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Synopsis 

 
         A computational investigation has been carried out in some 

properties of Gabor lens with the aid of personal computer under the 

absence of space-charge effects.  This work has been concentrated on 

designing two concentric, electrostatic and magnetic lenses.  Electrostatic 

lens is a two-electrode immersion lens whose electrodes are cylindrical in 

shape separated by a separation distance.  Magnetic lens is a number of 

turns of the current-carrying coil of a hypothetical rectangular field of 

length L.  The variable parameters of the electrostatic lens are the voltage 

ratio and the separation distance while in the magnetic lens the variable 

are the Ampere-turn and lens length.  The combined electrostatic and 

magnetic lens (Gabor lens) has been investigated under zero and infinite 

magnification conditions.  The paraxial ray equation has been solved with 

the aid of the axial electric and magnetic potential distribution using 

Runge-Kutta method.  The axial potential and its first and second 

derivatives have been used for computing the optical properties of the 

lens under consideration.  The lens spherical and chromatic aberration 

coefficients have been normalized in term of the focal length under zero 

and infinite magnification conditions. 
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1. GABOR LENS  

 

1.1 Introduction  

 

When a particle beam propagates through background gas, plasma 

is formed by collisional ionization resulting in (partial) neutralization of 

the beam’s space charge. This “gas focusing” effect occurs naturally and 

often utilized for improving high-current beam transport. Gabor, in 1947, 

proposed a non-neutral electron plasma confined in a magnetron-type trap 

as effective “space-charge lens” for positive ion beams.  This “Gabor 

lens”, which offers better control and focusing strength than both gas 

focusing and applied fields, has been investigated by several research 

groups since its invention [Reiser 1989].                                                                                                                                         

 

A Gabor lens is a charged particle lens which may be useful for 

matching an ion beam into a radio frequency quadrupole (RFQ).  It is also 

interesting from a purely physical perspective since it contains            

non-neutral plasma.  Focusing an ion beam with a given sign of charge in 

a Gabor lens requires a non-neutral plasma with the opposite sign of 

charge of the beam.  The electric field in the Gabor lens provides the 

external forces to focus the beam ions [Gabor 1947].                                

 

1.2 Gabor Lens Construction  

 

The design concept of a Gabor lens for an electron beam is 

illustrated somewhat simplistically in figure 1.1.  There is a small 

opposition coil at one end of the lens to create a cusp in the magnetic 

field.  This gives the plasma hydromagnetic stability.  It is necessary to 

place an iron shell around the lens to shield the source from the magnetic 
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field of the lens. The advantage of this configuration is that the electrons 

emitted by the cathode are born in a region with B=0, i.e., their canonical 

angular momentum P is zero [Reiser 1989].                                                                       

 

 

In the design shown in figure 1.1, a magnetic field is produced by 

two coils of uneven length, in opposition. A hot cathode in the form of a 

circular loop is arranged at or near the magnetic field-line which crosses 

the axis. This arrangement is necessary, as electrons which have to cross 

magnetic flux lines are prevented by their angular momentum from 

reaching the axis [Gabor 1947].                                 

  

  

Figure 1.1. Gabor lens with magnetic field cusp. The cusp adds stability 

of the plasma [J.A.Palkovic 1989].  

 

In the region where the magnetic field is approximately axial and 

homogeneous, a cylindrical electrode, the 'anode ', is arranged, with high 

positive potential with respect to the cathode. So long as the anode 

potential is below a certain critical value, the magnetic field prevents all 

but a small fraction of the electrons from reaching the anode.  At the two 

ends, guard electrodes with potential somewhat below the cathode 

potential prevent the electrons from escaping.  Thus the space accessible 
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to electrons is limited from all sides. Into this space the cathode will pour 

electrons until the potential in the axis is depressed to very nearly cathode 

potential, and equilibrium is established [Gabor 1947].                                                                                

 

At present there is a significant requirement for the development of 

devices for focusing high-energy intense ion beams of the solution of 

actual scientific and technological problems (inertial thermonuclear 

fusion on heavy and light ions, radiotherapy, high energy investigations, 

research of radiation resistance of materials, implantation metallurgy, 

etc.).  Last time Gabor lenses with essentially larger focusing force are 

used.  It is essential that the charge of focused beam is compensated in 

these lenses.  With energy and current growth of accelerated beams 

Gabor lenses should replace the conventional ones.  Gabor lens or plasma 

lens investigation is performed in many scientific centers such as 

Lawrence Berkeley Laboratory 

 
1.3 Historical Development 

 

  In 1947 Gabor proposed the space charge lens (Gabor lens) for 

electrostatic focusing of ion beam. Gabor lens cosists of cylindrical 

column of electron plasma confined with magnetic field. According to 

Ivanov [2004], panofsky and Baker performed experiments on high-

energy ion beams focusing by magnetic plasma lens which represents 

itself the discharge in plasma.  

