21 
4p 18.89059335 19.29180916935 18.17 
4d*  12.46064131309 11.44 
4d 12.31636715 11.86007812200 10.84 
4f*  3.103954818478 2.33 
4f 3.52924545 2.982581636810 2.22 
5s 3.55091525 4.255617370157 3.04 
5p*  2.851258280234 1.67 
5p 2.3440547 2.329384046235 1.27 
5d*  0.4960532284069  
5d 0.55622765 0.4492513531464 0.33 
6s 0.2465845 0.2995422282852  
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subshell 
r(a.u.) 1/r (a.u.) r**2 (a.u.) 

    HF     DHF    HF    DHF    HF     DHF 
1s 0.01967     0.017429738 76.44936    92.259207 0.00052 0.00041916051 
2s 0.08288     0.072897930 17.99019    22.590037 0.00805 0.0063505819 
2p*  0.060247054  22.487266  0.0045283876 
2p 0.07015     0.068518345 17.99437    18.576810 0.00596 0.0057171979 
3s 0.20934     0.18949192 6.96719    8.3049982 0.04995 0.041212949 
3p*  0.17999796  8.1998192  0.037802924 
3p 0.19987     0.19512633 6.90659    7.1892819 0.04619 0.044221819 
3d*  0.17058506  7.0659465  0.034181991 
3d 0.17511     0.17522768 0.19987     6.8318126 0.03582 0.035939337 
4s 0.46267     0.42320190 3.02540    3.4806914 0.24101 0.20220510 
4p*  0.42735371  3.3666553  0.20785373 
4p 0.46839     0.45925150 2.93211    3.0331045 0.24885 0.23979800 
4d*  0.47164604  2.8199513  0.25743278 
4d 0.48027     0.48268898 2.73895    2.7381929 0.26620 0.26941527 
4f*  0.52674481  2.3408129  0.33783880 
4f 0.51719     0.53402559 2.36955    2.3083360 0.32375 0.34735517 
5s 1.08800    0.99162982 1.20318   1.3610277 1.32628  
5p*  1.0794631  1.2371984  1.3190533 
5p 1.19054    1.1743397 1.09212   1.1176722 1.60241 1.5629590 
5d*  1.6369936  0.80313031  3.1877203 
5d 0.80152   1.7081034 0.80152   0.76853862 3.11470 3.4823189 
6s 3.52372   3.0784249 0.35438   0.41361825 14.29196 10.923699 

Table (6-8-b): Comparison between Hartree-Fock and Dirac-Fock mean 
values for Ir. 
  
 

HF/a.u. Relativistic shift/a.u.  Total energy/a.u. 
-16806.03919934 -872.03448532 -17678.07368467 
 

DHF/a.u. 
Breit  interaction/a.u. 

Total energy/a.u. 
Magnetic retardation 

-17850.22677 22.13122787 -2.34607469 -17830.44162 

Table (6-8-c): ): Average energy of configuration and their corresponding 
corrections for Hartree-Fock and Dirac-Fock  calculations for Ir. 
 

 

6-9- Mercury  Hg80    

4f*  4.472273593914 3.75 

subshell HF energy/a.u. DHF energy/a.u. Experimental energy/a.u. 
1s 2778.80244 3076.157554210 3055.23 
2s 470.7350853 550.5410728539 545.56 
2p*  526.8622564809 522.37 
2p 452.1803406 455.1452287241 451.61 
3s 113.1366448 133.1796109750 131.0 
3p*  122.6406246691 120.53 
3p 104.3408156 106.5418018949 104.67 
3d*  89.43372040739 87.68 
3d 88.1454023 86.01719722699 84.37 
4s 25.57341055 30.66500184950 29.42 
4p*  26.12428675636 25.0 
4p 21.698963 22.18751205796 21.0 
4d*  14.79580445872 14.0 
4d 14.60965375 14.05168540175 13.27 
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Table (6-9-a): Comparison between Hartree-Fock and Dirac-Fock subshell 
energies compared with corresponding experimental values for Hg. 
 
