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ABSTRACT

A systematic study of the non-relativistic Hartfé@ck method and its
relativistic version, Dirac-Fock method for the eage of configuration
have been presented. In the non-relativistic cagelly derivation of the
Hartree-Fock equations were presented and relatidsrrections (mass-
velocity, Darwin and spin-orbit terms) are treated first-order
perturbation. For the relativistic case, Dirac-Feckiations were derived,
and Breit interaction operator is used as theivedit correction for the
interelectronic Coulomb interaction, and is treatesl the first-order
perturbation. Expressions for the matrix elemeitdhe Breit interaction
operator (magnetic and retardation terms) are gfeerthe average of
configuration. Numerical results of some atomicpanbies for the ground
states of (Rb, Zr, Pd, Sn, Cs, Ba, Lu, Ir, Hg,Bi],Rn ) atoms computed
and compared with their corresponding experimentalues. The

relativistic effect on the orbital energies is imgamt on the inner shells

especially for the's and 2s shells and this effect becomes more

pronounced as Z increases. The contribution oftBmn&eraction is about
2% of the relativistic shift (mass-velocity and ar correction). The
Hartree-Fock calculations and relativistic cormagctigives reasonably
good approximation for heavy atoms while Dirac-Faekculation and

Breit interaction gives high precision calculations



ACKNOLEDGMENTS e |
ABSTRACT e, Il

CONTENTS e, 1

CHAPTER 1. e, 1

1-1- Introduction e, 1

1-2- Historical PerspectiveS ...ccocvcvivviiniiiieeiee e e 2
CHAPTER 2. THE HARTREE-FOCK THEORY .............. 5
2-1-The Central Field Model ..o, 5
2-2- The Average Energy of a Configuratian...................... 7
2-3- The Hartree-Fock equations ......cccccoccovivieiiiniennn, 13
2-4- Koopman’s Theorem ... .o, 17
2-5- Off- Diagonal Energy Parameters................cccceeevvee. 18
2-6- Relativistic Corrections ..o 19
CHAPTER 3. THE DIRAC-FOCK THEORY ......cccccco... 23
3-1- Dirac-Fock equations oo 23
3-2- The Relativistic Koopman’s Theorem ....................... 38
3-3- Off- Diagonal Energy Parameters  ....................... 40

CHAPTER 4. BREIT INTERACTION ..., 41



CHAPTER 5. NUMERICAL SOLUTION OF THE

HARTREE-FOCK EQUATIONS ... 61
5-1- Solution of the Non-relativistic Hartree-Fdéguations ............ 61
5-2- Solution of the relativistic Hartree-Fock Etjaas .................. 66
CHAPTER 6. RESULTS and DISCUSSION ................. 68
6-1- Rubidium ,,Rb 71
6-2- ZIrCONIUM ;075 e e 72
6-3- Palladium ,,Pd 73
B-4- TIN o e, 74
6-5-Cesium CS e, 75
6-6-Barium Ba e 76
6-7- LULEIUM LU e 77
6-8- Iridium ,Ir 78
6-9- MErCUry o HO e 79
6-10- Thallium g TI e 81
6-11- BisSmuth g;Bi 82
6-12- Radon RN e, 83
CONCLUSIONS e e 85
FUTURE WORK 85

REFERENCES



CHAPTER 1

1-1- INTRODUCTION

It has been noted that an accurate solutioBabirodinger’'s equation is
possible only for the hydrogen atom and singleted@cions [1]. A majority
of the elements in the periodic table are manytalacsystems where the
motion of every electron is coupled to the motidalbthe other electrons as
well as to the nucleus. To study such systems we lba rely on some
approximation methods. One widely used approximatioethod is the
Hartree-Fock method. It is based on the ratherrab@pproximation that
every electron moves in the potential created kynincleus plus the average
potential of all the other electrons. This assuorpteads to the independent-
particle model, which essentially reduces the maegtron problem to the
problem of solving a number of coupled single-el@tiequations. The single-
electron equations are solved in an iterative maonél a chosen level of

self-consistent accuracy is achieved.

The Hartree-Fock approach is a method for obtairapgroximate total
wavefunctions for many-electron systems. It hasl®plied successfully to
many areas of quantum mechanics including atomaeaalar, and solid-
state systems [2].

It is well accepted that an accurate predictbrelectronic properties of
medium and heavy atoms cannot be achieved witHwmautiritroduction of
relativistic effects. To include these correctiding relativistic counterpart of
Schrodinger’s equation is considered which is theads equation, this is

lead to Dirac-Fock method.



1-2- HISTORICAL PERSPECTIVES

In this section we try to trace some of the om@nt developments that
determined the directions taken by the field ofdab@mic structure theory.
Hartree published two important papers in 1928][3Mthe first he described
a numerical method for the solution of the radlation with a non-coulomb
central field; in the second he used these mettwtiad a field of force such
that the distribution of charge given by the wawetions shall reproduce the
field. He called this field the self-consistentldieThe system of differential
equations that he solved later became known asiénee equations or, as
Hartree himself called them, “equation without exoge”.

Soon after, in 1930 Fock pointed out that the Hartvavefunction was
invalid, as it did not satisfy the Pauli exclusjamnciple that the wavefunction
must be antisymmetric with respect to electronrgitange. Fock also showed
that a Hartree product could be made antisymmetriappropriately adding
and subtracting all possible permutations of thetrida product, thereby
forming the Hartree-Fock (HF) wavefunction [5]. gt Slater showed that
the resulting wavefunction is simply the determinah a matrix, called a
Slater determinant [6]. The idea of the configunataverage was discussed
early by Shortley [7] and has been treated in teyaSlater [8].

In 1935 attempts to set up relativistic self-cotesis field calculations were
initiated by Swirles [9]. She showed that Diractguation could be able to
carry through the relativistic version of Fock &alater’'s formulation of the

Hartree-Fock equations for a closed shell confitioma
After this, nothing much was done until the introlon of computers in the

1950'’s, with the exception of a relativistic Hagrealculation forcu®™ by
Willliams (1940) [10]. Similar calculations has Imeearried out by Mayers

for Hg, this calculation required many hours of computere [11]. After



this, Cohen (1960) published results fr, Pt, Hgand Hg*" in the same
approximation [12].

Later, some relativistic self-consistent calculasiowere made by various
authors, but most of these calculations either techithe exchange term or
made some approximations to avoid the numericékdifies. For instance,
Schonfelder computed for various atoms numericalen@nctions without
the exchange terms [13], and Liberman et al., ¢aied numerical
wavefunctions for closed-shell configurations of m&o atoms by
approximating the exchange term by Slater’'s mefthd{l

The problem was reformulated by Grant (1960, 19%%¢rms of the algebra
of tensor operators, and this has allowed the yhémrbe expressed in a
simpler and more general form. He presented expressor the relativistic
Hartree-Fock equations for closed shell configoretj and also dealt with
matrix elements of the magnetic part of the Brgierator [15,16]; the
retardation part has since been treated by Kin®6v117].

Desclaux [18] calculated highly accurate spinorrgias, total energies, and
other expectation values for closed shell atomsalde published a program
for calculation on multiconfiguration Dirac-Fock (IDF) in 1975 [#]. In

1980 Grant et al., published their MCDF code][ the numerical methods
they used are similar to those applied in Desckgrde. Mrkus Reiher and
Karsten Kind studied the effect of the inclusiortlod frequency independent

Breit interaction on Dirac-Fock total energies ifte and Be-like ions [21]. C.

Z. Dong et al., studied the M1 transitions &F**"and Ar'* using the

multiconfiguration Dirac-Fock (MCDF) method [22].

Irimia and C. F. Fischer in 2004, performed mulkifiguration Hartree-Fock
MCHF calculation with Breit-Pauli relativistic cactions to compute the

energy levels and transition probabilitiesAn [23].



The purpose of this work is to study the varioustgbutions to the energy
for the relativistic and non-relativistic casesngsHartree-Fock method for
some heavy atoms. In the non-relativistic case, ®ehrodinger’s
Hamiltonian as non-perturbation and the one-electsdativistic corrections
as a perturbation is used. In the relativistic caB@ac-Hamiltonian as non-
perturbation and the two-body Breit interactionreotion from the quantum
electrodynamics as a perturbation is used.

In chapter two, the non-relativistic many-body HHomian, and the
classification of the one and two body operatord #re construction of the
many-body wavefunction which built from centrallfievavefunctions are
described. This followed by the derivation of thgemage energy of
configuration and the Hartree-Fock equations.

In chapter three, the formulation of the relaticigamiltonian for many-
electron system, and the derivation of the DirackFequations are discussed.
In chapter four, a full derivation of the matrixeslent of the frequency
independent Breit interaction for both the magnem retardation parts is
presented. A brief discussion on the numerical ggsdo solve both the non-
relativistic and relativistic Hartree-Fock equatda presented in chapter five.
Finally, results and discussions for several sete@toms are presented in

chapter six.



CHAPTERP

THE HARTREE-FOCK THEORY

2-1- The Central Field Model

For an N-electron atom with a nuclear charge I ton-relativistic
Hamiltonian may be written [24] (in atomic units)
N 1 N N 1
H =2h(F)+522— (2-1-1)
i=1 2T 5 I
where h,(r) is the single-particle operator for the sum of kiveetic energy

and the electron-nucleus interaction given by

fn=-1rp-%Z 1
ho(r)_ 2|:| r (212)

The term ri}l represent the Coulomb repulsion among the electrons

The Hamiltonian (2-1-1) is quite complex for atpm having more than a
few electrons. As a further approximation it isrtteustomary to assume that
each electron moves independently of the othetrelex in an average field
caused by the nucleus and the electrons. This gdgumleads to the
independent-particle model, which provides an axiprate description of the
atom. The problem is considerably simplified if agsume that the average

field is spherically symmetric. This is the well dwn central-field

approximation [25]. The single-electron wavefunnt'@nlm#(r‘), can then be
written as a product of a radial functiop,(r), a spherical harmonic

Y, (6.¢) and a spin functioy’” [25].



L1 ! v2
Gin ) =P Y0 6.9 X, (2-1-3)
where,n is the principal quantum numberis the orbital angular momentum
quantum numbem, is the orbital magnetic quantum number, gad +1/2

A non-relativistic total atomic wavefunction (AtomiState Function ASF),

P is an approximate solution of the Schrodinger’sadigqum
Hy =Ey (2-1-4)
where(/ is the exact total wavefunction.

The total wavefunction for a bound state labdlefor an N electron atomic
system is assumed to be expressed as a linear rmatmbi of configuration

state functions CSHp (y LS) wherey represents theonfiguration and any
other information required to uniquely identify anfiguration state. Thus

[26],

Y (rL9)=3c, O (v LS) (2-1-5)

where n, is the number of CSFs included in the expansiah @nare the

configuration mixing coefficient for stat€. Configuration state functions
(CSF) themselves are formed by taking linear coatibns of Slater

determinantsg , so as to obtain eigenfunctions of the total orbaadular

momentum operatork 2, |, and total spin operatoig’, S, .

€. ¢ - - - ¢.(r)
@) @) - - - @)

(_‘D =ﬁ . . . . (2—1—6)
@.(F) @) - - - By

where a,b,... denote sets of four one-electron quantum numbens 4 )



2-2- The Average Energy of a Configuration

The energy of statE is given by
Er=(W ((L9)|H |W (L)

* (2-2-1)
= ZCV H rs CS
where the Hamiltonian matrix element is given by
He=Jo'(y, LSYH © (s L9)d’r (2-2-2)
0

(* denotes complex conjugate denote Hermitian conjugate)

The non-relativistic average energy of configuratr@present the diagonal

contribution to the Hamiltonian matrix, which caga Written as [27]
Eav = ZCI’Z H rr (2'2'3)
r

The non-relativistic average energy of a configion is defined as the
center of gravity of all the states belonging tgien LS configuration, and
given by [28]

Y@L, +1(2S, +DE(LS)
Ea= : (2-2-4)
> 2L, +D(2S +)

where |, and S, are respectively the orbital and the spin totadudar

momenta of a statfl S) , E(LS), is the energy of a sta(d.S) and the

r summation extends over the number of states iodah&guration.

From equations (2-2-3) and (2-2-4), we get

o = [@L+DCS +D 2:25)

Y (2L, +D2S, +1)
J




The Hamiltonian (2-1-1) includes one-electron opmsaof the typeh, (1),
which act on the coordinates of one electron, amdelectron operators of the
kind ;.

The matrix element of the one-electron opergigir, [29)

(® \%ho(ri)\cb>=§<a‘-%mz—§a>

(272-
=>'1(aa)
where:
1 Z
I (a,a) = <na|amla/ua - E |:|2 - T n,l amla/ua>
? 1d°  10+D) _Z (229)
=P (r){_a o’ 2 ?} Proo 0%
The matrix element of the two-particle operaﬁg}[29]
1
(® \—ZZrﬁ )= (ab\rlﬂab ab\rlifba)
i=1 j#i (2-2-9)

= E % (gabab a gabba)

In the above, subscripis and | refer to individual electrons, whila and
bstand for sets of one-electron quantum number.

(o JFN and J,,, are called the direct and exchange matrix elerérhe

Coulomb interactiorri}1 respectively, and is given by

abcd <ab{r1_de>
cw (2-2-10)
J.g.([d rhd rzqoa(rl)%(rz)r12¢c(l'1)¢d(l'2)

The evaluation ofE_, amounts to averaging over all possible sets afesl

of the one-electron magnetic quantum numbgtisand x [30].



From equations (2-2-8) and (2-2-9),, the averagggnof configuration is
1
=2l@a*o (o awan)y (9 abba)av] (2-2-11)

Equation (2-2-11) can be rewritten as [30]

=Y0l@a+52q,(0,-)Eu*;X20,0,En (2212

a b#a

where a and b run over allnl shells rather than one-electron quantum

number within a shell, and is the occupation number of the shell.

and where
Eaa= (g abab)av - (g abba)av for equivalentlectronsa=b (2-2-13)

b= (g abab)av - (g abba)av for non- equivalentlectronsaz b (2-2-14)
A general Coulomb matrix elemengabcOI can be evaluated by using of the

decomposition oﬂl given [31]

! T frfl;)rkﬂc 0T 2

(2-2-15)
=3 3 (-1 rkilc_q 0HC@)

k=0g=-k
wherey  is the lesser angl the greater of the two distancgs and ,of the

electrons from the nucleus, and whef¥ is a tensor operator having

components

Cq= Y 6.9) (2-2-16)

2k +1
With the aid of the above decomposition, equatib2-(0) becomes

k
O = 2 2 (=D Retebed){l.m, [ C*,

lom,)

oy, )O(sta, 4 )0t 115)

(2-2-17)

X <| b m i
where R, (abcd )s called Slater integral given by



k
Ru(@bed) = (PP 5 PePy)

(2-2-18)
—I I P.(r) Pc(rl) Pb<r2> Py(ro)dr.dr,

By using Wigner-Eckart theorem [32]

limlCill.my =@ et klm amcl) (2219
where ,C(],,K,|,; .9 m, )is the Clebsch-Gordan coefficient,

and Where<|]”CkH|2> is the reduced matrix element, given by

alcl) (0 ‘ Oj[(2| @, D] 1 ke
=0 if 1, +1, +k=odd

I, k |
where ( ! 2 ] is 3-j symbol.
m q m

Equation (2-2-17) can be written in terms of thédueed matrix element

s = 2 ;k( )" Re(abed)C(l .. kil :my,—a.my)
xClly kol army, .0 m ) LCH Ol 1LIC @)l o) (2-2-21)
<[@1a+D (215 D)] 4 ua,uc)a(ub,ud)

From the above equation, the direct contribution

gabafZFk(ab)C(Ia,k,Ia:ma,O,ma)C(Ib,k,Ib;mb,O,mb)
x|, Jhlc @)@ .+ @, +)] ™

(2-2-22)

where:
k

F . (ab) = R, (abab) = HPa(rl) P.(r)—= k+1 P, (r,) Py(r,) dr.dr,(2-2-23)

For the exchange contrlbutlon



Gaa = 2, G (80) Ctakivim m,-mym,)] (2-2-24)

g [<| 4ci b>]2 @1, + D) " 0w 11y)
where:
00 00 k
Gy (ah) = R (abba) = | [ P, () Pb(rl)rr%+1 P, (r,) P.(r2) dr.dr,(2-2-25)
00 N

To carry out the averaging over all permissibleueal of the four magnetic

guantum numbers, first, we sum over all permittagtspof values of the two

guantum numbermb,ub, and divide by the number of such pairs.