 

  In 1965 Morozov proposed a plasma electrostatic lens in a which 

magnetic surfaces are the equipotentials of electric field. According to 

Morozov 1965 this direction was successfully developed in experiments 

of Goncharov, i.e, for ion beam focusing with an energy of tens kV.  In 
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the Morozov lens the electric potentials were inserted into plasma by the 

concentric ring electrodes.  In this case, the system of the ((charged)) 

magnetic surfaces is created in the plasma.  It is supposed that in the 

applied strong magnetic field the transverse current is absent.  For the 

long Morozov lens, it is worth-while to place the concentric ring 

electrodes on the lens faces (or near by them at lateral surface), i.e. at the 

input and output of the focusing beam. 

 

  In eighties for focusing ultra-high energy electron beams it was 

proposed ((passive)) plasma lenses based on conception of magnetic self-

focusing. Later the conception of ((passive)) plasma lenses was expanded 

on more worth-while adiabatic plasma lenses [Morozov 1965]. 

 

 In 1999 Goncharov worked on focusing a heavy-ion beams, high 

current, and large-area with a plasma lens.  Operation of the lens with 

resistance voltage divider to supply the ring electrode voltages was then 

not reasonably possible because of high currents involved, and used 

instead an RC-divider which was able to hold the electrode voltages 

constant throughout the beam.  These experiments carried out at Kiev 

provided the Berkeley.  Some early results of these experiments 

describing the optimum operating conditions have been briefly 

summarized previously [Goncharov, et.al 2000].   
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1.4 Gabor Lens Applications 
 

Gabor or plasma lenses have been used to focus intense beams of 

positive ions at energies from 10 keV to 5 MeV. Although theoretically, 

the focusing capability of a Gabor lens looks very promising, relatively 

little experimental research has been performed to test and develop this 

device for practical use. A Gabor lens could also be used for negative-

beams, e.g., −H , provided that the electrons are replaced by positrons 

[Palkovic 1989].                                       
 

Gabor lens (also called space-charge lens) show that this lens is 

capable of providing much stronger focusing than other lenses. Gabor 

lenses provide strong symmetric cylinder focusing for low energy ion 

beams using confined non-neutral plasma. They need reduced magnetic 

and electrostatic field strength or a reduced installation length to provide 

a given focal length compared with conventional systems like quadrupole 

and magnetic solenoids. The density distribution of the enclosed space 

charge is given by the enclosure conditions in transverse and longitudinal 

direction. For homogeneous charge density distribution the resulting 

electrostatic field and the focusing forces inside the space charge cloud 

are linear. Additionally in case of a positive ion beam the space charge of 

the confined electrons causes compensation of the ion beam space charge 

forces.  Hence all resolving forces on the beam ions are linear and thus 

the transformation is linear as well and the aberrations are minimal. 

Therefore space charge lenses are a serious alternative to inject space 

charge dominated low energy heavy ion beam into a RFQ                     

[Meusel,et.al 2001].      

  .                        
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1.5 Aim of the Project 

 

It seems that the Gabor lens has escaped its fair share of attention 

in the literature for there is a little published data on its electron-optical 

characteristics. Since the main features of a Gabor lens is a combination 

of an electrostatic lens and a magnetic lens along its main axis, thus the 

present work would be first performed by proposing simple designs for 

these two charged-particles lenses. This project aims to study 

computationally the trajectories of an electron beam traversing the 

combined electrostatic and magnetic fields and to investigate the optical 

properties of this lens such as the focal length and spherical and 

chromatic aberration coefficients.  The first order optical properties are 

computed by solving the trajectory equation of the charged-particles 

beam traversing both field distributions.  Fundamental computations of 

the electron-optical focal properties are carried out under various 

operational conditions that are well-known in electron optics. Excitation 

of the two lenses constituting a Gabor lens has been taken into account in 

the present investigation.                                                                                      
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2. THEORETICAL CONSIDERATIONS                                                   

 2.1 Introduction       

    

Electron and ion optics is the theory and practice of production, 

control, and utilization of charged-particle beams. Charged-particle 

beams can only be controlled (accelerated, focused, and deflected) by 

external electromagnetic fields. Electric fields are produced by set of 

electrodes held at suitably chosen voltage. Coils surrounded by 

ferromagnetic materials provide a magnetic field. Different symmetries 

may be utilized for electron and ion optical element such as lenses and 

deflectors. 