           

subshell 
           r  (a.u.)           1/r  (a.u.)         r**2  (a.u.) 
    HF     DHF    HF    DHF    HF     DHF 

1s 0.01892 0.016579436 79.44732 97.671314 0.00048 0.00038043900 
2s 0.07961 0.069188789 18.73183 24.055844 0.00743 0.0057307117 
2p*  0.056998215  23.941119  0.0040642199 
2p 0.06734 0.065632647 18.73846 19.400887 0.00549 0.0052465742 
3s 0.20041 0.17973450 7.28399 8.8372200 0.04577 0.037101758 
3p*  0.17040042  8.7288062  0.033908265 
3p 0.19109 0.18611712 7.22576 7.5500790 0.04221 0.040245478 
3d*  0.16225202  7.4291290  0.030916540 
3d 0.16701 0.16704625 7.14355 7.1620827 0.03256 0.032642610 
4s 0.43929 0.39893263 3.19313 3.7224000 0.21719 0.17967175 
4p*  0.40155360  3.6084460  0.18349285 
4p 0.44332 0.43398234 3.10267 3.2189562 0.22281 0.21406808 
4d*  0.44158401  3.0138438  0.22532650 
4d 0.45034 0.45248856 2.91956 2.9207164 0.23364 0.23636495 
4f*  0.47673673  2.5570488  0.27331899 
4f 0.46920 0.48316600 2.58352 2.5212134 0.26336 0.28070490 
5s 1.01020 0.91491233 1.30258 1.4884478 1.14287 0.93907345 
5p*  0.98712089  1.3642503  1.1018495 
5p 1.09541 1.0791773 1.19287 1.2233091 1.35517 1.3185623 
5d*  1.4312762  0.92005878  2.4196019 
5d 1.43269 1.4988644 0.91032 0.87704474 2.40982 2.6649264 
6s 3.32841 2.8419295 0.37607 4.5091349 12.79929 9.3432495 

Table (6-9-b): Comparison between Hartree-Fock and Dirac-Fock mean 
values for Hg. 
 
 
HF/a.u. Relativistic shift/a.u.  Total energy/a.u. 
-18408.99149576 -1024.21656420 -19433.20805995 
 

DHF/a.u. 
Breit  interaction/a.u. 

Total energy/a.u. 
Magnetic retardation 

-19653.65019 25.353410795 -2.68849576 19630.98458 

Table (6-9-c) ): Average energy of configuration and their corresponding 
corrections for Hartree-Fock and Dirac-Fock  calculations for Hg.  
 

 

 

 

 

4f 5.01242675 4.311084618092 3.3 
5s 4.1820087 5.106219616269 4.47 
5p*  3.537751923932 3.0 
5p 2.8508716 2.841583097980 2.16 
5d*  0.6497963810141 

}0.23 
5d 0.7141968 0.5743919981951 
6s 0.26104675 0.3283017581484 0.383 
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6-10- Thallium   Tl81      

Table (6-10-a): Comparison between Hartree-Fock and Dirac-Fock subshell 
energies compared with corresponding experimental values for Tl 
 

subshell 
        r(a. u.)           1/r (a.u.)        r**2 (a.u.) 
    HF     DHF    HF    DHF    HF     DHF 