2 gabab_zzch Kol m, Om)C(] K, My Om)
my, M, omy, Uy, (2-2-26)

xFi (@)1 JC* Wl )1Ck @)l [ +D(@21,+D]
we make use of the identities [30]
Y Clly klpm, 0m,) = @l, +DIK0) (2-2-27)
my,
and
C(,0l. m. 0, ma) =1 (2-2-28)
To obtain

Y2
Jidccal, {(2' b“ﬂ (2-229)

=2 F (@),
mzb:'ub gabab 0 < (2| . +1)

where the sum oveLl, just introduces a factor of two [25].

Similarly for the exchange term, we have [30]

> Gun= LG @ C O] @4+D)” (2-2-30)

Ibb

AR



Both equations (2-2-29) and (2-2-30) are independem, a,uaand So there

IS no need to average over these quantum numbeesefbre, from equations
(2-2-29) and (2-2-30), equation (2-2-13) becomes

{ZF (aa){ a”COH| - Fk(aa)<|a”CkH|a>2(2|a+1)_1}

Ea™a, +1)

2 la k 1a)
= Fo(an) - ot )z(a JF(a) (2-2-31)

@4l,+Dicdl 0 0 O

where we have using equation (2-2-20), #hgdaa) = G, (aa )

Similarly, for non-equivalent electrons

=F,(a )——Z la K Ibzc;k(ab) (2-2-32)
0 0 O

The expression for the average energy in non-vedéit case given in

equation (2-2-12) becomes

Ex=2.0a! (@ a)

2
1 ) _@ILt) [la K 4
EZZ Fo(a )——Z la b 2(3 (ab)
24 &% % 0 0 0) "

where the sum ovek extends over all values permitted by the angular

momentum selection rul\él - Iz\ <k<l, +1, with the constraint that the sum

|, +1, +k=even

'Y



2-3- The Hartree-Fock equations

We invoke the Variational principle to determine tladial wave functions.

It is required that the average energy be statjonar
OE,=0 (23
for small changes in the radial part of the wavacfion subject to the

orthonormalization constraint
[ Pa(r) Py (r)dr = (n,n") (2-3-2)
0

Equation (2-3-1) with the condition (2-3-2) is egplent to satisfying the
equation [25]

o {Eav—an/] aaNaa—b;qaqbé(|a,|b))lab Nab} =0 (2-3-3)

where N, represent the overlap integral given by equatib8-@), and the
parametey] , are the Lagrange multipliers , which they have effect of

preserving the orthonormality.

The variation in the functiofP, r( is designate by P, r( and it is required
5P, (0) =3 P,() =0.

From equation (2-2-32) the variation §f, due to a variation oo, r(gnly

IS
OE.=0,9(aa)+ % d, (qa - 1)5 E..* bz 0.0.9 Ea (2-3-4)
or

2
_ 1 _@lD(la K Ta
5Eav—qaél(a,a)+§qa(qa 1) 0 Fo(a3) (4|a+1)k§o(0 0 Oj

Ia k |b

2
IG(ab)| (2-3-5
0 0 Oj G (@b) | ( )

x3 Fi(@)]+ 20,0, & Fo(eb) —%;(

'Y



Combine the above equation with equation (2-3-3jive

1 @+ (la K Ia)

+30.0 b)——z la Kb 25(3 (ab) (2-3-6)
bra 2D 0 0 O “

_qa)IanNaa—Z%qaqb5(|a,|b)/]ab5|\|ab=o

It follows from the above equation that the expra@s to be varied depend
upon the integral$(a, a), F, (ab),G, (ab), and the overlap integrf\] -
We consider first the variation of these integisdparately. Using equation

(2-2-8) we obtain

5|(a,a):°f5pa(r){_} d +|a(|a'2"l) _%} P, (r)dr

2dr? 2t

1
JPa(r){ 1(;2 'a(;:)—ﬂapa(r)dr

(2-3-7)

integrating by parts and using the fgof r andJ P, (¢ )vanish at the origin

and at infinity, one may have

1d° 1.0, 2z .
g7 2 r}Pa(r)dr )

In order to obtain the variation of=,(ab apd G, (ab) integrals it is

ol(a,a)= ZTJPa(r){—

convenient to introduce the Hartree function gitagrj25]
k

Yo(@bir) =1 dro—< P. (o) Po(r )
r> (2-3-9)

1 N
_kJ-drzrz P.(r») Pb(r2)+rf lJ-drzrkﬂ P.(r2) Py(r.)
1 0

M

V¢



The F,(ab)and G,(ab) integrals in equations (22-2-23) and (2-2-25)

becomes

F . (ab) = Tdrlpz(rl)rivk(bb, r)

(2-3-10)
Ge(@) = [drPu(r) Py(r) Y (ebir)
Therefore
SF (ab) = ZZdr P.(1)S Pa(r)%vk(bb,r) a#b (2-3-11)
OF(a8) = 4Idr P.SP,MY (@ar)  a=b (2-3-12)
combine the above two equation to obtain
OF (@) =21+ 5o PSP, Y, (00 (2-3-13)
similarly, the variations of the exchange integuadl the overlap integral are
3G, (@) =2+ o PSP Y, e (2-3-14)
ONw= 1+ 8. TP, Py (2-3-15)

With the expression for the variations of the imédg given above, equation
(2-3-6) becomes

Vo



7 1d° , 1.0.+D
o =
{ Pa(r){ 2ar " 2r’

+ (qa ‘1ﬁdr P.(r)o Pa(f)%Yo(aa, r

—ﬂ P, (r)ar

_@lLy fla K
al. +1)k§0(0 0 OJJdrPa(era(r) Yk(aar)}

2
|ak|b

¥ d ) J(bb,r) == 2-3-16
>.q, D rP.(r) Pa(r) Y( r Z(O 0 Oj ( )

bza

X jerPa(r) Pb(r)?lYk (ab, r):|
0

_Aaao.fdr Pa(r)dpa(r) _;qbd(lan)Aabo,fdrdPa(r) Pb(r) =0
0 za 0

This integral will vanish for arbitraryd P, r(,)only if the radial functions

satisfy the equation [25]

O e (P 4
{Zdr2+ 2r” V}Pa(r)

2 .k 15)
+(0,-1| volean -l )Z[a jvk(aamipa(r)

G4l.+D0l 0 O O

| 2
bJ P, (r)%yk (ab, r)] (2-3-17)

la
bb,r) —=
+b¢zj;1q{Pa(r) Yo(bb,r) Z[O 0 0

~Aea Pa(r) —bgqbé(|a,|b)/lab P,(r)=0

In this equation) _, serves as a single-electron eigenvalue. If we tgeno

ga:/]aa and gab:/] "
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2],+1)
=7 -
Y.0=2-(q,- ){Y()(aar) a o)
Lok I 2 (2-3-18)
a
xé}(o 0 OJYk(aar)] b%‘;quO(bb,r)
and
Ia k |b
= ab,r
Xalr) éq*’{%{o 0 OJ P YD (2-3-19)
+25(1 5, 15) .4 Po (1)
equation (2-3-17) becomes
2 1
dder’a L -, )P, 2{5 W Yall )} P, =-X.(1) (2-3-20)

This is the Hartree-Fock equation for the radiailt md the orbitals in the
subshella. There is one HF equation (2-3-20) for each oadigubshelh.

2-4- Koopman’s Theorem

The value ofg, has a direct physical significance. To see this,multiply
all terms of equation (2-3-20) from the left g, r &nd integrating, and
using equations (2-2-8), (2-3-10), (2-3-18) an@{29) this gives

2
_ @lL.+) fla K Ia
ga—l(a,a)+(qa-1)[Fo(aa)—(4|a+1)kz>o(o 0 oj Fk(aa)]

(2-4-1)

+Y.0 Fola )——z la K 'bZG (ab)
&% 0 0 0] "

using equations (2-2-31) and (2-2-32), then

AR%



s 1(@a)+ (qa —1) E.t+ bz 0, Ea (2-4-2)
This quantity is the ene;rf;y associated with an tedacin subshell a
according to (2-2-12).

The Hartree-Fock energy eigenvalge is related to the energy required to

remove an electron from the substellThe energy of an ion is
1
ion ~ &) ’ P abab  Jabbal acac Jacca T
En=21@8)-160%55(000" O 200~ 00)  249)
a al a

Eion - Eatom =-l (C’ C) - Z (gacac a gacca): —&c (2'4'4)
a

Thus the removal energy, calculated with HartreekR@ave function for the

atom, is the negative of the corresponding Harfieek eigenvalue. This

result is called Koopman's theorem [33].

2-5- Off- Diagonal Energy Parameters

The off-diagonal energy parameters enter into tlatriele-Fock equations
through an orthogonality constraint. We can a obtaiation to determine

these parameters, by multiplying equation (2-3-89)P,, and integrating

overr from zero to infinity, we get

£p=1(@b)+ of%[z -Y.(0|P.P,dr —%T/ya(r) P, dr (2-5-1)
where

_f |_1d” 1.4z 5.
I(a,b)—gpnala{ 2dr2+ * r}Pnbladr (2-5-2)

and

n7,(M=2.q, 2 s Ko 21Y (@p,r) | Py(r) (2-5-3)
2 b Pkl 0 O O)r °

YA



2-6- Relativistic Corrections

There exists two approaches to include relativistiects. One way is to treat
the relativistc interactions as perturbations ® lonrelativistic Hamiltonian.

This is done in the Pauli approximation, wheretrelstc effects are treated to
ordera? (whereq is the fine structure constant).

A more accurate way of treating the relativisterattions is to approximate
the Hamiltonian by a sum of single-particle Diraarkiltoniansh,(r )and
the Coulomb interaction between the electrqns, as can be seen in the next

chapter.
For the first approach, we starting from Dirac Hiéonian for a particle

moving in a central fiel&/ [34]
h,(F) =cap+pBc*+V (2-6-1)
Where p is the momentum operatot, is the speed of light; in atomic units,

c=137.0359895. The quantities and 5 are (4% 4) Dirac matrices:

Yy 8

Whereo =(0o,,0,,0, )is (2x2) Pauli spin matrices, which are given by

(01 (0 -i (10 6.3
o ot D ol

, ' and 0 the(2 x 2) unit and zero matrices, respectively.
If ¢(r)is an eigenfunction of the one-electron Dirac Hawnilan h, (7 ) with

eigenvalueg, then

ar) = [”j (2-6-4)
)

g=e-c? (2-6-5)

14



where ¢, and ¢, represent the large and small components of theewa
function respectively.

The wave equation then becomes
~c(olplg, +(e'-V)g =0
~clop)g + (¢ -V +2c¢*)@, =0

eliminating ¢, by substitute the second of the above equatiomstimg first,

(2-6-6)

gives:

£-VY,
02 (ch)a +va (2-6-7)

expanded to the order df c? to obtain

£n =%(ﬁ Eb)(1+

£¢1——¢1—— (0p)e'(op)- (e V(e h)ln +Var (2-6-8)

using [32] pV =Vp —-i0lV, then equation (2-6-8) becomes

2

] 1 ] Y .
£q =p7qal —E[pze -Vp? + |(a D]]V)(a E]f))]qal +V@g (2-6-9)
with the help of (o10OV)o(p)=0V.p+ig OV xp) equation (2-6-9)

becomes

2 —

R ¢ -V 1 - - 1 /- _
EQP = — -— V.o + — [V x +V 2-6-10
a=" -5 e, Vg oV xplg +Vg  (2-6-10)

sinceV is spherically symmetric, then

mY; _}d_V - OV _d_Vﬂ

r dr dr or
equation (2-6-10) becomes
(e —V) 1dvo ., 1 1dv(p)

_ p ~
£ +V - Tg+—-s
%= ﬂ a- 2c? 4 4c? dr or a 2¢’r dr A

(2-6-11)

2
where §=%ﬁ . l=rxp and & -V =F_



The first and second terms on the right side oh&qo (2-6-11) give the non-
relativistic Schrodinger equation. The third tersncialled the mass-velocity
term because it arises from the relativistic vasratof mass with velocity
[35]. The forth term is called the Darwin term whiepresents a relativistic
correction to the potential energy [30]. The lasint is the spin orbit term
which represents the magnetic interaction energwden the electron's spin
magnetic moment and the magnetic field due to taet®n orbital motion
[30].

Incorporating these relativistic effects withthe format of the non-
relativistic approach.

For the spin-orbit term, the matrix element is

(@[ L322 soro)o ) (2612

|
C i=1 I'I drl

Equation (2-6-12) involves summation over possuakies of i, , therefore,
for any specific value of | m,, there will be one—electron matrix elements

with 4, equal to both +1/2 and-1/2. Therefore these two matrix elements

will be equal in magnitude but opposite in signushthe spin-orbit

contribution tof=,, is zero [30].

For mass-velocity term
£, (0 |2 -vo)

:2_(1:2%“17 |:>a(¢€‘;l —Va)2 P, dr

and for the Darwin term

v, 0

1
ED=<CD ‘4—022 ar or

v, d
r—(r dr
dr dr( P.)

(218)

)
(2-6-14)

_ 1 &%
_4czza:£Pa

Y



where

la K la

2
@], +1) 1
0 0 oerk(aa’r)

1
= -1] — )T T N
Va (qa r YO (aa r) (4| a + 1) kZ;E)( (2'6'15)

1 Z
+ b;lqb{?Yo (bb,r)} o

From equation (2-6-13) and (2-6-14), the relatigisthift due to mass-

velocity and Darwin term is:

Relativisticshift=F_+ E, (2-616)
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CHAPTER|3

DIRAC-FOCK THEORY

3-1- Dirac-Fock Equations

Pauli approximation becomes less satisfactoryhigh atomic numbers
where the use of perturbation theory starts tokodeavn [3i]. Therefore, a
theory in which the one-body relativistic correati@re treated in non-
perturbative fashion must be used. This is achiéyeaising Dirac’s equation.
All relativistic single-particle effects, namelyatimass correction, the Darwin
term and the spin-own-orbit interaction are autecadly included via the
Dirac Hamiltonian (2-6-1).

The Hartree-Fock is extended to include relatiwigifect. Starting with a
relativistic many-body Hamiltonian Y3
N 1 N N 1
H :ZhD(T.HEZZ— (3-1-1)
i=1 i j#i [
This is known as the Dirac-Coulomb Hamiltonian.

Where h, (F) is the single-particle Dirac Hamiltonian for ae&ton moving

in nuclear Coulomb potentie?F and is given in equation (2-6-1)

ho (1) =ca tp+ (B-1)c” - = (3-1-2)

r
Where, the rest-mass energy term from the Dirac iltaman has been
subtracted in order to choose the zero of energgleq the electron rest mass

[3A].

Yy



The one-electron Dirac wave functigr(r) satisfies the single-particle Dirac
equation

ho¢ (M) =¢€¢(r) (3-1-3)

The one-electron, bound-state solution to the Deqeation (3-1-3) having

the form [3]

ry=1[ PN Qn(@9)
Lo =11IQ (N Q_m(6.9)

where P, () andQnK(r) are the large and small components of the one-

(3-1-4)

electron radial wavefunctions respectively, andsBatthe orthonormality
condition [ +]

P ()P0 +Q, 0Q,, O]ar =) ©15)

where o (n,n") is the Kronecker delta.
The angular functiorQ), .(6,¢) is the spherical spinor, which is defined by

the equation{’]
Q@) =X CAY2 jim-pumY, ,@.0) 1" (3-1-6)

Here n is the principal quantum number, ards the Dirac quantum number

which is related to the total angular momentum ¢uannumberj and the

orbital angular momenta quantum numbémnd | of large and small
components, respectively byML

. 1
J-\K\‘E

1
K+=
2

1
-5 (3-1-7)

Y¢



The Dirac spinors which is defined by equatiori{8) are used to build the

configuration state functions (CSI® (y JM) by taking linear combination

of Slater determinants, so as to obtain eigenfanstiof the total angular

momentum operatorg“and J, [¢Y]

¢.(F) () - - - ()
o.(F) aF) - - - @)

CD =ﬁ . . e . (3—1—8)
o.(F) AFY - - - @y

where the subscripts,b,... denote the set of the wave functiok m.

An atomic state function (ASFY (FJM) can now be formed from
® (yJIM) for statel" with total angular momentundM in the following

way [43,44]:

W rIM)=3c, O (, M) (3-1-9)

where n, is the number of CSFs included in the expansiah @nare the

nC
configuration mixing coefficient for state such that)’ c’=1
r

The total relativistic atomic energy is

Er=(W (MM)|H | [TIm))

. (3-1-10)
= ZCI’ H rs CS
r,s
where the Hamiltonian matrix element is given by
H.=JO'(. M)H © (s IM)d’r (3-1-11)

The relativistic average energy of configuratiorpresents the diagonal

contribution to the Hamiltonian matrix which canwstten as [42]

Yo



nC
=>ctH, (31-12)

r
As in the non-relativistic case, the relativistieeage energy of configuration

Is defined as the center of gravity of all t(je-levels belonging to a given
relativistic (jj)-configuration, and is given by§p
22J.+DE (J)

Ea="" (3-1-13)
2.(23,+1

where E (], )is the energy of the leve], and ther summation extends

over the total number of -levels in the relativistic (jj)-configuration.
From equations (3-1-12) and (3-1-13), we get

(2J,+1
2. (27, +1)

(3-1-14)

In relativistic case each nonrelativistic configion split up into several
relativistic (jj)-subconfiguration, and thereforat this point it is useful to
introduce the concept of extended average enerdy.)(Ewhich has the

property that exactly reduces to the nonrelatiwiatterage energy. The EAL
is defined as the sum of the relativistic subcanfigion average energy
defined in equation (3-1-13), sum that includes tak relativistic (jj)-

subconfigurations arising from a single nonrelatiei configuration. In the
sum, each of the relativistic (jj)-subconfiguratias weighted by its

degeneracy [45].