 

         In a typical electron-optical device, the electron beam originates 

with some energy from the source. It enters the focusing field of an 

objective lens at a certain acceptance angle, to be focused to a point 

image at a reasonable working distance behind the lens. However, due to 

the geometrical and chromatic aberrations of the lens, a point image can 

never be achieved. There will be a crossover of different trajectories 

instead. This crossover can be imaged by a projector lens and deflected 

by a suitable deflector element. The deflector itself is a source of 

additional aberrations [Maloff and Epstein 1938].    

                  

2.2 Trajectory Equations                                                                                                                    

 

When a charged particle travels through a region containing a 

magnetic field or an electrostatic field, or both, forces will be exerted on 

it that deflect it and, in the case of electrostatic field, alter its speed.   The 
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path of the incoming accelerated charged-particles beam depends on the 

properties of the axial field it traverses.  

 

2.2.1 Paraxial-ray equation for an electrostatic field 

    

The trajectory of a beam traversing an electrostatic symmetrical 

electron or ion optical system is given by [Hawkes, 1972]: 

 

…………………………………………… (2.1) 0
42

///
/// =⋅+⋅+ r

V

V

V

V
rr 

  

where r is the radial displacement from the optical axis z, the primes 

denote a derivative with respect to z. V= V (z) is the electrostatic potential 

distribution along the optical axis z. Equation (2-1) is a linear 

homogeneous second-order differential equation, known as the    

paraxial-ray equation which describes the paths of charged particles 

moving through a rotationally symmetrical electrostatic field 

characterized by the potential function V.  The paraxial-ray equation was 

first derived by Busch in 1926.  Many important deductions can be made 

      from this equation [Hamad 2003]:   

 

(a) The quotient of charge-to-mass (Q/m) does not appear in the equation. 

Therefore, the trajectory is the same for any charged particle entering 

the field with the same initial kinetic energy, but arrives to the same 

focus at different times. 
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(b) The equation is homogeneous in V.  Therefore, an equal increase (or 

decrease) in the potential V at all the points of field (i.e. multiplying 

the potential by any constant) does not change the trajectory. 

  

(c) The equation is homogeneous in r and z which indicates that any 

increase in the dimensions of the whole system produce a 

corresponding increase in the dimensions of the trajectory, since the 

equipotentials, though of the same form, are enlarged.  If the object is 

doubled in size, the image will be doubled in size, the ratio between 

the two remaining constant. 

 

 

2.2.2 Paraxial-ray equation for a magnetic field 

 

The motion of a charged-particle (an electron in this case) in an 

axially symmetrical field may be derived starting from many departure 

points.  One can start from a more familiar method of elementary 

mechanics.  The paraxial-ray equation in a magnetic field of axial 

symmetry is given by [Hawkes 1982]: 

 

            ( ) 0
8

2

2

2

=







+ rB

mV

e

dz

rd
z

r

………………………………………. (2.2)  

 

where e and m are the charge and mass of the electron respectively,       

( )zBBz = is the axial magnetic flux density, and rV is the relativistically 

corrected accelerating voltage which is given by: 
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( )aar VVV 610978.01 −×+= ……………………………….. (2.3) 

 

aV being the applied accelerating voltage.  It can be easily realized from 

equation (2-2) that the force driving the electrons towards the axis is 

directly proportional to the radial distance r.  This is the principle of a 

focusing field.  Furthermore, this force is proportional to the square of the 

magnetic flux density which means that if the direction of the magnetic 

field is reversed by reversing the current, the direction of the force 

towards the axis should not change, i.e. there will be no change in the 

focus. 

 

 

2.2.3 Paraxial-ray equation for combined electrostatic and 

         magnetic fields  

 

For combined electrostatic and magnetic field in the non-

relativistic case the trajectory equation is given by [Myers.l.M 1939].  