1s 0.01869 0.016307686 80.44664 99.544738 0.00047 0.00036847149 
2s 0.07858 0.068006602 18.97909 24.565949 0.00724 0.0055399369 
2p*  0.055962349  24.446750  0.0039216248 
2p 0.06646 0.064719990 18.98651 19.677184 0.00535 0.0051019848 
3s 0.19759 0.17664201 7.38978 9.0210831 0.04449 0.035844090 
3p*  0.16736324  8.9113966  0.032720167 
3p 0.18833 0.18328002 7.33231 7.6713562 0.04100 0.039032159 
3d*  0.15963844  7.5510169  0.029926565 
3d 0.16448 0.16448286 7.25179 7.2723345 0.03157 0.031642624 
4s 0.43194 0.39128757 3.24972 3.8058975 0.20996 0.17285319 
4p*  0.39347005  3.6917550  0.17617847 
4p 0.43549 0.42608730 3.16008 3.2818215 0.21497 0.20633416 
4d*  0.43240183  3.0787293  0.21597364 
4d 0.44121     0.44326555 2.97969    2.9816215 0.22416 0.22673201 
4f*  0.46236886  2.6279989  0.25615651 
4f 0.45539 0.46861498 2.65366 2.5908051 0.24723 0.26306176 
5s 0.98219 0.88901477 1.34196 1.5364901 1.07922 0.88593861 
5p*  0.95503300  1.4138987  1.0298521 
5p 1.05962 1.0442453 1.23476 1.2662367 1.26566 1.2322683 
5d*  1.3388539  0.97981021  2.0941789 
5d 1.34120 1.3941057 0.96892 0.93798396 2.09050 2.2759320 
6s 2.96691 2.5778926 0.42173 0.49747485 10.07303 7.6217582 
6p*  3.5169952  0.36102694  14.476469 
6p 3.92625 4.0131578 0.31623 0.31299260 17.87610 18.831657 
Table (6-10-b) Comparison between Hartree-Fock and Dirac-Fock mean 
values for Tl. 

subshell HF energy/a.u. DHF energy/a.u. Experimental energy/a.u. 
1s 2851.547193 3166.308184345 3144.5 
2s 484.5601593 569.1669046273 564.21 
2p*  544.9589610768 540.36 
2p 465.7267086 468.9044589310 465.35 
3s 117.1504551 138.4376961420 136.18 
3p*  127.6546623131 125.57 
3p 108.1967842 110.5244472696 108.70 
3d*  93.08040877486 91.36 
3d 91.7084766 89.45676913337 87.84 
4s 26.883433865 32.31139981174 31.08 
4p*  27.64462343548 26.51 
4p 22.91769375 23.42631013338 22.38 
4d*  15.84255936561 15.0 
4d 15.6529619 15.04553331168 14.20 
4f*  5.190097303497 4.51 
4f 5.7852471 5.014096150090 4.35 
5s 4.6187855 5.622767123731 5.01 
5p*  3.985032947972 3.66 
5p 3.2313775 3.216939791481 2.77 
5d*  0.8942155033847 0.57 
5d 0.9682785 0.8059087053937 0.5 
6s 0.36111135 0.4495846047062  
6p*  0.2112787916735 0.22 
6p 0.19239735 0.1764633953805  
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HF/a.u. Relativistic shift/a.u.  Total energy/a.u. 
-18961.82482530 -1079.26782112 -20041.09264642 
  

DHF/a.u. 
Breit  interaction/a.u. 

Total energy/a.u. 
Magnetic retardation 

-20280.14899 26.504299489 -2.81043639 -20256.45513 

Table (6-10-c): ): Average energy of configuration and their corresponding 
corrections for Hartree-Fock and Dirac-Fock  calculations for Tl. 
 

 

6-11- Bismuth  Bi83   

Table (6-11-a): Comparison between Hartree-Fock and Dirac-Fock subshell 
energies compared with corresponding experimental values for Bi. 
 
 

subshell 
     r(a.u)      1/r (a.u.)        r**2 (a.u.) 
    HF DHF HF DHF HF DHF 

1s 0.01823 0.015780292 82.44526 103.40543 0.00044 0.00034580866 
2s 0.07660 0.065716921 19.47367 25.621493 0.00688 0.0051797704 
2p*  0.053955294  25.492565  0.0036527607 
2p 0.06475 0.062962804 19.48264 20.232288 0.00507 0.0048293534 
3s 0.19219 0.17067767 7.60157 9.3992799 0.04209 0.033480077 
3p*  0.16151089  9.2868077  0.030491004 
3p 0.18303 0.17783421 7.54562 7.9154819 0.03872 0.036755386 
3d*  0.15463411  7.7961567  0.028076556 
3d 0.15963 0.15957911 7.46834 7.4931312 0.02973 0.029773422 
4s 0.41790 0.37662661 3.36364 3.9773019 0.19649 0.16015021 
4p*  0.37800319  3.8627392  0.16260405 
4p 0.42055 0.41101239 3.27571 3.4089561 0.20042 0.019196790 