PR (=}

Eea = (3-1-15)

L

>'(23, +1)

with

Al



w, =3 (23; +1)

i
Where the summation overis run over all the values of thg -levels in all

relativistic (jj)-subconfigurations and the summatioveri is run over the

values of the] -levels in the given subconfiguration

The relativistic average of energy is defingd46]

=Yl@at, l(< Hab>lv‘(<ab‘rl‘ba>u

(3-1-16)

= Za: I(a,a) + % gb: [(g abab)av - (g abba)av]

Where the averaging over all possible sets of walfemagnetic quantum
numbersm, and . -

Here the Coulomb matrix elemengsajocd are to be evaluated using Dirac
single-particle wave function (3-1-4) rather thaonsrelativistic single-

particle wave function.
Where | (a,a) is the one-electron energy integral for the Diraantitonian

(3-1-2), given by
| (@,8) = (N, K a M| No| Naka ML)

i ;dr{CQ Pkip)ep, [an_&Qa)_g(pmi)—z&@z}

(3-1-7)

dr r

where we have used [29]

g.PfE(NQ,.(6.¢)= I[% X r }Q_Km 4, 9) (3-1-18)

and whereg - and g b OTE the direct and exchange matrix element of the

Coulomb operator respectively, and is given by

Yv



O = Hd rd rzca(rl)qob(rz) Nl AL (3-1-19)

The expression for the average energy given in temqud3-1-16) can be

rewritten as

=20, (@a)+ % > a0, ~YES + %Z 2.0,0, Ea (3-1-20)
where
Ega = (g abab)av B (9 abba)av with a=Db
(3-1-21)
Eab (g abab)av (g abba)av with a#b

and where( is the occupation number of the subshell.
A general Coulomb matrix elemergalocd can be decomposed by using

equation (2-2-15)

e =y k+1C O @) (3-1-22)

rz‘ k=0[

and using equation (3-1-4) in the form

Ar) =(3§2) (3-1-23)
Whereuand v are large and small component of the electron fuaation
respectively.

Equation (3-1-19) becomes

e = <uaub\ \ucud> <uavb\ \ucvd>
(3-1-24)
<vaub\ \vcud> <vavb\ \vcvd>

1 1
Treating the first term of the above equation, bing equations (3-1-22) and
(3-1-4)
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1 ‘
<uaub‘_‘ucud>: Z<Pa Pb rk+1“:)c Pd>
2 k=0 r (3-1-25)

(0.0 C* @O T Q. Qu)

Using the definition of the spherical spinor (3-1-then the above equation

becomes

1
(UaUo|— | UcUg) (3-1- 26)

12

k

_ I<

- Z<Pa Pb K+1
k=0 S

X z C(la’]/z’ ja; rna_lua’l’la’ ma)C(|C,]/2, jc; rnC_luc’/’Ic’rnC)J(/’la’luc)

HaH,

* 2 CloY2 jyimy = My ly MOCU6 Y20 i mg = Hyo g M), 1)

HyH g

Pl YO O BV

ma_/'la rm_/’[b

The matrix element of the scalar product of theesighl tensor operators can

be decomposed by applying Wigner-Eckart theoregive [46]

<Y|r?1a-uaY'r$L-ﬂb Cc'®-C" (2)‘ch Vi >

M, " MaH,

_ (—qytememenes, 1C O JC @Iy
=(=) Jok +1 J2k +1 (3-1-27)

xc(la’k’lc;rna_/'la’rnc_rna+/'1a_/’lc’rnc_ﬂc)
XClly Kol gsmy = LMy —my + Ly = Hyomy = L)

with

if 1, +1, +k=even

@,+)(2,+) T
(2k+1)
=0 if 1,+1,+k=odd

0tz = c(|1k|2;000){ (3-1-28)

Equation (3-1-26) becomes
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<Uan‘ ‘UcUd> kz<Pan k+1‘PCPd>

12

xg(_l)a THCAL Y2 e s )

. (I :
XC(lc’]/z’Jc;rnC_/’la’ﬂa’m) \/m.
xC(la’k’lc;rT]a_ﬂa’m_rna’m_/'la) (3'1'29)

“ (=" ™HCA, Y2 iy e M)

. 1,IC* @1 4

XClp Kol g3 my = My My = My My ~ )

Now introducing a coefficient

) .
d“(im, j'm MZ( 1)"™Cq.y2 j;m- g, pum)
xC(1'Y2, " m = p, p,m) (3-1-30)

xC(,k,I'm=pgm-m,m - p)
Equation (3-1-29) becomes

k
<uaub\ ‘UCUd> Z<Pa Pbrle P. Pd>
12 I 31-31)

xd“(j,ma jomod (j,my: j,my)
From [46], it is find that

wiz| (2] +1)(2] +1)]”
(2k +1)

d (j“llj,l“,) ( 1)
xC(J I: Jllol)C(J I( j,.””“, “II“’)
n ’2 2 B ,

Similarly for the rest terms of equation (3-1-24)



<Van‘ ‘VcUd> <Q Py k+lQ Pd>
(3-1-33)
xd (J'arna,jcm)dk(jbrmjdnh)
<uaVb‘ ‘UCVd> Z<PaQb k+1 PCQd>
(3-1-34)
xd (jama,jcm)d (J,mys J4me)
<VaVb‘ ‘Vch> < k+1 Q Q >
(3-1-35)

xd“(j,me jomdd “(,my jmy)
Combine equations ( 3-1-31), (3-1-33), (3-1-34) &Bd.-35) into equation
(3-1-24), then we have

Ges = 20" (] aMas J M) d* (oM, M) R, (abec) (3-1-36)

Where R, (abcd) is the relativistic Slater integral defined by

R.(abod) = [ [P, (r) Po(r) + Q. (r) Q, (r)]
0
x Tdrz rk+1[Pb (ro) Palra) +Q,(r,) Q, (rz)] (3-1-37)

Ti (bd, rl)[Pa(rl) P.(r) + Q (rl)Q (rl)]drl
ol

where

Y. (bd,r)= rlerz rk+1[Pb(r2) Pq(ry)+ Q (rz)Q (rz)] (3-1-38)
0

The summation overk in equation (3-1-36) is limited by rules on
d“ coefficients which can be derived from the triamgutondition of the

Clebsch-Gordan coefficients of equation (3-1-32) &aom equation (3-1-30),

respectively
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max{j, = jco|is = Jal)<k<min(i, + jc. Jp + a) (3-1-39)

|, +1. +k=even

(3-1-40)
|, +14 +k=even
From equation (3-1-36), the direct part
gabab= Z_:dk(jarna’ jarna)dk(jbm, Jbrno) Fk(ab)
N (3-1-41)

=éak(jama, . m) E.(ab)
Where, we have used
a(j,m j,m)=d (j,ma j,m)d“(j,my j,my)

o omemal@ i Y24, )
- (2K +1)°

xc(jb’k’jb;%oé)c(jb’k’jb;mp’m) (3-1-42)

and

C(ja’k’ ja;%oé)c(ja’k’ ja;rna’o’ rna)

F«(ab) = R«(abab)
Using equation (3-1-39) and (3-1-40), the permittallies ofk are:
k=024,..min(2j_-1.2],-1) (3-1-43)

For the exchange contribution, we obtain

gabba = ;[dk(Jama’ jbrn))]sz (ab)

(344)
=b*(j, M j, M) Gy (ab)
Where we have used
bk[u‘ama,m>=%dk<janh,jbm]2 (3-1-45)
_(21a+1)(21b+1) 1 A, ) ,
- (2K +1)? C(Ja’k’Jb’EOE) C(J K Jpr Mas My~ Me M)

and

vy



G (ab) = R« (abba)

The range ofk for the exchange integral is limited by the follog

conditions:

- ddsks it (3-1-46)
and

|, +1, + k=even (3-1-47)

To perform the averaging, the sum over the magngtiantum numbers

m, and m, in equation (3-1-41) is carried out first, we have

Zgabab=ZZ:ak(jarna’jbrno)lzk(ab) (3-8)4
m, m, k=0

using the identity [35]

rTz]bak(iarna,ibmo)=(2jb+1)5k0 (3-1-49)
to obtain

nZ\)gabab = (2], +)F(ab) (3-1-50)
Similarly, for the exchange term in equation (34)-4

%gmba=§(2 j, * US4 Geled 1a1)
where we have used [46]

S ame Jym) =521, #3) , (3152
with

Mk, 2@; g _j/sz (3-1-53)
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From equations (3-1-50) and (3-1-51), the quastitg:, and E, given in

equation (3-1-21) become

Ega - (g abab)av B (g abba)av with a=b
=%{(21 +D)F,(aa) -—(2 1)ZFJ ki F (aa)} (3-1-54)
2]
=F°(aa)_% i] 20k, F@
Eab (gabab)av (gabba)av with aZb

(3-1-55)
=F,(ab) ‘Eé)rjak bek (ab)

Substitute equations (3-1-54) and (3-1-55) intoatign (3-1-20), then we get
1
= anl (a’ a) +Ean(qa _1)F0(aa)

_;an(q -1)r1

ST SRS i Pl (31-56)

1 1
+_Za: bgaqaqb|:|:o(ab) _Ekzzz,)rjak bek(ab):|

wherel (a,a) is given in equation (3-1-17).
Again, as in the non-relativistic case, we reguhat E,, be stationary

with respect to variations in the radial functiof , and Q . This

requirement is combined with the orthonormalizattondition (3-1-5)

na/(a MNoKa I[Pnaka Pnb/(a Qna,(a anK }j na’ nb (3-1-57)

Introducing Lagrange multiplierg] the variational condition is [29]

naKa'ana

J {Eav 20,4 wNpunu, = ZOKa ko) daObA,, NnaKa,ana} =0(3-1-58)
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The variationsd P, , and dQ__ are required to vanish at the origin and
infinity.
Using the abbreviatiop,, =P,

We consider first the variations of the integfalin equation (3-1-17), we get
" ' K
d - a a - a a T a a a a
51(@a)=2[d|p,60Q -Q ap,)+ (p,6Q,+Q,5P.)
0

P.0P. +Q,0Q,)-%0Q,6Q,|

where we have used

(3-1-59)
_ EE(

I_d '_1
I:)a_dr P.. Q, dr

From equation (3-1-20), the following variationtlre average energy due to

variation of p,(r) and Qa(r) Is obtained, while the remaining orbitals are

held constant
OE,=0,01@a)+,0,(0, - EL+ £0,0,9E5, (3-1-60)

The variation of thef, (gb )integral with respect to variation of the radial

function P, (r )andQ (r )is:

for non-equivalent electrons# b

SF(ab) = 2]; P.05P,+Q,M0Q,M v, bbndr (3169
and for equivalent electrona =b

OF ,(aa) = 4]; P.03P,+Q, Q0] v, (aa ryar (3-1-62)
In general,

SF (@) =20+ 5[ [P, P, 0+ Q,06Q, M v, (b1 (3-1-63)
Similarly, the variation of the exchange integ@@|(ab )
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= 1
3G (@) = 20+ 5,)[ [P, (1) Py (1) + 5Q, (0 Q, (], (b, r)dr (3-1- 64)
0
With the expressions for the variations of the gnés given in (3-1-63) and
(3-1-64), we obtain

JE;=4T[Pa(r>5Pa(r) +Q.(N3Q. (1]

@), (3-1-65)
X— Yo( 2]a lé)rjkj 2Yk(aa r)
and
SES =2] [Pa5Pa+Qa5Qa]%YO (b, r)dr
0 (3-1-66)

T 1
- kzor j.k ]b.[ [5 Pa Pb + JQaQb]?Yk (ab, I’)dr
= 0

From equations (3-1-59), (3-1-65) and (3-1-66),adqun (3-1-60) becomes
OE. =

ZanIdr{(P'aan-Q'aépa)+%(Pa5Qa+Qa5Pa)
-7 P.oP.+Q,0Q)-2Q,0Q}+2q,(4,-Y[P.oP.+ Q,0Q]

xéy(aar)— Ja+l)2|' Y(aar) dr
rp 2 Zja k>0 Jklap Tk
r2y q., [[P.oP.+ Qaan]%Yo (bb, r)dr (3-1-67)

" 1
" 200,21 k) PP+ 0Q.QL e

substitute the above equation into equation (3J)1-&8d dividing by2qac,

we get
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jarlp.o0,-op.Q )+ £:(p.0Q, + Q0P

_ ZcQaJQa] = %I%{Z - (qa -1)Y,(aar) - l;aquo(bb, r

-D(2j +1
+%(qa ;(J Ja )é)rjakjaYk(aa’r)}(Paépa+Qa5Qa)

<d
- i quz [ jakjb'([TrYk(abs r)(5|:)a|:)b + JQaQb)

2Chza k=0

1l (P.oP.+Q8Q b
0

-5 ok ki) [(OPAP, + 5Q,Q i =0 (3-1-68)

Cbza

Introduce the function

Ya(N=2—-(q,-DY,(aar)
(3-1-69)

(G,-0(2j,+
- ZQYa0h) + PN Vi

bza

equation (3-1-68) becomes

Idr[(P'aéQa—é P.Q.)+X2(p.6Q,+Q,oP)
-26Q,0Q)- [T Y.(P.oP.+Q,0Q)

S Z qbz r j.Kj j%Yk (ab, r)(5Pa Pb + JQaQb) (3-1-70)

2Chza k=0

-1l (P.oP.+Q8Q b

0

—lza(/(a«b)qmabi(épapb +5Q.Q,kr =0

Chza

A%



The coefficient 06 Q_and-J P,

P,a+% Pa_|:20+%(£a Y ()]j|Q X (r) (3-1-713.)
Q,-#*2Q,+ e+ Y|P, = x20 (3171b)

where we denote

£a:Aaa 1 gabzAab

and
o b :

Xa(r)= b;qb Zérjakjbw-‘-d(/(a’/(b)gab Q, (3-1-72)
o b, ;

X (r)__bgqb Zl;)rjakjbw-kd(/(a’/(b)gab Ps (3-1-73)

equations (3-1-71) are called Dirac-Fock equations

3-2- The Relativistic Koopman’'s Theorem
We multiply equation (3-1-71a) b;z,Qa and equation (3-1-71b) by cP,
and using (3-1-72) and (3-1-73), yield

. b,
cP,Q,+c®2p,Q,-2Qt - V20 Q-1 v g5 Y2 Q,Q,

= £.Q,+ Xk )8, QuQé (3-2-1)
: ab,r

-op,Q,+eX2p,Q,- Yo Upi-15 gy, Y p p,

:Eapz-'-zd(/(a’/(b)qbpapbgab (3_2_2)

bza
adding, and integrating overfrom zero to infinity, we get

YA



e,=c[a (P,Q, +%*P,Q)- (P.Q,-K2P,Q)-2Ql|  @-2:3

b,r
- (P2l - 20,31 PP+ Q,Q e
by using equation (3-1-69)
_ (2],+1)
ca=1(aa)+(q,-1) Fo(aa)-—Z > I'jj Fu(aa)
2pza 2 J k>0 Lk,
a (3-2-4)
+ qu{Fo(ab)—%Zl'j kbek(ab)}
bza k=0 °°
and finally from equation (3-1-21), yield
Ea~ I (a,a) + (qa - )Eza + bZ: qb E(z:ab (3-2-5)

This quantity is the energy associated with antedacin subshell according
to (3-1-20), which is equal to the relativistic égaration-average binding
energy of an electron in the subshel[29].

The Dirac-Fock energy eigenvalye is related to the energy required to

remove an electron from the subshell c. The enefgy ion is:

Eion = Z | (a’ a) — | (C’ C) +%Zb: (gabab - gabba)_ z (gacac - gacca) (3-2-6)

Eion - Eatom =l (C’ C) - z (gacac - gacca): —&c (3'2'7)

Thus, the removal energy, calculated using DirackReave function for the
atom, is the negative of the corresponding DirackFeigenvalue. This result

is called Koopman'’s theorem [29].

Y4



3-3- Off- Diagonal Energy Parameters
As in the nonrelativistic case, we can obtain refato determine the off-

diagonal energy parameters, by multiplying equa(@i-71a) bbe and

equation (3-1-71b) byp,, subtract and integrating over from zero to

infinity, we get

Eoci@n) + ]| Hz-Ya0OkP. P+ Q,Q) o€l Q, + €3P) i (3-3-1)
V\t/)here
: ‘ b,1)]
¢ ()= qu%ZFjakijk(? " Q, (3-3-2)
Cpza | < k=0 _
1 Yk(ab’r)_ A
&) —szaqb_akgorjak,-bf_ P, (3-3-3)
and

| (a,b) = cjd{Q (P+ P - Pb(Q aQa)‘ZCQaQb}

(3-3-4)
tZ
-J5 (PP +QQer



CHAPTER 4

BREIT INTERACTION

The relativistic Hamiltonian which we have usedfaohas been constructed
in a simple manner; we have taken the non-reldittivisrm, and replaced the
terms corresponding to the single-particle inteoast by their relativistic
equivalents, leaving the two-particle interacti@nnts unchanged. A correct
relativistic treatment of the many-electron problsmrmuch more complicated
than this; the main effect neglected is contaimethe Breit interaction. The
correction to the Coulomb repulsion between twoctebms due to the
exchange of a virtual photon is referred to asBtrest interaction [47].

The Breit interaction is given by [48,49]

a(i)la(j)

r”

B, (i, j)=- cosr ;)

(4-1)

+(c7<i)m(i))(ﬁ(j)uﬂ(j))cosﬁrr‘jj) =

where @ is the frequency of the virtual photon exchangetween the
interacting electrons.

The Breit operator may be written in its long warglth limit (independent
frequency) p+,°),°Y]

8.1 =~ T e MONe () D), 4-2)
]

where the Taylor series expansion of the cosinsésl

where the magnetic (Gaunt) term

&)



a()La(j) -3

]

g" G )=
and the retardation term

T N L Y
g"@.1)=7(e() M a() D()r, (4-4)
We deal first with the magnetic term.

using the definition of the&r -Dirac matrix in equation (2-6-2), then equation

(4-3) becomes

M (0 o@® 0 o0@)1 ]
302~y °0 o *0 .
The energy correction due to the magnetic term is:

M 1 N N M . .

E"=(0|,22 0" Gijo)
= [ab| g™ @.2) ab) - (ab| g (12)|ba) (4-6)

1 ( M M )
_Ez Oapab ~ Javva
ab
Where g:'bab and grbba are the direct and exchange matrix element of the

magnetic term respectively, which, in general, loamwritten as:
M FF T,y T, M N N - A
Oues = | | LM G(F) G (@)@, (FIArdr, (4-7)
00

Where¢ (1) is given by equation (3-1-4).
A general matrix element of the magnetic ternm d@e evaluated by

inserting equations (3-1-23) and (4-5) into equafid-7).

g:lbcd =<Uaub‘M ‘chd>+<uavb‘M‘VCUd>

(3-8
+{Va U M| U V) + (Va Vo M| U L)

where

M =(o (1).(7(2))i (4-9)

Mo
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Using equation (3-1-22) to expand thke-operator in the form

i “ (¢ 0.c* @Yoo we) (4-10)

Dealing with the first term in equation (4-8)

From equation (3-1-4) and (4—10), the first termadraes

QQ>

<Uan‘M‘Vch>__z<P Ps k+l

(4-11)
x(Q.0,/(C*0.C* @) 7(2) Q.0
Using equation (3-1-6), then equation (4-11) becmme

Q. Qd> (4-12)
xﬂ%C(la,vz,Ja,m ﬂa,ua,rmcqc,l/zjc:mc—uciﬂc,mc)

> Clly Y2 i Mo = iy My MICU 4 Y20 ] 3 my = My My )

<Uan‘M‘Vch> Z<Pa Pb k+l

(Yl Y I C O-C @Y, Y X X o0 @) X X

Using Wigner-Eckart theorem, then the matrix eletved the scalar product
of the tensor operators become¥][1

<Ia,ma-ﬂailb,mrﬂb

|_ m.— U, ll_d’rnd_l’ld>

— (_1)Ia_ma+/'la+|b_m+/'lb <| a HC (2)H|
J2k +1 J2k +1 (4-13)

%Cllgs Kol oMy = H = e = o+ MM~ )
X Cllyr Kol 43 My = Sy My = Mo My = My My = )
With

12
0l =c<|1k|2;ooo){(2'l :22(?1) ”’} 1, +1, +k = even

=0 if 1,+1,+k=odd

(4-14)

AN



and
XX, lew m(z)‘ X )= 2= S + g+ )
XC(_l_ Mo M.~ H, IU)C(_]'_ Hy Hy~ :ub’:ud)

Therefore equation (4-12) can be written as:

Q Q,)
% z ZC(la,]/Z, Ja’rna lua’lua’rna)c(l 0’1/2’ jc;rnc_l’lc’/’[c’rnc)

ﬂaﬂcﬂbﬂd
KOs My = o HICGLS: sy~ e ) (- 1)'ama+“2( 1yl

_ | B
XC(l 5 ki] C:rrva—ﬂa’ﬂa—rrrﬂc+mm—ﬂc)< m (4-16)

><C(|b’]7/2’ Jor My = My My M)A ’]7/2’ JosMa ~ My g 10)

«Cll KT r— e _ct@iy
(oKl M6 = My fy = Mo+ M =l M~ ) o

The summations overy 4 and (4 (4 in the above equation can be

(4-15)

<uaub\M\vcvd>‘—22<Pan i

performed by using the formula¥[JL

§<—1)"m*”2ca Y2, jim=pum)C Y2, jm = i 4 m)
7

xC(,k,I"'m= g, —m+ g — g ,ml — u’)C(%lé:u,u’ —HH) (4-17)

| 12
_ZC(ij mm - mm )32]j +1)(2j’ +1)(2k+1)]]/2{ 1/2 j}
k 1 J

I Y2
Where {I' /2 j'} isthe 9-j symbol.
k 1 J

Equation (4-16) becomes

123



<uaub‘M ‘Vch> = _ZZ< P Pb‘ k+1

Q.Q,)

xC(j,J jomome—m,mles(j,la jJ o (4-18)

XC(j,d JorMymg =, m)es Glos jool o)

Where
| 12 ]

&5 (i1, i1 =[32j + i + 20 cing v2 i (4-19)
k 1 J

The integerJ takes only the valuek -1, k, k+1 to satisfy the triangular

conditions of the 9-j symbols, and the allowed ealwf k are determined
from those of the Clebsch-Gordan coefficients inagmgpn (4-14)

and (4-20)
| +k+1"=even

The rest of the terms in equation (4-8), may nowdbduced from equation
(4-18)

<uavb‘M ‘chd> - 2%:<PaQ k+1 Q Pd>

<C(j,3 o MomeM M) (L .7 (@-21)

XC(JbJ jd,rrl),md_rnolrnd)eﬁ(jbl_b’ jd’ld)

Q)

<Van‘M‘uch> 22<Q Py k+1

xC(j,J jomeme=m,mles (j.lajolo (4-22)

XC(j,J JgrMymg =M, m) € (olys jol o)

¢0o



<VaVb‘M ‘ucud> = _22< k+1‘ PC Pd>

xC(j,J jomume—m,mles(j. 0 jolo (4-23)

xC(ij jd,mo,md—m),md)el;(jbl_b’ jd’ld)

Therefore, equation (4-8) becomes

gal\l/lbcd = ZZC(JaJ jc’rna’mC_ma’rnC)C(ij jd’rn)’md_rno’rnd)

{ <Pan k+1QQd>eJ(J Ia J | )eJ(J Ib Jd |d)

+{P Q)T Q P (Jlar JT Dl ool (4-29)

+(Q, Pul- 5 PQy) € ([ [l D€ o ]l

Q.0 < PP Gl jd e i jdm}

For the direct part of the magnetic interaction,pug a=c, b=d in equation (4-

24), then we get

Q=2 (M j,MFY (@) (4-25)
Where

F(jme Jpyme) =22C(J im0 m) C(j,J Jims 0my)
el T Gl 1T+ €5 ol S TGl Il (4-26)
+e5(ja|_a; jala)eﬁ(jblb; jbl_b) _eﬁ(jal_a; jala)eﬁ(jbl_b; Jblb)}

and
k

F. (ab)= HPa(rl)Q r)—s k+1 = Po(r)Q,(rdr.dr, (4-27)

From the symmetry relation [27]

1



+k+
T Gl dul) (4-28)

e, (ipl; Jala) = (=1)

It is noticed thatfk(jama,jbm )vanishes unlesk +J is even. From

equation (4-20)| +I + k must be even and sinte-| is odd [1], k must be

odd. Hencel =k and we have
£ j,m) =-8C(j .k jim, 0m) C(j K jim, Om)
x@(j o J T Do Il

For the exchange part

(4-29)

O =22 (-1 [C(143 iy mumy-mmy)f

<Gl (@b, 20 [ (1 ar ol )] + G G209 |6 (T oo o) (430
-2GY (@bba) € (J, T Jy 10 €5 (ol ar Il O}
Where

Gy (ab,cd) = HPa(rl) Qb(rl) e Pc(rz)Qd (rpdr.dr, (4-31)

From equation (4-6), the configuration average gyneorrection due to the

magnetic term is:

El=520,0,-JEL+ ;T 3 0,0,E% (4-32)
Where

Egﬂa:(ggﬂbab)av_(ggﬂbba)av wiha=b (4733
Ew= (gabab)av (gg/lbba)av wih a#b (4-34)

Where the averaging over, andm,

From [¢1], we obtain

> 5, ma j,my) =0 (4-35)
m,

1A%



and hence
M
2 Qe =0 (4-36)
m,
The averaging over the exchange part is:
M 1+k+J . . — (P
2 on = 2%: ) {GEA (ab, ab) [elj (] alas Jpl b)]
m,

+ GV (ba,ba) [ (T Jple)| (4-37)
26! (@b, b & ([0 J I €Sl o0}
Where, from | 7]

. . 2
(C( 3 s memy—my,my) =1 (4-38)
m,
From equations (4-36) and (4-37), equations (4a8@8) (4-34) becomes

M 1 +k+d M 1+k+J . .-
Ew= 7 DR @) 20" e (ol T ]

(4-39)
L5l iara e Gala i
Where, equation (4-28) is used, and the fact that
Fv (2.a) =G, (aa,aq) (4-40)

Equation (4-39) will not vanish only i+ J is even. From equation (4-20),

| +1 +k must be even and sindet| is odd [%], k must be odd. Hence

J =k and we have

M _ 4 . . - 2 _ M
Eaa_j_ak(odd)[et( Jal a’JaI a)] Fk (a!a) (4_41)
and

M _ 2 1+k+3 [ M i ok
Eab——zjbﬂg(—l) ‘ {Gk (ab,ab)[eS(Jala,Jbl b)] (4-42)

+ Gy (b.02)[6 (], oy Jolo)] ~2GY (@0.ba 5 (], ol € ol 1,1 )

EA



From equation (4-32), (4-41) and (4-42) the configion average energy

correction due to the magnetic term is:

EY=250,0,0F ¥ [e(jla ol F, @

]k(d

2),* 1% (_1)1+k+J{G'EA (ab,ab) [elj (jalar] bl_b)]z (4-43)

'quaqb
a bza
+ G (02.60) [ (T jolo)] -2 (@002 & ([T Jol0 € (Tl o1 )

Dealing now with the retardation term.
The retardation operator can be simplifiedusyng the definition of ther -
Dirac matrix in equation (2-6-2), then equatiomMbecomes
0 o (i) OO(i 0 a(j) (|
g ( J)__[ ( 2 ())J[ = ( () (J))Jri,- (4-44)
eihymm) o Jle(hmm) o

The energy correction due to the retardation term i

E*={o \—Z;g (.)o)
=%§(<ab\g (J,2)\ab>—<ab\gR(12)\ba>) (4-45)
zégb:(g:bab a gaRbba)

Where g:baband g:bba are the direct and exchange matrix element of the

retardation term respectively, which, in generah be written as:

Ons = TT(/)Z(E) AF)9 W)@, [FIAFdr, (4-46)
00

Where¢(r) is given by equation (3-1-4).
A general matrix element of the retardation tetam be evaluated by

inserting equations (3-1-14) and (4-44) into equa(4-46), and we have

¢9



O = (UaUs RV V) *+ (UaVe| R Ve )

4%
+(VaUb|RUcVg) +(VaVu /R U Ud)
Where
R:%bCHEQMﬂammahn (4-48)
The interelectronic distanqgg, may be expanded a3
rz=2W, wC'OITCO (4-49)
Where
_re| 2 rl )
Wi (42) = r':ﬂ{(Zk +3) (2K —1)} (4-50)
Wherer. =min(r,,r,) andr, = maxi,,r,).
Equation (4-48), becomes
R= %;(ﬁ(l) M) DE)C O @MW, €2 (4-51)

Performing the scalar product between the tenserabprs, we obtain
1 p+m+q
R== -1
2 Zk: F%q( ) (4-52)
<o, 00, 0o @ 0.)C", O Ci @M, €2
From [1V], we get

ciio,m=y J%lc:(kmooqc:(km a4 p.0+ P)Cq (), §) (4-53)

Where

9.0=2-% o wmk+1
0 i T
0  k+1 it w=k-1 (4-54)
or,
=0 otherwist

Therefore, equation (4-52) becomes



p+mtq
R= 2T (D)™ G 50 D0.GW, (2

x C(k14;,000C(kA;-q, p, p- ) g, O C . @) (4-55)
x C(k1,000C(Klew;q,m,q+ M) g, (2) Cgrn (2)
In this context the differentiations apply to tg¢, (L2 anj§l not to the wave

function on Whicthoperates.

Dealing with the first term in equation (4-47)

From equation (4-55), we obtain

(Ualb|RVeVa) = —ZZ( )72k +1)

kAwpmg

x C(k14;000C(k14;—-q, p, p — q)C(k1lew;,000C(klw; g, m,q + m) (4-56)
x(P.Pya, )

X(K oMl - p O Cpog O =K M) KoMy T (2) Ciovg D) — K4 M)
Where

(kamil o, Colkmy) = [ QLo ,Co QusinGitip (4-57)
0
Using equation (3-1-6), then equation (4-56) beme

(UaUb|RVeVg) = - ZZ > ¥ (DM ek +nt

2 kAwpmagl i, Hotl

xC(k14;-0,p, P~ A)C(1,. Y2 j smu— 0 M, 110

xC([, :I/Zj 'm—y , 1., m)C(k14;000

*(l @l me- (V2 o, QU214 (4-58)
><C(k1w,q,m,q+m)C(|b,J/2,jb;m—yb,ﬂb,m)

XC(I 42 ] 4imy = s My My)C(K121000
%( M= | Citn @Il 4 = )12 | 0 @Y 17212,
"<Pan‘a)| >

Using Wigner-Eckart theorem, then the above equodiexomes

o)



N

(Ua Up|RVe V) ==

DIPIPID) (D))" ™2k +n™

AL M Ho -y

(lic* @i (e @iy

J2a+1 Vew+l

xCll, Y2 J,ime = My i, MICA Y2 ime = s o my)

xC(kU;=q, p, p-a)C @/211/2 1t ,—p, U)

XCllas Al ima= My P=dme~ 4,) (4-59)
xC(Ib']/Z’ Jor Mo~ My iy MICA ’]/2’ JoiMa = My Mo i)

xC(Klew g, m,q+m)C @/211/2; 11 ,—m, 1)

XCly @[ 4:my =~ My M+ A my ~ H,)

(Vo @ti2) (112 g*‘l’ 2 (P.P,|3, )3,2W, 12/Q,Q,)

x C(k11:000C(k1az000)

J3
Where
V2
2, +1@, +1 17
<I1HC"HI2>=C(I1kI2;OOO){( 1:2k)(+1§ * )} 1, +1, +k=even o
=0 if 1,+1,+k=odd

and

(12of1/2) =6 (4-61)

Because the triangular conditions of the Clebschd&o coefficients in
equation (4-59), the summation overq and mmay be carried out, and their
values are limited to

p= U, ~ U,

m= 41, 4, (4-62)
Ad=Ma~ M.=Mg ~ My

Therefore, equation (4-59) can be written as:

oy



UUJRVVe) = =3 5 3 Kk +1) 7 (=LK ket Hamem
k/]a),ualucﬂbﬂd

(jc* ol tjc @iy

J22+1 2w+l

xC(la V2, e = My M MICA Y2, me = f o my)

xC(kU e = mu 4, = Mo M, = Mo+ e~ M)

XCla Al gima = My My~ Mo ¥ Mo~ mame— 4) (4-63)
C Q202 u .~ s 1 )O(me + my:me + my)

><C(|b,]/2, Jor Mo = My L, IC( ’]/2’ Joi M = My My 1T0)

C(KL Ty = Mys = My My = My * 4, = 1)

XCllo@ | g3y~ MMy =My * Ly~ Uy My~ M)

xC U21V2 4, fy =~ Py 1) Pa Py 01 D90, (QW, 12]Q.Q,)

The summations ovey/ andy/_in the above equation can be performed by

x C(k11:000C(k1as000)

using the formula [4]
Y (-DHHme Y2, ima- i 1 my)
/'IaII'IC

xCKU M, = mus M, = Moo My~ Mo+ me—m)
XC(Ia’/"I_c;rna_/'Ia’/'Ia_lLlc-'-m_n]a’m_ﬂc) (4_64)
xC (1/2’1’1/2;/'Ia’/'lc_#a’ﬂc)c(l_c’]/2’ jc;rnC_lLlc’/'lc’rnc)

l. Y2 ],
=[3(21a+1)(21'0+1)(2/'+1)]MC(J'akjcima,m—rna,m){lC 1/2 jC]
k 1 A

A similar relation also holds for the sum ovey and,uOI . With these results,

equation (4-63) becomes

oy



(U 6| R Veve) = =3 (2k +1)*C(KIA000C(K141000

XCj ok foimesme=me o €3 (Jlas J 10 (4-65)
XC(J K J o7 My My =My M) €, (J b 41 o)
*(PaPl) D0, (AW, 62)Q,Q,)
Where, we have used the definition of #he&oefficient given in equation (4-
19)
The rest of the matrix element of the retardatiermt equation (4-47), may
be now deduced from equation (4-65). The genenalession for the matrix

element of the retardation term is:

R

uea =~ 2 2K+ D) "'C(k14;000C(k1;,000) (4-66)

XC(J .k Joime me = M mIC K Jiimy my = my,. my)

e (Gl 1T o 1 T(Pa P8 M3, (AW, €2]Q.Q,)
(. lar J T D Eipl s J ol ) PaQ,|0) D, (RQW, €2 Q. P.)
~& (Gl Il €yl T4 T Q. P8, W0,(QW, a2)| P.Q,)
e (T 10T 1410(Q,Q,]0, Ma,QW, a2 P, Pd>}

The allowed values of anda in the above equation are limited ka: 1.