subshell HF energy/a.u. DHF energy/a.u. Experimental energy/a.u. 
1s 3000.163695 3352.039012195 3328.15 
2s 512.8525685 607.7970736180 602.48 
2p*  582.4967654221 577.61 
2p 493.4598305 497.0931657494 493.33 
3s 125.415705 149.3877218463 147.0 
3p*  138.1044173532 135.89 
3p 116.1448459 118.7419931058 116.80 
3d*  100.6180725296 98.80 
3d 99.06714215 96.55142406126 94.83 
4s 29.59819615 35.75784275696 34.50 
4p*  30.83293021256 29.60 
4p 25.4483815 25.99901421086 25.0 
4d*  18.02529421073 17.04 
4d 17.828882 17.11319487489 16.17 
4f*  6.703887589064 6.0 
4f 7.41940175 6.495227183120 5.78 
5s 5.50820315 6.69118530790 5.85 
5p*  4.909504871763 4.30 
5p 4.00503835 3.976443483196 3.4 
5d*  1.389084564932 1.0 
5d 1.48743145 1.270617536207 0.89 
6s 0.55816945 0.6868477023406  
6p*  0.3384212953894  
6p 0.28618835 0.2610827027547 0.26 
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4d*  0.41504373  3.2095221  0.19885233 
4d 0.42397 0.42584118 3.10040 3.1040405 0.20681 0.20909878 
4f*  0.43646732  2.7683686  0.22683600 
4f 0.43042 0.44241489 2.79236 2.7282743 0.21956 0.23295962 
5s 0.93008 0.84039179 1.42221 1.6358198 0.96610 0.79055807 
5p*  0.89564729  1.5166224  0.90361388 
5p 0.99444 0.98011630 1.31982 1.3541794 1.11153 1.0824889 
5d*  1.2012479  1.0904069  1.6655843 
5d 1.20462 1.2439741 1.07702 1.0483735 1.66728 1.7877964 
6s 2.53935 2.2417493 0.49430 0.57481123 7.30706 5.7125770 
6p*  2.7802116  0.45898240  8.9073112 
6p 3.13655 3.1865733 0.39851 0.39637608 11.29532 11.742169 

Table (6-11-b): Comparison between Hartree-Fock and Dirac-Fock mean 
values for Bi. 
 
HF/a.u. Relativistic shift/a.u.  Total energy/a.u. 
-20095.53020854 -1196.13921144 -21291.66941998 
 

DHF/a.u. 
Breit  interaction/a.u. 

Total energy/a.u. 
Magnetic retardation 

-21572.23210 28.926792665 -3.06642773 -21546.37174 

Table (6-11-c): ): Average energy of configuration and their corresponding 
corrections for Hartree-Fock and Dirac-Fock  calculations for Bi. 
 

6-12- Radon  Rn86   

Table (6-12-a): Comparison between Hartree-Fock and Dirac-Fock subshell 
energies compared with corresponding experimental values for Rn. 
 

subshell HF energy/a.u. DHF energy/a.u. Experimental energy/a.u. 
1s 3230.312867 3644.805562231 3617.8 
2s 556.9131415 669.3866358768 663.56 
2p*  642.3552965030 637.4 
2p 536.6769975 541.0812900559 537.47 
3s 138.421886 166.9674992004 164.78 
3p*  154.9011522852 153 
3p 128.6715766 131.7246145612 130.08 
3d*  112.5611310987 111.1 
3d 110.7013669 107.7534919633 106.34 
4s 33.9207527 41.34873761635 40.33 
4p*  36.02085746636 34.17 
4p 29.49118815 30.11864807260 28.25 
4d*  21.54639343934 21.0 
4d 21.33131915 20.43710056305  
4f*  9.192674466125  
4f 10.10763175 8.926994059932  
5s 6.90581565 8.416808159130  
5p*  6.409030793993  
5p 5.2252085 5.175233686579  
5d*  2.189222179225  
5d 2.32631655 2.016139908905  
6s 0.87399265 1.072703722240  
6p*  0.5403444673918  
6p 0.4280064 0.3838897263296 0.4 



 

 ٨٤

subshell 
r(a.u.) 1/r (a.u.) r**2 (a.u.) 