The values ofk are restricted by the triangular condition of the symbol
and the Clebsch Gordan coefficient embedded iretoeefficients

and (4-67)
| +k+1'=even

From equation (3-3-66) the direct part of the m@dfion term is:

o¢



0l =T @+ F L a0)

xC(KL;000C(j .k, ] ;m, 0. m)C(KLw000C(j K, | im, 0my)  (4-68)
A Gl JT D lor Gl =€ Gl ST ol

=&l Tl DE Gl Gol )+ T e Ll JE T ol

Where

F i (@b)

w00 (4-69)
= [[P.(r)Q, ()0, Ma,QW, 6.2]Py(r)Q,(rdr.dr,

Using the symmetry relation in equation (4-28) ntleguation (4-68) becomes
g:bab ==Y (2k+D) " F, (ab)C(k14;,000C(j .k, j_im. 0my)
kAw

< Cw000C( k. ], O MOES (ol o DTl ol
(D" e LT E b T (4-70)
_el/;(jal_a’ J'a|a)e2(jb|b’ jbl_b)

(DT LIl 1)

From the triangular condition of the Clebsch-Gordaefficient of the above
equation, we obtain

at+k+1l=even (4-71)
It follows that the direct matrix element of thetarelation term vanishes

identically.

0.y =0 12

00



For the exchange part of the retardation term is:

Oen = (2K +17°C(AA000C (123000 [C(..K i Masmo—ma ) [
A&l I ol 1,1.) Gl (abab)
& (Jlwr Jol €ylor Jul ) Giu(baba) (4-73)
SRR AREAS NS

& T il ol b J_10]GE L (abba)
Where

G, (@b, cd)

o0 eo (4-74)
=[[Pa(ry P.(r)l; Da.,2W, (l2)]Qb(rl) Q,(rdr.dr,
00

Kim [1Y] has remarked that this is a consequence of tloe flaat

(p:(rl)gaa(rl) and (p:)(rz)gab(rz) necessarily represent static charge

distributions so that their Coulomb repulsion cartmeretarded. On the other

hand, the exchange matrix elements involve anantem between charge
distributions gal(rl) gab(rl ) and gal(rz) ¢a(r2) which are necessarily non-

stationary in time, unless, of course a=Db.

When we carry out the differentiation gf/,  (1i@)the above radial matrix

element, we find that

G nens (8D, 0d) = =@k +D)] P, (1) Q. (r)
0

r r_k+1 rk—]_ (4-75)
’{I Pc(rz)[ 2 —%]Qd (rpd r2:|d I

0 ] ]

Glrpueyi (@, cd) ==k +D[ P, (r) Q, (ry)
0

0 r k+1 r k-1 (4'76)
x{" Pc(rz)[ i+2_ijQd (rz)drz}d I‘1

Il r2 r2

and
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(2k +1)

R - R ; - .
G, (@b,cd) = 2(2v+1) G, (ab,cd) if v=kzxl (4-77)
Where

00 00 k
GR(ab,cd) = [ [ P, (ry) Pc(rz)rrle (r)Q,(r)dr.dr, (4-78)
00 S

The summation oveld and « can be carried out, by substitutifkgt1 in

equation (4-73), then we obtain
R _ . . 2
Ouoa = 222K+ [C( ko i mamy=mamy)]

{(Ckak-2:000) (g1 o a ol ) G e n@bad

* (elli—l(J al_a’ J ol b))zG?k—l)(k—l)k(ba'ba)
i Zeiz—1( J ol as J b I_b) elz—l( ] al_a’ ] ol b) G(Fli—l)(k—l)k (ab,ba)]

* (C(kl(k+1);000))2[(e|‘§+1(j ala) bfb))zG(Ff(ﬂ)(kﬂ)k(ab,ab) (4-79)

* (e|'§+1(J al ar )l b))zG(Ff<+1)(k+1)k(ba,ba)

=26 lar ol DT ol o) Gl (@)

+C(KI(k ~1:000C(KIk +1:000[e, (] 1] T €] ]

X (G(Ff<—1)(k+1)k(ab,ab)+ G(Ff<+1)(k_1)k(ab,ab))+ e ( J ol &, i T iloik)
x (G(Ff(_l)(kﬂ)k (baha)+ Gy (ba,ba)) - (e':_l( J ol dol o) €6 il o ol
G T i1 e 1o T NG e (@D DR+ Gl nerni (@002}

using equations (4-75) and (4-76), we get

G -ncsnic @D+ G eaay-yi (@.Cd) "
= (2k +1)|G y (@b.cd)- Gy (Ab.CA)

using the above relation with equation (4-77), ¢éigua(4-79) becomes

oy



g:bba = _sz: [C( J a’ K, ] b Ma:Mp ™ Mas mb)]2

C(ki(k —1);000) ] o ]
x{( | ]((Zk —)1) Y [(e&‘l(Jal a Jpl b))zG(k_l)(ab,ab)

t+ (elli—l(J al_as J bl b))ZGFl’(—]_)(ba’ba)
B Ze&k—l( ] al a’ jbl_b) ei_l( ] al_a’ Jbl b) G(F:<_1) (ab,ba)]

C(Ki(k +1);000) L a
+( ( ]((ZI:+)3) O)) [(ellzﬂ(JaI aval b))zG(k+1)(abab) (4-81)

+ (eE+1(J ol ar ]l b))zG(Ff<+1) (baba)

=260 (J las jol D€ (J L as Jol0) Gy (ab,ba)]

- C(KI(k ~1):000C(KIK +1:000[e (] 1 . T E (] 1 JoT)
X (G(i_l) (ab,ab)-G(Ff(ﬂ) (ab,ab))+ a';_l(ja[a, jb|b) e‘:ﬂ(jal—a, jblb)
X (G(Fli—l) (baba)- Gy (ba,ba))— (ei_l( J larjol o €eali T dglo)
+ (T ol €l 1o TGh (@bba)- Gy (@b ba))

performing the sum over,, the above equation becomes

R C(kl(k —1);000)" L R
%gabbaz_zzk:{( ( 1((2k _)l) Q) [(et—l(Jal ava| b’k))zG(k—l) (ab’ab)

(el 4] o a1 Gl (bD2)
264l o T €l 1,1 Gl (@00)

C(ki(k +1):000)’ e
o (1((2lj+)3) 2 [(et+1(]a| a ) pl b))zG(kﬂ_)(ab!ab) (4-82)

* (et+1( Jal ar ]l b))ZG(Ff(ﬂ) (ba,ba)

26 (s ol €T o il ) Gl (a8

- C(KI(k - 1):000C(KIK + :000[e ,( 14, § T Elilar i1
v (G(Rk_l) (abab)- Gy (abab))+ (il ar il @il ar il

X (G(Fli—l) (baba)- Gy (ba,ba))— (&k—l( Jlar ol €ea(ilardoly)
e ol el e 1T IGR @ba)- G, (@bba))
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The configuration average energy correction dubéaetardation term is:

ES=520,0,-JEL+ 5 0,0, (4-83)
Where

E:a:(gaRbab)av_(gaRbba)av with a=b &)
E5=(05), (05),  with azb CE

Where the averaging oven,and m,
From equations (4-82), (4-84) and (4-85) we get

Ew=0

and

R_ 2 (C(ki(k —1);000)?
Eab"(zjb+1>§{ @~

X |:(eil§_1(J al a’ J bl_b))zGF"(‘l) (ab’ab)+ (elli—l(J al_as J bl b))zGF;(—l) (ba’ba)
) 2a<k-l( ] al a’ jbl_b) e<k—1( ] al_a’ Jbl b) G(Fi—l) (ab’ba)]

C(ki(k +1);000) . .
o (DO k(] ] o) Gl @00 (4-86)

+(e1a(J.T a0 1) Gl (bR

26l oo T €l T a0 1) Gy (ab )

- C(KI(k ~1):000C(KIK +1:000(& (] 1, ] T E (i lur JoT)
Gy (@0D)- Gy @020)+ ([T, ol ol ol
(Gl (baba)- Gl baba) - (6, Ly ol ) 6l T o)
+ (o Jol al] ol JuT0 |Gy @052 Gy (abba)}

From equation (4-83) and (4-86) the configuratemerage energy due to

retardation term
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R _
Eav_za:éqaqb ), +D%

X[(et_l(j Jainio)fGhy(abab)

e a(J Tl ) Gty (baba)
2 (J L jo T Eal] T ar ol) Ghy (@b ba)
C(K1(k+1):000) L -
N (ks 0) (6aC 1) Gy a0 (4-87)
e a(J T ol ) Gl (babR)
- 26(k+1( J al a’ J bl_b) e«k+1( J al_a1 J bl b) G{\I)ul) (ab’ba)]
~ C(KI(k ~1):000C(KIk +1:000[& (] 1 ] T E (i 1 ]
x(GF_, (abab)- Gy @bab) + &y (j T Jo ) €alilar ol
x(Gh_ (baba) Gy (baba)~ e (j lu, j T ealfTar ol
+ e«k—l( J al_a! J bI b) ei+1( J al a’ J bl_b)XG{\I)(—l) (ab,ba)- G?I)(ﬂ) (ab,ba))}

15 {(C(kl(k—l);ooq)z

2k -1)




CHAPTER 5

NUMERICAL SOLUTION OF THE HARTREE-FOCK
EQUATIONS

In this chapter we try to present a brief dgsion of the general scheme
for the solution of the non-relativistic Hartreedkaequations which lead to a
system of second order differential equations, Hr&h proceed with solution
of the relativistic Hartree-Fock (Dirac-Fock) egoatwhich lead to a system

of pairs of first order differential equation.

5-1- Solution of the Non-relativistic Hartree-Fock Equations

Our object now is to obtain solutions of equadio(2-3-20) by

straightforward iterative scheme. From estimateallofthe functionsp,(r),
we tabulate the functiony ,(r) and Y,(r) for some particular choica.

The solution of the radial differential equatior’sz3-20) then gives new

estimate of the functionP,(r). The process is then repeated with each

function until the whole system is self-consistémtwithin the prescribed
tolerance.

There are, therefore, three processes :

a- Tabulation of X ,(r) and Y _(r):
From equations (2-3-18) and (2-3-19), it is clelaatty, (r) and X ,(r)
depend completely on the functiog, (ab,r), and because this type of

function occur frequently in Hartree-Fock calcuas, it is desirable to

determine them with maximum efficiency.
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The Y, (ab,r) function given by equation (2-3-9) can be rewnitses:

Yk (ab1 I’) = I"[dSU k (F,S) Pa(s) Pb (S) (5'1'1)
0
where
Uk(r,s)=rsk—|i1 if r=s
) (5-1-2)
= Srk+1 it r<s

introducing the function

r r k
Zk (ab’ I’) = I‘J- dSU k (I’ 1 S) Pa (S) Pb (S) = '[ ds(?j Pa (S) Pb (S) (5'1'3)
0 0

Equations (5-1-1) and (5-1-3) can be regarded &sticos of a pair of

differential equations [54]

d

de +EZk: P.(r) Py(r) (5-1-4)
roor

M—ﬂ' :—2k+1 oL

dr r Yic r Z (5-1-5)

with the boundary conditions
Z«=0 at r=0
Yi—-Zk 8 -®

Because the bound orbitals exhibit a rapid vanmatiear the origin and an

(5-1-6)

exponential decay at large values ofit is more efficient to make the change

of variable [2]:

t=Inr (5-1-7)
with grid points

t, =t, + (i —Dh
or ,1=1 2,...M (58]-

o =roexp (i-1)h

whereh is the step size.
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with this transformation, equations (5-1-4) andL(5) become

d

Ze1kz,=EP,P, (5-1-9)
9%;—(k+nyk=—ek+nzk (5-1-10)
both of which are of the form
% +af = () (5-1-11)

where a is constant andg (t) is known tabulated function. Step by step

integration of this equation in the direction otieasing(decreasing} is

stable for a positive (negative), so that we can integrg@g equation
outwards from the initial valugZ, (ab,t, ,)and theny, equation inwards
from some sufficiently large valu¢=t, with Y, (ab,t,) =7, (abt,) -

Equation (5-1-11) is equivalent to the relation][55
tisg
ftw)=e™ f(t)+ [ € p(x)dx (5-1-12)
ti

The integral is approximated by Adams method [56]

tiq

fFO9dx= - F (1) +13F (1) +13F (1) ~ F (1) (5-1-13)

equation (5-1-12) becomes

() =6 10+ -6 ")

+ 13e_ah (D(ti )+ 13(0(ti+1) - e_ah ¢(ti+2)}

The initial value needed to start the integratioryf, can be obtained from[2]

(5-1-14)

1 t
Zi(ab) = e"P.Ps

_+l, +k+3

x%+0a+i§l+4ﬁﬁaig+obigﬂ> o

1y



b- Solution of theradial differential equation for pP,(r):
Now, we ought to solve the equations
2

d°P _1a0a* 9P, J , Yal)
dr’ r’ T

whereY (r) and X, ( )areregardedas given tabulated functions, as well as

} P.(r)=-Xa(r) (5-1-16)

the ¢, parameter from equation (2-5-1). The boundary ttmrs are
P,0) =0 and p,(r) - 0asr - o

The change of variablé=Inr gives rise to a second order differential

equation of the form

-
dth;a ~1a+12)" - 2lg,r? + rYa)] P.=-T%" X, (5-1-17)
where P, :%
r
equation (5-17), has the form:
2
OcljtZF +e(OF =W (5-1-18)

Using Numerov,s method, which takes the form [55]
1+ et ) =| 2- hp )Rk

1 h2 (5-1-19)
- {1"' 12 hp(t 4 ):IF(ti—l )+ E[W(tiﬂ ) +10W(L ) +W(t )]

The possible instability in the region whegdt) <0 ought to be avoided.

Therefore it is required an outward integration #mall r, and inward
integration for large [55].
Starting values of the outward integration are ioleth from a series

expansion [2]

P (r)= Ar'*l(l—% r+ar’ +0(r3)j (5-1-20)

¢



Y.(r) =yor +O(r?®) (5-1-21)

n,r)= f'+l{><o + X, +O(r 2)} (5-1-22)

{Z2+ 0 +D[(e,/2) + (o + %)}
@2 +3)(1 +1)

whereqa =

and whereA, y,, X, and x, are constants.
Numerov's method is then used step by step tpoivg t; where the term
¢ (t) becomes negative. The inward integration is tceatea boundary value

problem[57].

we have thus obtained solutions of the equatiobh-1®) of the form

FO for i<

(5-1-23)
FY for i>]

which match at the poin, that is F” = F$, however, the twsolutions

will not agree, and must adjust the original estema(A £, and £,) to

satisfy the normalization and orthogonality untiéy give the same value at

the matching point.

c- Self consistency

The solutionP;+1  )can now be compared with the estimptg r  usgd in
computing Y, () and X, () The new estimate is derived from the
combination [2]

(L-c,)Pa™(r) +c, PA(r) (5-1-24)
wherec, is a constant.

Initial estimates are chosen to be hydrogenic albivith effective nuclear

chargeZ” = (Z - o), where o is the screening parameter.
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5-2- Solution of the Relativistic Hartree-Fock Equations

The general scheme for the solution of theéesysof pairs of first-order
differential equations is very similar to the naativistic case described
above. The tabulation of the functioN5(r), )(g(r) and Xg(r) involves
the same numerical problems as in the non-reléitvisalculations, and is

carried out in the same way. The only importantfedgnce in the

computational procedure is in the actual solutibaguations (3-1-71):

P’a+%Pa_|:2C+%£ga Ya()HQ Xa P (r) (5-2-1a)
Q'a_%Qa*-%[ Ya( )j Pa Xg(r) (5_2_1b)

Now, we consider the solution of the above paidifierential equations.
For the same reasons as in the non-relativistie d¢as convenient to make

the change of variable
t=Inr (5-2-2)

making this transformation, and omit the suféixequations (5-2-1) become

P +x P |:2C+1(g r+y (r))}Q =r X" (r) (5-2-3a)

Q-xQ+ (£r+Y M)P =r X°r) (5-2-3b)

Using the predictor-corrector method [58] to sothe system of two first

order coupled differential equations

Predictor :

p(ti) = V() + 7120[1901y' (t,) - 2774y (t;_;) + 2616y (t;.,)

(5-2-4)
~1274y (t,_5) + 251y (ti—4)]

"



Corrector :

Cltin) = y(t,) + 7—;)[251p'(ti+1) +646y (t,) - 264y (t, )

(5-2-5)
+106y (t,_,) ~ 19y’ (t,_s)]
Final value:
Ylti) = [475C(,) + 27p(t,.0)] (5-2-6)
50z

where y stands for either the larg@ or small Q radial wavefunction,

y' and p' denotes the derivatives with respect to the talmrlatariable.

As In the non relativistic case, the solution ined both an inward and
outward integration for stability purposes. Stagtivalues of the outward

integration are obtained from a series expansiéh [4
P (r)=Ar’(p, + pyr +0(r?))

Q (1) =Ar*(go +aur +0O(r?)) (20

where A = [K2 —a'ZZZ]]/2 and where the coefficientg,, p;,q,,9,, €tcan

be expressed in terms of the unknown valué of

To begin the inward integration, we use the asytigpform [58]
P (r) = pexptur)

Q (1) =gexpur) (5-2-8)

where

e2 Y’ e\’
,u=(£—2j and ,up=(2c—j q
4c 2C

As a result of this process, we shall have two eslaf Q (t;) which, in

general, will not agree unless the values &f¢, and £, are correctly

chosen during the matching process.
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CHAPTER 6

RESULTSAND DISCUSSION

After the iterative process has converged, the Hartree-Fock (non-relativistic
and relativistic) wavefunctions can be used to compute the subshell energies
for both calculations by using equations (2-4-1) and (3-2-4) respectively and
compared with the corresponding experimental values [59,60]. Also the

expectation values of the orbital mean radii " for both non-relativistic and

relativistic cases, computed by using

<rn>:;j :I:P‘ Pj]r”dr (6-1)
) =llpprQQlre =0

o (6-2)
) -lpapalra o

The non-relativistic and relativistic average energy of configuration given by
equations (2-2-3¥) and (3-1-56) respectively, the configuration average
energy correction due to magnetic and retardation terms of the Breit
Interaction from equations (4-43) and (4-87) can be computed.

These properties were calculated using

These properties were tabulated for selected neutral ground state atoms
ranging from Rb to Rn. The calculations were performed by using the
programs [General Hartree-Fock Program modified by C. F. Fischer] and
[GRASP: is an acronym for the General-purpose Relativistic Atomic
Structure Package developed by lan Grant and co-workers].

Where, in the tables below , we have used 2p*=2p,, , €tc.
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These atoms were classified according to their outermost shell, where the

atoms (4, Rb, Cs, sBa and 4, Hg ) represent the case in which the s-
shell is the outermost shell, for open and closed shells. Each of these atoms
had single relativistic configuration. For the atoms (,,Zr , ,,Pd, ,,Lu and
-1r), in which the d-shell is the outermost shell, the non-relativistic
configuration is split up into two relativistic sub-configurations for the
 Lu aom, three relativistic sub-configuration for ,,Zr atom, four
relativistic sub-configurations for the , Ir atom, and single relativistic
configuration for ,,Pd atom. For the atoms (g, Sn, g T1, g Bi and g Rn),
This case represent in which the p-shell is the outermost shell, the non-
relativistic configuration is split up into two relativistic sub-configurations

for 4Tl atom, single relativistic configuration for the ®*Rn atom, and three

relativistic sub-configurations for the ;, Sn and *Bi atoms.

The tables above display the following features:

» Along the considered range of atoms, the Dirac-Fock calculations gives
higher binding energies for the s-subshells than the Hartree-Fock
calculations whereas the binding energies of the Dirac-Fock
calculations for the d and f-subshells are smaller than that for Hartree-
Fock calculations. Furthermore, the data shows that the relativistic and
non-relativistic binding energies for the p-subshells are approximately
identical especialy for the lower Z-atoms.

« The vaues of (r) and <r2> predicted from the Hartree-Fock

calculations may be larger than those predicted from the corresponding

Dirac-Fock calculations. Also, a contraction of all subshells, becoming

more marked as Z increases. Whereas, the values of (3/r) predicted

from Hartree-Fock cal culations are smaller than those predicted from
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Dirac-Fock calculations. Also, an expansion of the values of (1/r) as

Z increases.

The relativistic result indicates clearly that the energy for the 5s
electron is larger than that for the 4f electron, and this result decreases
as Z increases as shown for Rn-atom were the situation is reversed.

The average energy of configuration predicted from Dirac-Fock
calculations is about 1.4% to 8% larger than those predicted from the
Hartree-Fock calculations.

The effect of the Breit interaction is not large, since it is seen that the

Slater integrals concerned contain two of the small components Q(r) as

factors, and are, therefore, considerably smaller than that associated
with the Coulomb interaction. The energy shift due to retardation part
of the Breit interaction is about 10% of the energy shift due to the
magnetic part throughout the considered range, and that the magnetic
and retardation contributions are of opposite signs.

The contribution of the relativistic effect due to mass-velocity term and
Darwin term increasing the average energy of configuration predicted
from Hartree-Fock calculation from 1% to 6% throughout the

considered range.



6-1- Rubidium 4, Rb

subshell HF energy/a.u. DHF energy/a.u. Exp. energy/a.u.
1s 551. 4573165 562. 1446122873 558. 8125
2s 75. 04932265 77.50271454893 75.6

2p* 70. 01638909688 68. 52

2p 67. 90620685 67. 76410350875 66. 3

3s 12.1331814 12.56013187422 11.84
3p* 9. 818275532751 9. 095

3p 9. 48767595 9. 464863829160 8. 768
3d* 4.675845534557 4.110

3d 4.73226905 4.615814521106 4. 05

4s 1. 52354505 1.566303618300 1.077
4p* 0. 8323037367485 0.54

4p 0. 8100679 0. 7962684443181 0.51

5s 0. 13786685 0. 1400454031414 0. 1535

Table (6-1a): Comparison

energies compared with corresponding experimental values for Rb.

between Hartree-Fock and Dirac-Fock subshell

r(a.u.) r (a.u.) r**2 (au.)
subshell HF DHF HF DHF HF DHF
1s 0.04128 | 0. 04027724 | 36. 49597 | 37.88202 | 0.00228 | 0. 002185
2s 0.18174 | 0.17705799 | 8.16149 | 8.530965 | 0.03888 | 0. 037032
2p* 0. 15231097 8. 466035 0. 028477
2p 0.15693 | 0.15634115 | 8.11329 | 8. 158655 | 0.03007 | 0. 02. 987
3s 0.51811 | 0.50724032 | 2. 74124 | 2. 834400 | 0. 30767 | 0. 295249
3p* 0. 50946568 2. 715626 0. 302960
3p 0.52076 | 0.51924552 | 2. 62914 | 2. 644874 | 0. 31606 | 0. 314517
3d¥ 0. 52078207 2.401879 0. 330826
3d 0.52134 | 0.52444179 | 2. 39426 | 2.382972 | 0. 33104 | 0. 335363
4s 1.49921 | 1.4727529 |0.87631 |0.897332 | 2.55722 | 2. 469672
4p* 1.7034948 0. 769573 3. 355036
4p 1.73495 | 1.7391492 | 0.75206 | 0.751660 | 3.47783 | 3. 498241
5s 5.63186 | 5.5449411 |0.21776 | 0.221908 | 36.1790 | 35. 10924
Table (6-1-b): Comparison between Hartree-Fock and Dirac-Fock mean
values for Rb.

HF/a.u. Relativistic shift /a.u. Total energy/a.u.

- 2938. 357453

- 38. 95749849

-2977. 31495191

Breit interaction/a.u.

DHF/au.

Magnetic

retardation

Total energy/a.u.

- 2979. 832904

1. 73597290

-0.16756788

-2978. 264499

Table (6-1-c): Average energy of configuration and their corresponding
corrections for Hartree-Fock and Dirac-Fock caculations for Rb.
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6-2- Zirconium ,,Zr

subshell HF energy/a.u. DHF energy/a.u. Exp. energy/a.u.
1s 650. 711731 665. 5491068874 661. 676
2s 91. 3847302 94. 85119059383 93.0
2p* 86. 50523607257 84. 80
2p 83. 4855444 83. 32781985570 81.70
3s 16. 0617975 16. 70048789095 15. 82
3p* 13. 53564676378 12. 65
3p 13. 02650895 13. 00951336481 12. 15
3d* 7.454652491938 6.70

3d 7.52249905 7.359449571294 6.61

4s 2.4247528 2.512844449940 1.8

4p* 1.547748498484 }1.05
4p 1. 4925095 1. 477990672895 '

4d* 0.2931393197296

4d 0. 31093785 0.2893931784083 | 0.25

5s 0. 2086036 0. 2153173625709

Table (6-2-a): Comparison

energies compared with corresponding experimental values for Zr.

between Hartree-Fock and Dirac-Fock subshell

r(a.u.) r (a.u.) r**2 (au.)
subshell HF DHF HF DHF HF DHF
1s 0. 03814 0. 03705297 | 39.49003 | 41.26185 | 0.00195 | 0.001851
2s 0. 16696 0.16190180 | 8.89079 9. 368531 | 0.03280 | 0. 030970
2p* 0.13873339 9. 306589 0. 023627
2p 0.14372 0. 14305894 | 8. 84879 8.909105 | 0.02519 | 0. 024997
3s 0. 46656 0. 45525703 | 3. 05475 3.177189 | 0.24910 | 0.237511
3p* 0. 45283467 3. 064105 0. 238825
3p 0. 46444 0.46270301 | 2. 94986 2.971786 | 0.25075 | 0.249149
3d* 0. 44909719 2. 754855 0. 243277
3d 0. 45010 0. 45254411 | 2. 74215 2.730461 | 0.24398 | 0.246878
4s 1. 24517 1.2195720 1.06774 1.098426 | 1.75334 | 1.683124
4p* 1. 3555066 0. 978190 2.105134
4p 1.38482 1.3847391 | 0.95141 0. 953747 | 2.19585 | 2.197372
4d* 2.1751453 0.612351 5.781382
4d 2.13621 2.1949795 0.62119 0. 606373 | 5.55422 | 5. 886855
5s 4. 07776 3.9790241 | 0.30767 0. 316827 | 19.0470 | 18. 15065
Table (6-2-b): Comparison between Hartree-Fock and Dirac-Fock mean

valuesfor Zr.
HF/a.u. Relativistic shift /a.u. Total energy/a.u.
- 3538. 968663 | -54.40456948 - 3593. 3732329
Breit interaction/a.u.
DHF/a.u. - - Total energy/a.u.
Magnetic retardation
-3597. 113789 | 2.27528260 | -0.22334626 |-3595.061853

Table (6-2-c): Average energy of configuration and their corresponding

corrections for Hartree-Fock and Dirac-Fock calculations for Zr.
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6-3- Palladium ,;Pd

subshell HF energy/a.u. DHF energy/a.u. Exp. energy/a.u.
1s 873. 3159525 900. 1392435469 895. 23
2s 127. 9665877 134. 4528922469 132.51
2p* 124. 3014355370 122. 43
2p 118.5311179 118. 4120400492 116. 66
3s 24.2091113 25. 54368738440 24. 62
3p* 21. 49016949852 20. 55
3p 20. 3742918 20. 42934235649 19. 54
3d* 13. 31983228320 12.5
3d 13. 36344555 13.11044072465 12. 30
4s 3.5873098 3. 842502740962 3.17
4p* 2.520253271042 11.87
4p 2.33008935 2.347288902157 '
4d* 0. 3405483675449

4d 0. 3359993 0. 3197920101766 0. 306

Table (6-3-a): Comparison between Hartree-Fock and Dirac-Fock subshell

energies compared with corresponding experimental values for Pd.

r(a.u.) 1/r (a.u.) r**2 (a.u.)
subshel | HF DHF HF DHF HF DHF
1s 0.03310 | 0. 03184288 | 45. 48052 | 48. 24487 | 0. 00147 | 0. 001370
2s 0. 14355 | 0.13773109 | 10. 35316 | 11.11257 | 0. 02423 | 0. 022430
2p* 0. 11723214 11. 05460 0. 016882
2p 0.12298 | 0. 12215664 | 10. 32253 | 10. 42200 | 0. 01842 | 0. 018204
3s 0.38930 | 0.37688010 | 3.68283 | 3.883676 | 0.17310 | 0. 162560
3p* 0. 36970714 3. 779177 0. 158880
3p 0.38231 | 0.38006786 | 3.58966 | 3.629061 | 0.16946 | 0.167713
3d 0. 35439535 3. 447675 0. 149635
3d 0.35614 | 0.35781413 | 3. 42015 | 3.408186 | 0. 15082 | 0. 152388
Zs 0.98596 | 0. 95672639 | 1. 37155 | 1.429692 | 1.10183 | 1. 037855
4p* 1. 0345489 1.306789 1. 228897
4p 1.06857 | 1.0644817 | 1.25304 | 1.262114 | 1.31108 | 1.301720
4d* 1. 5286007 0. 896504 2. 932442
Zd 1.53306 | 1.5649343 | 0.89266 | 0.877628 | 2.95172 | 3. 088464
Table (6-3-b): Comparison between Hartree-Fock and Dirac-Fock mean
values for Pd.

HF/a.u. Relativistic shift /a.u. Total energy/a.u.

-4937. 921022

- 98. 65317424

-5036. 57419711

Breit interaction/a.u. Tot al
DHF/au. : .
Magnetic retardation ener gy/ a. u.
-5041. 179824 | 3 68936474 | -0.37174935 |  -5037. 862209

Table (6-3-c): Average energy of configuration and their corresponding
corrections for Hartree-Fock and Dirac-Fock calculations for Pd.
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6-4-Tin 5,

subshell HF energy/a.u. DHF energy/a.u. Exp. energy/a.u.
1s 1041. 228093 1079. 394674150 1073. 53
2s 156. 9822479 166. 3260494435 164. 14
2p* 154. 8855614920 152.8
2p 146. 493933 146. 3720170634 144, 44
3s 31. 6036073 33. 56634314677 32.5
3p* 28. 87692561628 27. 80
3p 27.21365225 27. 27641298050 26. 26
3d* 19. 08751862976 18.13
3d 19. 16798535 18. 76168650354 17.82
4s 5.51704795 5. 888774360434 5.01
4p* 4.251109059929 13.25
4p 3. 9735609 3. 960580408411 '

4d* 1. 336228001524 10. 87
4d 1. 37355275 1.294280184702 '

5s 0.47932165 0.5102032849392

5p* 0. 2575348850635 0. 269
5p 0. 24858345 0.2413649545043

Table (6-4-a): Comparison

energies compared with corresponding experimental values for 3.

between Hartree-Fock and Dirac-Fock subshell

r(a.u.) Vr (au.) r**2 (au.)
Subshell HF DHF HF DHF HF DHF
1s 0. 03042 0. 02904621 | 49. 47479 | 53.09223 | 0.00124 | 0.001142
2s 0. 13125 0.12491709 | 11. 33067 | 12.33461 | 0.02024 | 0.018464
2p* 0. 10590566 12. 27712 0.013790
2p 0.11217 0.11123637 | 11. 30644 | 11.43968 | 0.01530 | 0.015085
3s 0. 35053 0.33728888 | 4. 10401 4,.374595 | 0.14025 | 0.130169
3p* 0. 32872594 4. 272539 0. 012556
3p 0. 34211 0. 33955071 | 4. 01598 4.070937 | 0.13557 | 0.133773
3d* 0. 31149024 3.904087 0. 011506
3d 0. 31362 0. 31498110 | 3.86321 3.851536 | 0.11638 | 0.117511
4s 0. 85043 0. 82201584 | 1. 60224 1.682161 | 0.81647 | 0.763475
4p* 0.87111936 1.564521 0. 866003
4p 0.90219 0. 89857575 | 1.49130 1.504034 | 0.92806 | 0.921547
4d* 1.0811642 1.225215 1.381474
4d 1.08028 1.0957187 1.22157 1.207162 | 1.37671 | 1.419484
5s 2.58341 2.4799582 0. 49102 0.516377 | 7.63161 | 7. 042617
S5p* 3.1762282 0. 399572 11. 73203
5p 3. 28586 3. 3059498 0. 38344 0.382510 | 12.5269 | 12.71073

Table (6-4-b): Comparison between Hartree-Fock and Dirac-Fock mean
values for Sh.