    HF     DHF    HF    DHF    HF     DHF 
1s 0.01759 0.015026252 85.44322 109.50906 0.00041 0.00031469660 
2s 0.07380 0.062454250 20.21571 27.302050 0.00638 0.0046877961 
2p*  0.051093205  27.156313  0.0032862715 
2p 0.06235 0.060484749 20.22695 21.071434 0.00470 0.0044577436 
3s 0.18460 0.16223740 7.91979 9.9952145 0.03883 0.030273340 
3p*  0.15324119  9.8778612  0.027476178 
3p 0.17561 0.17019172 7.86610 8.2857118 0.03564 0.033676025 
3d*  0.14763762  8.1674259  0.025590340 
3d 0.15286 0.15273391 7.79337 7.8251083 0.02724 0.027260279 
4s 0.39834 0.35609165 3.53610 4.2460235 0.17848 0.14318108 
4p*  0.35642394  4.1306142  0.14458692 
4p 0.39981 0.390063620 3.45080 3.6029106 0.18107 0.17287663 
4d*  0.39127898  3.4081284  0.17659336 
4d 0.40040 0.40201012 3.28236 3.2890205 0.18425 0.18617444 
4f*  0.40332097  2.9757391  0.19226692 
4f 0.39837 0.40895543 2.99705 2.9307994 0.18675 0.19754451 
5s 0.86160 0.77550469 1.54390 1.7908823 0.82768 0.67220009 
5p*  0.81802755  1.6767969  0.75190299 
5p 0.91088 0.89731915 1.44839 1.4884392 0.92986 0.90465379 
5d*  1.0562860  1.2435927  1.2765914 
5d 1.06049 1.0901174 1.22608 1.1987798 1.28138 1.3599057 
6s 2.15662 1.9195492 0.58551 0.67677525 5.23267 4.1600068 
6p*  2.2415261  0.57500865  5.7309278 
6p 2.54338 2.5826272 0.49527 0.49268289 7.37002 7.6506582 

Table (6-12-b): Comparison between Hartree-Fock and Dirac-Fock mean 
values for Rn. 
 
 
   

HF/a.u. Relativistic shift/a.u.  Total energy/a.u. 
-21866.77224332 -1389.30383643 -23256.07607976 
  

DHF/a.u. 
Breit  interaction/a.u. 

Total energy/a.u. 
Magnetic retardation 

-23611.1925 32.878641287 -3.48189413 -23581.80 
 

Table (6-12-c): ): Average energy of configuration and their corresponding 
corrections for Hartree-Fock and Dirac-Fock  calculations for Rn. 
 

 
 

 

 

 

 

 

 



 

 ٨٥

    CONCLUSIONS 

   The  relativistic effect on the binding energies is important on the 

inner subshells especially for the ١s and 2s-subshells and this effect 

becomes more   pronounced as Z increases. For the other subshells, this 

effect is contracted due to the screening by the inner subshells. The 

contribution of the relativistic two body effect (Breit interaction) is 

about 2% of the relativistic single-particle effect (mass-velocity and 

Darwin correction). Finally the Hartree-Fock calculations and single-

particle relativistic correction gives reasonably good results for heavy 

atoms while Dirac-Fock calculation and Breit interaction gives high 

precision calculations.       

 

FUTURE WORK 

  This work can be extended to include the Breit interaction in the 

unperturbed Hamiltonian and introduced it in the self consistent field 

process. Also we can take into account the radiative corrections 

quantum electrodynamics (QED) (self energy and vacuum polarization 

corrections).  
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