HF/a.u. Relativitic shift /a.u. Total energy/a.u.

-6022.914166 | -140. 75083358 -6163. 66499962

Breit interaction/a.u.
Magnetic retardation

DHF/a.u.

Total energy/a.u.

-6171. 862090 | 4.92727413 | -0. 50329172 -6167. 438108

Table (6-4-c): Average energy of configuration and their corresponding
corrections for Hartree-Fock and Dirac-Fock caculations for Sh.
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6-5- Ces

um Cs

subshell HF energy/a.u. DHF energy/a.u. Exp. energy/a.u.
1s 1272. 768824 1330. 059813571 | 1323.0
2s 198. 1437753 212.3960633624 | 210.0
2p* 199. 2453587919 | 197

2p 186. 3161698 186. 2520882130 | 184. 26
3s 42.6930285 45,78947928941 | 44.74
3p* 40. 26461802883 | 39. 15
3p 37.5959298 37.71052339219 | 36. 67
3d* 28.12573610028 | 27.18
3d 28.226188 27.59139320075 | 26.67
4s 8.6954872 9. 330613319766 | 8.48
4p* 7.262985612054 | 6.33
4p 6. 7685309 6. 737673932827 | 5.94
4d* 3.302461758338 | 2.89
4d 3. 37953935 3.213745834889 | 2.81
5s 1.23160675 1.309148584373 | 0.83
5p* 0. 7266858273581 | 0. 48
5p 0. 68347445 0. 6593484481467 | 0. 42
6s 0. 12366835 0.1282450820039 | 0. 143

Table (6-5-a): Comparison between Hartree-Fock and Dirac-Fock subshell
energies compared with corresponding experimental values for Cs.

subshell r(a.u.) Lr (a.u.) r**2 (au.)
HF DHF HF DHF HF DHF
1s 0. 02762 0. 0261014 54. 46797 59. 408808 | 0.00102 0. 0009246
2s 0.11853 0.1115467 12. 55506 13.941277 | 0.01650 0.0147403
2p* 0. 0941291 13. 882531 0. 0109109
2p 0. 10103 0. 0999758 12. 53821 12.723509 | 0.01240 0.0127943
3s 0. 31160 0. 2972905 4.63353 5.0145036 | 0.11075 0.1011274
3p* 0.2877925 4.9149687 0. 0962332
3p 0. 30219 0. 2992532 4.55191 4.6314064 | 0.10568 0. 1038562
3d* 0.2705271 4. 4768768 0. 0864328
3d 0.27310 0. 2741620 4. 41455 4.4039434 | 0.08784 0. 0886293
4s 0.72279 0. 6947239 1.90341 2.0187276 | 0.58818 0. 5440048
4p* 0. 7215985 1. 9105926 0. 5916457
4p 0. 75114 0.7471451 1. 80409 1.8243695 | 0.64020 0.6341487
4d* 0. 8306059 1. 5876986 0. 8015026
4d 0. 83156 0. 8408486 1.57837 1.5645559 | 0.80194 0.8212287
5s 1.83938 1. 7700107 0. 69941 0. 7352554 | 3. 80549 3. 5293968
5p* 2.0289237 0. 6369828 4.6849338
5p 2.11120 | 2.1192349 0. 60628 0.6063363 | 5.06661 | 5.1155314
6s 6. 30590 6. 0842662 0. 19217 0.2005899 | 44.9894 | 41. 979965

Table (6-5-b): Comparison between Hartree-Fock and Dirac-Fock mean
valuesfor Cs.

HF/a.u. Relativistic shift /a.u. Total energy/a.u.

- 7553. 9336560 -211. 26992752 - 7765. 20358361

Breit interaction/a.u.
retardation

DHF/a.u. Total energy/a.u.

Magnetic

-7780.914981 | 6.8659267 | -0.71111793 -7774. 760172

Table (6-5-c): ): Average energy of configuration and their corresponding
corrections for Hartree-Fock and Dirac-Fock calculations for Cs.
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6-6- Barium ,Ba

subshell HF energy/a.u. DHF energy/a.u. Exp. energy/a.u.
1s 1322. 093397 1383. 977150772 | 1377.0
2s 207. 1544644 222.5947350564 | 220.4
2p* 209. 0873996004 | 206. 7
2p 195. 0559587 195. 0091354104 | 193

3s 45, 28085235 48. 65515494626 | 47.5
3p* 42.95638562344 | 41.8
3p 40. 0397901 40. 16696796652 | 39.0
3d* 30. 29759356108 | 29. 26
3d 30. 4023086 29. 71163735695 | 28.7
4s 9. 5564001 10. 25804413848 | 9.3
4p* 8. 099057200357 | 7.05
4p 7.54931795 7.513114694635 | 6.6
4d* 3.913477420946 | 3.4

4d 4. 0014955 3.812526222378 | 3.3

5s 1.5127214 1.603661296667 | 1.43
5p* 0. 9563926188673 | 0. 61
5p 0. 9038624 0. 8726359864140 | 0. 536
6s 0. 1575276 0.1631832615725 | 0. 191

Table (6-6-a): Comparison between Hartree-Fock and Dirac-Fock subshell
energies compared with corresponding experimental values for Ba.

subshell r(a.u.) 1/r (a.u.) r**2 (au.)

HF DHF HF DHF HF DHF
1s 0. 02713 | 0. 025572 | 55. 46669 | 60.71073 | 0.00098 0. 000888
2s 0.11627 | 0.109158 | 12.80034 | 14.27456 | 0.01587 0. 014119
2p* 0. 092030 14. 21520 0. 010433
2p 0. 09907 | 0. 097981 | 12.78481 | 12.98194 | 0.01192 0. 011697
3s 0. 30480 | 0.290277 | 4.73995 5.146513 | 0. 10596 0. 096414
3p* 0. 280674 5. 047176 0. 091534
3p 0.29528 | 0. 292268 | 4. 65942 4.744569 | 0.10088 0. 099058
3d* 0. 263571 4.592031 0.511120
3d 0.26623 | 0. 267239 | 4. 52471 4.514436 | 0.08341 0. 084147
4s 0.70159 | 0. 673497 | 1.96457 2.088308 | 0.55397 0.511120
4p* 0. 697544 1.981147 0. 552587
4p 0.72696 | 0. 722873 | 1. 86673 1.888831 | 0.59929 0. 593292
4d* 7.950169 1.658385 0. 732729
4d 0. 79633 | 0. 804862 | 1.64750 1.633855 | 0.73389 0. 750789
5s 1.72119 | 1. 656664 | 0. 75008 0. 788835 | 3.31905 3. 079802
5p* 1.870453 0. 693735 3.961754
5p 1.94459 | 1. 950565 | 0. 66037 0. 661079 | 4.27611 4.311018
6s 5.25681 | 5.083188 | 0.23364 0.243395 | 31.2707 29. 30057

Table (6-6-b): Comparison between Hartree-Fock and Dirac-Fock mean
values for Ba..
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HF/a.u. Relativistic shift Total energy/a.u.

- 7883. 54382577 -228. 13405946 -8111. 6778852
DHF/a.u. Breit interaction Total energy/a.u.
magnetic Retardation
-8135. 9844756 | 7.3108792015 | - 0. 7589694 -8129. 432565

Table (6-6-c): ): Average energy of configuration and their corresponding
corrections for Hartree-Fock and Dirac-Fock caculations for Ba.

6-7- Lutetium , Lu

subshell HF energy/a.u. DHF energy/a.u. Experimental energy/a.u.
1s 2167.731423 2342. 044741753 2327.70
2s 357.5722459 403. 4314610494 399. 64
2p* 384. 0666754525 380. 46
2p 341. 4900667 342.9008597052 339. 85
3s 82. 26871065 93. 54236622599 91. 58
3p* 85. 02725702380 83.21
3p 74.86027695 76. 09871579864 74. 40
3d* 61. 88863915513 60. 27
3d 61. 23635795 59. 95946868506 58. 40
4s 16. 9378601 19. 69989598863 18. 61
4p* 16. 19344719935 15. 07
4p 13. 84504355 14, 14372376181 13.21
4d* 8. 380158584436 7.53
4d 8.26487015 7.997002286713 7.17
4f * 0. 8551588934254 10. 25
4f 1.0768588 0. 7906609684398 '

5s 2.31704075 2. 702522890592 2.07
5p* 1.62572187542 11.03
5p 1.37584735 1. 357794295550 '

5d* 0.1912606431807 | 0.199
5d 0. 24335145 0. 1849517448900

6s 0. 1988556 0. 2225540696485

Table (6-7-a): Comparison between Hartree-Fock and Dirac-Fock subshell
energies compared with corresponding experimental values for Lu.

r(a.u.) 1r (a.u.) r**2 (au.)
Subshell HF DHF HF DHF HF DHF
1s 0.02134 | 0.019312479 | 70. 45377 82.249182 0. 00061 0. 00051178008
2s 0. 09029 | 0.081165323 16. 50701 19. 909235 0. 00956 0.0078487136E
2p* 0. 067484987 19. 825137 0. 0056551088
2p 0.07653 | 0. 075057083 16. 50609 16. 948865 0. 00710 0. 0068593612
3s 0. 22980 | 0. 21156628 6. 33417 7.3147248 0. 06020 0. 051314755
3p* 2.0179759 7.2139881 4.7440601
3p 0. 22008 | 0.21580100 6. 26857 6.4789729 0. 05601 5. 4056037
3d* 0. 18986645 6. 3498059 0042374101
3d 0.19390 | 0.19420574 6. 16924 6.1728644 0. 04399 0. 044202480
4s 0.51624 | 0. 47845602 2.70048 3.0343242 0. 30035 0. 25851157
4p* 0. 48658497 2.9199403 0. 26960649
4p 0.52639 | 0.51742620 2.60171 2.6778857 0. 31476 0. 30469106
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4d* 0. 54258028 2.4499002 0. 34198136
4d 0. 55138 | 0. 55401470 2.38944 2.3875109 0. 35242 0. 35640081
4f * 0. 69420829 1. 8658052 0. 62264797
4f 0.67458 | 0. 70807839 1.90014 1. 8347633 0. 58047 0. 65060022
5s 1.29835 | 1.1922362 0. 99640 1.1122093 1. 89481 1. 6008370
5p* 1.3336889 0. 89816557 | 0. 98500352 2. 0245651
5p 1.46259 | 1. 4435760 0.87912 0. 89816557 | 2. 43174 2.3754966
5d* 2.6948450 0. 49603326 9. 0469330
5d 2.48531 | 2. 7796268 0.52663 0. 47909852 | 7.52712 9. 6085665
6s 4.25876 | 3.9017398 0.28969 0. 31988955 | 20. 71043 | 17. 431553

Table (6-7-b): Comparison between Hartree-Fock and Dirac-Fock mean
valuesfor Lu.

HF/a.u. Relativistic shift/a.u. Total energy/a.u.

- 13851. 80800258 | -619. 69839062 -14471. 50639321

Breit interaction/a.u.
EAL DHF/a.u. - - Total energy/a.u.
Magnetic retardation
-14574. 3353 | 16. 625395669 | - 1. 75788321 - 14559. 46779

Table (6-7-c): ): Average energy of configuration and their corresponding
corrections for Hartree-Fock and Dirac-Fock calculations for Lu.

6-8- Iridium . Ir

subshell HF energy/a.u. DHF energy/a.u. Experimental energy/a.u.
1s 2566. 492836 2816. 769717273 2798. 20
2s 413. 476324 497. 9201070751 493. 32
2p* 475. 7631479757 471. 47
2p 413. 476324 415. 8273157794 412. 32
3s 102. 2296445 118. 8670297820 116. 68
3p* 109. 0356550315 107.0
3p 93. 9029701 95. 72291221036 93. 77
3d* 79. 60507469305 77.80
3d 78.57743315 76. 75682313619 75.0
4s 22. 4970606 26. 65494750198 25. 37
4p* 22.47740708912 21.21
4p 18. 89059335 19. 29180916935 18. 17
4d* 12. 46064131309 11. 44
4d 12. 31636715 11. 86007812200 10. 84
4f * 3.103954818478 2.33
4f 3.52924545 2.982581636810 2.22
5s 3.55091525 4,255617370157 3.04
5p* 2.851258280234 1.67
5p 2. 3440547 2.329384046235 1.27
5d* 0. 4960532284069

5d 0. 55622765 0. 4492513531464 | 0. 33
6s 0. 2465845 0. 2995422282852

Table (6-8-a): Comparison between Hartree-Fock and Dirac-Fock subshell
energies compared with corresponding experimental valuesfor Ir.
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r(a.u.) r (a.u.) r**2 (au.)

subshell HF DHF HF DHF HF DHF
1s 0.01967 | 0. 017429738 | 76. 44936 | 92. 259207 | 0.00052 | 0.00041916051
2s 0.08288 | 0. 072897930 | 17.99019 | 22. 590037 0. 00805 0. 0063505819
2p* 0. 060247054 22. 487266 0. 0045283876
2p 0.07015 | 0. 068518345 | 17.99437 | 18.576810 | 0.00596 | 0.0057171979
3s 0.20934 | 0. 18949192 6.96719 8. 3049982 0. 04995 0.041212949
3p* 0. 17999796 8.1998192 0. 037802924
3p 0.19987 | 0. 19512633 | 6.90659 | 7.1892819 | 0.04619 | 0.044221819
3d* 0. 17058506 7.0659465 0. 034181991
3d 0.17511 | 0. 17522768 | 0.19987 | 6.8318126 | 0.03582 | 0.035939337
4s 0.46267 | 0. 42320190 3. 02540 3.4806914 0. 24101 0. 20220510
4p* 0. 42735371 3. 3666553 0.20785373
4p 0.46839 | 0. 45925150 2.93211 3.0331045 0. 24885 0. 23979800
4d* 0.47164604 2.8199513 0. 25743278
4d 0.48027 | 0. 48268898 | 2.73895 | 2,7381929 | 0.26620 | 0.26941527
4f * 0.52674481 2.3408129 0. 33783880
af 0.51719 | 0. 53402559 2.36955 2. 3083360 0. 32375 0. 34735517
5s 1.08800 | 0. 99162982 1.20318 1. 3610277 1.32628
Sp* 1. 0794631 1.2371984 1.3190533
5p 1.19054 | 1.1743397 1.09212 1.1176722 1.60241 1. 5629590
5d* 1.6369936 0. 80313031 3.1877203
5d 0.80152 | 1. 7081034 0. 80152 0. 76853862 | 3. 11470 3.4823189
6s 3.52372 | 3.0784249 0.35438 | 0.41361825 | 14.29196 | 10. 923699

Table (6-8-b): Comparison between Hartree-Fock and Dirac-Fock mean
valuesfor Ir.

HF/a.u. Relativistic shift/a.u. Total energy/a.u.
-16806. 03919934 | - 872. 03448532 -17678. 07368467
Breit interaction/a.u.
DHF/a.u. - - Total energy/a.u.
Magnetic retardation
-17850. 22677 | 22.13122787 | -2. 34607469 -17830. 44162

Table (6-8-c): ): Average energy of configuration and their corresponding
corrections for Hartree-Fock and Dirac-Fock calculationsfor Ir.

6-9- Mercury 4,Hg

subshell HF energy/a.u. DHF energy/a.u. Experimental energy/a.u.
1s 2778. 80244 3076. 157554210 3055. 23
2s 470. 7350853 550. 5410728539 545. 56
2p* 526. 8622564809 522. 37
2p 452. 1803406 455, 1452287241 451. 61
3s 113. 1366448 133. 1796109750 131.0
3p* 122. 6406246691 120. 53
3p 104. 3408156 106. 5418018949 104. 67
3d* 89. 43372040739 87. 68
3d 88. 1454023 86. 01719722699 84. 37
4s 25. 57341055 30. 66500184950 29. 42
4p* 26. 12428675636 25.0

4p 21. 698963 22.18751205796 21.0
4d* 14, 79580445872 14.0

4d 14. 60965375 14. 05168540175 13. 27
4f * 4. 472273593914 3.75
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4f 5. 01242675 4.311084618092 3.3
5s 4.1820087 5.106219616269 4. 47
5p* 3. 537751923932 3.0
5p 2.8508716 2. 841583097980 2.16
5d* 0. 6497963810141 10. 23
5d 0.7141968 0.5743919981951 '
6s 0. 26104675 0. 3283017581484 0. 383

Table (6-9-a): Comparison between Hartree-Fock and Dirac-Fock subshell
energies compared with corresponding experimental values for Hg.

r (au.) Ur (au.) r**2 (au.)

subshell HF DHF HF DHF HF DHF
1s 0.01892 | 0. 016579436 | 79. 44732 | 97. 671314 | 0.00048 | 0.00038043900
2s 0.07961 | 0. 069188789 | 18. 73183 | 24. 055844 0.00743 0. 0057307117
2p* 0. 056998215 23.941119 0. 0040642199
2p 0.06734 | 0. 065632647 | 18.73846 | 19. 400887 0. 00549 0. 0052465742
3s 0.20041 | 0.17973450 | 7.28399 | 8.8372200 | 0.04577 | 0.037101758
3p* 0. 17040042 8. 7288062 0. 033908265
3p 0.19109 | 0. 18611712 7.22576 7.5500790 0. 04221 0. 040245478
3d* 0. 16225202 7.4291290 0. 030916540
3d 0.16701 | 0. 16704625 7.14355 7.1620827 0. 03256 0. 032642610
4s 0.43929 | 0. 39893263 3.19313 3.7224000 0. 21719 0.17967175
4p* 0. 40155360 3. 6084460 0. 18349285
4p 0.44332 | 0. 43398234 3. 10267 3.2189562 0.22281 0. 21406808
4d* 0. 44158401 3.0138438 0. 22532650
4d 0.45034 | 0. 45248856 2.91956 2.9207164 0. 23364 0. 23636495
4f * 0. 47673673 2.5570488 0.27331899
af 0.46920 | 0. 48316600 2.58352 2.5212134 0. 26336 0. 28070490
5s 1.01020 | 0.91491233 | 1.30258 | 1.4884478 | 1.14287 | 0.93907345
Sp* 0. 98712089 1. 3642503 1.1018495
op 1.09541 | 1.0791773 1.19287 | 1.2233091 | 1.35517 | 1.3185623
5d* 1.4312762 0. 92005878 2.4196019
5d 1.43269 | 1. 4988644 0.91032 0.87704474 | 2. 40982 2.6649264
6s 3.32841 | 2. 8419295 0.37607 | 4.5091349 | 12.79929 | 9. 3432495

Table (6-9-b): Comparison between Hartree-Fock and Dirac-Fock mean
values for Hg.

HF/a.u. Relativigtic shift/a.u. Total energy/a.u.
-18408. 99149576 | -1024. 21656420 -19433. 20805995
Breit interaction/a.u.
DHF/a.u. , . Total energy/a.u.
Magneti c retardation
-19653. 65019 | 25. 353410795 | - 2. 68849576 19630. 98458

Table (6-9-¢) ): Average energy of configuration and their corresponding
corrections for Hartree-Fock and Dirac-Fock calculations for Hg.




6-10- Thallium 4TI

subshell HF energy/a.u. DHF energy/a.u. Experimental energy/a.u.
1s 2851. 547193 3166. 308184345 3144.5
2s 484.5601593 569. 1669046273 564. 21
2p* 544, 9589610768 540. 36
2p 465. 7267086 468. 9044589310 465. 35
3s 117. 1504551 138. 4376961420 136. 18
3p* 127. 6546623131 125. 57
3p 108. 1967842 110. 5244472696 108. 70
3d* 93. 08040877486 91. 36
3d 91. 7084766 89. 45676913337 87. 84
4s 26. 883433865 32.31139981174 31.08
4p* 27. 64462343548 26. 51
4p 22.91769375 23. 42631013338 22. 38
4d* 15. 84255936561 15.0
4d 15. 6529619 15. 04553331168 14. 20
4f * 5. 190097303497 4.51
4f 5.7852471 5. 014096150090 4.35
5s 4.6187855 5.622767123731 5.01
5p* 3. 985032947972 3. 66
5p 3.2313775 3.216939791481 2.77
5d* 0. 8942155033847 0. 57
5d 0. 9682785 0. 8059087053937 0.5
6s 0.36111135 0. 4495846047062
6p* 0.2112787916735 0.22
0.19239735 0. 1764633953805

6p
Table (6-10-a): Comparison between Hartree-Fock and Dirac-Fock subshell
energies compared with corresponding experimental values for Tl

r(a u.) Ur (au.) r**2 (au.)
subshell HF DHF HF DHF HF DHF
1s 0.01869 | 0. 016307686 | 80. 44664 | 99. 544738 0.00047 | 0.00036847149
2s 0.07858 | 0. 068006602 | 18.97909 | 24. 565949 0.00724 0. 0055399369
2p* 0. 055962349 24. 446750 0. 0039216248
2p 0.06646 | 0. 064719990 | 18.98651 | 19. 677184 0.00535 | 0.0051019848
3s 0.19759 | 0.17664201 7.38978 9. 0210831 0. 04449 0. 035844090
3p* 0.16736324 8.9113966 0. 032720167
3p 0.18833 | 0. 18328002 7.33231 7.6713562 0.04100 | 0.039032159
3d* 0. 15963844 7.5510169 0. 029926565
3d 0.16448 | 0. 16448286 7.25179 7.2723345 0.03157 | 0.031642624
4s 0.43194 | 0. 39128757 3.24972 | 3.8058975 0.20996 | 0.17285319
4p* 0. 39347005 3. 6917550 0.17617847
4p 0.43549 | 0. 42608730 | 3. 16008 | 3. 2818215 | 0.21497 | 0. 20633416
4d* 0.43240183 3.0787293 0. 21597364
4d 0.44121 | 0. 44326555 2.97969 2.9816215 0.22416 | 0.22673201
af* 0. 46236886 2.6279989 0. 25615651
4f 0.45539 | 0. 46861498 2. 65366 2.5908051 0.24723 | 0. 26306176
5s 0.98219 | 0. 88901477 1. 34196 1. 5364901 1.07922 0. 88593861
5p* 0. 95503300 1. 4138987 1. 0298521
5p 1.05962 | 1. 0442453 1.23476 1.2662367 1. 26566 1.2322683
5d* 1.3388539 0.97981021 2.0941789
5d 1.34120 | 1. 3941057 0.96892 | 0.93798396 | 2. 09050 | 2.2759320
6s 2.96691 | 2. 5778926 0.42173 | 0.49747485 | 10.07303 | 7. 6217582
6p* 3.5169952 0. 36102694 14. 476469
6p 3.92625 | 4. 0131578 0.31623 | 0.31299260 | 17.87610 | 18. 831657
Table f( -10-b) Comparison between Hartree-Fock and Dirac-Fock mean

values for TI.
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HF/a.u. Relativistic shift/a.u. Total energy/a.u.

-18961. 82482530 | -1079. 26782112 -20041. 09264642
Breit interaction/a.u.
DHF/a.u. - - Total energy/a.u.
Magnetic retardation
-20280. 14899 | 26. 504299489 | - 2. 81043639 - 20256. 45513

Table (6-10-c): ): Average energy of configuration and their corresponding
corrections for Hartree-Fock and Dirac-Fock calculations for TI.

subshell HF energy/a.u. DHF energy/a.u. Experimental energy/a.u.
1s 3000. 163695 3352. 039012195 3328. 15
2s 512. 8525685 607. 7970736180 602. 48
2p* 582. 4967654221 577. 61
2p 493. 4598305 497. 0931657494 493. 33
3s 125. 415705 149. 3877218463 147.0
3p* 138. 1044173532 135. 89
3p 116. 1448459 118. 7419931058 116. 80
3d* 100. 6180725296 98. 80
3d 99. 06714215 96. 55142406126 94. 83
4s 29. 59819615 35. 75784275696 34.50
4p* 30. 83293021256 29. 60
4p 25. 4483815 25. 99901421086 25.0
4d* 18. 02529421073 17. 04
4d 17.828882 17.11319487489 16. 17
4f * 6. 703887589064 6.0
4f 7.41940175 6. 495227183120 5.78
5s 5. 50820315 6. 69118530790 5.85
5p* 4.909504871763 4.30
5p 4.00503835 3. 976443483196 3.4
5d* 1. 389084564932 1.0
5d 1.48743145 1.270617536207 0. 89
6s 0. 55816945 0. 6868477023406
6p* 0. 3384212953894

0. 28618835 0.2610827027547 0. 26

6p
Table (6-11-a): Comparison between Hartree-Fock and Dirac-Fock subshell
energies compared with corresponding experimental values for Bi.

r(a.u) Vr (au.) r**2 (au.)

subshell HF DHF HF DHF HF DHF

1s 0.01823 | 0. 015780292 | 82. 44526 | 103. 40543 0. 00044 0. 00034580866
2s 0.07660 | 0. 065716921 | 19. 47367 | 25. 621493 | 0.00688 | 0.0051797704
2p* 0. 053955294 25. 492565 0. 0036527607
2p 0.06475 | 0. 062962804 | 19. 48264 | 20. 232288 | 0.00507 | 0.0048293534
3s 0.19219 | 0. 17067767 7.60157 9. 3992799 0. 04209 0. 033480077
3p* 0.16151089 9. 2868077 0. 030491004
3p 0.18303 | 0.17783421 | 7.54562 | 7.9154819 | 0.03872 | 0.036755386
3d* 0.15463411 7.7961567 0. 028076556
3d 0.15963 | 0. 15957911 | 7.46834 | 7.4931312 | 0.02973 | 0.029773422
4s 0.41790 | 0. 37662661 | 3.36364 | 3.9773019 | 0.19649 | 0.16015021
4p* 0. 37800319 3. 8627392 0. 16260405
4p 0.42055 | 0.41101239 3.27571 3. 4089561 0. 20042 0. 019196790
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4d* 0. 41504373 3.2095221 0.19885233
4d 0.42397 | 0. 42584118 | 3.10040 | 3.1040405 | 0.20681 | 0.20909878
4f * 0. 43646732 2. 7683686 0. 22683600
4f 0.43042 | 0. 44241489 | 2.79236 | 2.7282743 | 0.21956 | 0.23295962
5s 0.93008 | 0. 84039179 | 1.42221 | 1.6358198 | 0.96610 | 0.79055807
Sp* 0. 89564729 1.5166224 0.90361388
Sp 0.99444 1 0.98011630 | 1.31982 | 1.3541794 | 1.11153 | 1.0824889
5d* 1.2012479 1. 0904069 1. 6655843
5d 1.20462 | 1. 2439741 1.07702 | 1.0483735 | 1.66728 | 1.7877964
6s 2.53935 | 2. 2417493 0.49430 | 0.57481123 | 7.30706 | 5.7125770
6p* 2.7802116 0. 45898240 8.9073112
6p 3.13655 | 3. 1865733 0.39851 | 0.39637608 | 11.29532 | 11. 742169

Table (6-11-b): Comparison between Hartree-Fock and Dirac-Fock mean
valuesfor Bi.

HF/a.u. Relativistic shift/a.u. Total energy/a.u.
-20095. 53020854 | -1196. 13921144 -21291. 66941998
Breit interaction/a.u.
DHF/a.u. - - Total energy/a.u.
Magnetic retardation
-21572. 23210 | 28. 926792665 | - 3. 06642773 -21546. 37174

Table (6-11-c): ): Average energy of configuration and their corresponding
corrections for Hartree-Fock and Dirac-Fock calculations for Bi.

6-12- Radon g Rn

subshell HF energy/a.u. DHF energy/a.u. Experimental energy/a.u.
1s 3230. 312867 3644. 805562231 3617.8
2s 556. 9131415 669. 3866358768 663. 56
2p* 642. 3552965030 637. 4
2p 536. 6769975 541. 0812900559 537. 47
3s 138. 421886 166. 9674992004 164. 78
3p* 154. 9011522852 153

3p 128. 6715766 131. 7246145612 130. 08
3d* 112.5611310987 111.1
3d 110. 7013669 107. 7534919633 106. 34
4s 33. 9207527 41. 34873761635 40. 33
4p* 36. 02085746636 34.17
4p 29. 49118815 30. 11864807260 28. 25
4d* 21. 54639343934 21.0
4d 21.33131915 20. 43710056305

4f * 9. 192674466125

4f 10. 10763175 8. 926994059932

5s 6. 90581565 8. 416808159130

5p* 6. 409030793993

5p 5. 2252085 5.175233686579

5d* 2.189222179225

5d 2.32631655 2.016139908905

6s 0. 87399265 1.072703722240

6p* 0. 5403444673918

6p 0. 4280064 0. 3838897263296 0.4

Table (6-12-a): Comparison between Hartree-Fock and Dirac-Fock subshell
energies compared with corresponding experimental values for Rn.
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r(a.u.) 1r (a.u.) r**2 (au.)
subshell HF DHF HF DHF HF DHF
1s 0.01759 | 0. 015026252 | 85. 44322 | 109. 50906 | 0. 00041 | 0. 00031469660
2s 0.07380 | 0. 062454250 | 20. 21571 | 27. 302050 0. 00638 0. 0046877961
2p* 0. 051093205 27. 156313 0. 0032862715
2p 0.06235 | 0. 060484749 | 20. 22695 | 21. 071434 | 0.00470 | 0. 0044577436
3s 0.18460 | 0. 16223740 | 7.91979 | 9.9952145 | 0.03883 | 0.030273340
3p* 0. 15324119 9.8778612 0.027476178
3p 0.17561 | 0.17019172 7.86610 8.2857118 0. 03564 0. 033676025
30 0. 14763762 8. 1674259 0. 025590340
3d 0.15286 | 0. 15273391 7.79337 7.8251083 0. 02724 0. 027260279
4s 0.39834 | 0. 35609165 | 3.53610 | 4.2460235 |O0.17848 |0.14318108
4p* 0. 35642394 4.1306142 0. 14458692
7p 0.39981 | 0. 390063620 | 3.45080 | 3. 6029106 | 0.18107 | 0. 17287663
44~ 0.39127898 3. 4081284 0. 17659336
4d 0.40040 | 0. 40201012 3.28236 3.2890205 0. 18425 0. 18617444
T 0. 40332097 2. 9757391 0. 19226692
4f 0.39837 | 0. 40895543 | 2. 99705 | 2.9307994 | 0.18675 | 0. 19754451
5s 0.86160 | 0. 77550469 | 1.54390 | 1.7908823 | 0.82768 | 0.67220009
5p* 0. 81802755 1.6767969 0. 75190299
5p 0.91088 | 0. 89731915 | 1.44839 | 1.4884392 | 0.92986 | 0.90465379
5d* 1. 0562860 1. 2435927 1. 2765914
5d 1.06049 | 1.0901174 | 1.22608 |1.1987798 | 1.28138 | 1.3599057
6s 2.15662 | 1.9195492 0. 58551 0.67677525 | 5. 23267 4.1600068
6p* 2. 2415261 0. 57500865 5. 7309278
6p 2.54338 | 2. 5826272 0. 49527 0.49268289 | 7. 37002 7.6506582
Table (6-12-b): Comparison between Hartree-Fock and Dirac-Fock mean
valuesfor Rn.
HF/a.u. Relativistic shift/a.u. Total energy/a.u.

-21866. 77224332 | - 1389. 30383643 - 23256. 07607976

Breit interaction/a.u.
DHF/a.u. - - Total energy/a.u.
Magnetic retardation
-23611. 1925 | 32.878641287 | -3.48189413 -23581. 80

Table (6-12-c): ): Average energy of configuration and their corresponding
corrections for Hartree-Fock and Dirac-Fock calculations for Rn.
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CONCLUSIONS

The relativistic effect on the binding energies is important on the
inner subshells especialy for the Ys and 2s-subshells and this effect
becomes more pronounced as Z increases. For the other subshells, this
effect is contracted due to the screening by the inner subshells. The
contribution of the relativistic two body effect (Breit interaction) is
about 2% of the relativistic single-particle effect (mass-velocity and
Darwin correction). Finally the Hartree-Fock calculations and single-
particle relativistic correction gives reasonably good results for heavy
atoms while Dirac-Fock calculation and Breit interaction gives high

precision calculations.

FUTURE WORK

This work can be extended to include the Breit interaction in the
unperturbed Hamiltonian and introduced it in the self consistent field
process. Also we can take into account the radiative corrections
guantum electrodynamics (QED) (self energy and vacuum polarization

corrections).
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