           

r
mV

eB
r

V

V

V

V
rr

a

z ⋅−⋅−⋅−=
842

2///
/// ……………………………………. (2.4) 

 

The three terms on right-hand-side of equation (2.4) represent 

focusing processes. The first term arises from acceleration along the axis. 

The term reduces the envelope angle,/r , when particles accelerate. The 

second term represents electrostatic focusing from radial components of 

applied electric fields. The effect is important in low-energy electron-

optical systems or in acceleration columns. Usually, one may neglect this 

term when beams have high kinetic energy. The third term describes 
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magnetic focusing from applied solenoidal fields. Solenoidal lenses are 

common in electron beam transport systems at low or moderate energies. 

Solenoidal fields are seldom used for ion transport since they are 

ineffective for focusing heavy particles because the number of ampere-

turns (NI) required to excite the solenoid increases with the increase of 

the particle's mass[Myers 1939].  

 

2.3 Axial Field Models 

 

It is often desirable to perform a rapid approximate evaluation of 

lens properties without actually carrying out a detailed analysis.  This can 

be accomplished if one has a simple mathematical model for the lens, i.e. 

an approximation for the axial field distribution that is reasonably close to 

the real one and allows a solution in closed form or an approximation in 

simple terms. 

 

2.3.1 The immersion lens field model 

 

The axial field of an electrostatic immersion lens has two different 

constant potentials at its sides.  This means that the electrostatic field 

( )zV / is zero at the two terminals.  Immersion lenses accelerate or retard 

the particles while the beam is focused.  In the present investigation the 

electrostatic immersion lens and its corresponding axial field distribution 

have been taken into consideration. 
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2.3.2 The rectangular magnetic field model   

 

The magnetic rectangular field zB  has a constant maximum 

value 
m

B given by [Hawkes P.W. 1972a]: 

 

  zB = mB        –L/2 ≤  z ≤  L/2………………………………… (2.5) 

and    

              LNIBz /0µ= ……………………………………………… (2.6)  

 

where NI is the number of turns of the current-carrying circular coil, I is 

the energizing d.c. current in the coil, and (0µ = 4π * 710− H. 1−m ) is the 

permeability of free space.  Figure (2.1) shows the rectangular magnetic 

flux field zB .  

 

  

   

  

Figure 2.1. The axial flux density distribution in rectangular field model. 
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 Figure (2.2) shows the designed electrostatic and magnetic lens 

(Gabor lens) with its geometrical parameter, such as the lens length L, 

separation distance between the two electrodes s, and the immersion lens 

radius R.  

 

 

 

 

 

 

 

 

 

Figure 2.2.  The proposed design of Gabor lens 

 

2.4 Lens Aberrations 

 

The quality of any charged-particle optical system depends not 

only upon the energy of the charged particle but also upon the 

aberrations.  The electron paths, which leave points of the object close to 

the axis at small inclinations with respect to the axis, intersect the image 

plane in points forming a geometrically similar pattern. This ideal image 

is known as the Gaussian image, and the plane in which it is formed as 

the Gaussian image plane. If an electron path leaving an object point a 

finite distance from the axis with a particular direction and velocity 

intersects the Gaussion image plane at a point displaced from the 

S 

L 

R  

1V  2V  z-axis 
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Gaussian image point, this displacement is defined as aberration[see for 

example, El-Kareh and El-Kareh 1970, Hawkes 1972]. 

 

The aberrations can arise for a number of reasons.  However, the 

two most important aberrations in an electron-optical system are spherical 

and chromatic aberration.  Thus in the present work particular attention 

was paid to the computation of these two aberrations in a  Gabor lens, 

since unfortunately they received only limited attention in the published 

investigations by such lens users [Klemperer 1971]. 

  

Spherical aberration is one of the most effective geometrical 

aberrations and can be defined in both light optics and electron optics, as 

the change in focal properties of a lens with the height of the ray from 

optical axis.  Off-axis charged-particles spend less time in the field than 

do paraxial charged-particles because they do not penetrate as far into the 

field, and as a result the focal distance is longer for charged-particles 

whose trajectories make larger angles with the axis than for paraxial 

charged-particles [Rempfer 1990]. 

 

        Chromatic aberration in light optics refers to the change in focal 

properties with the wavelength of light.  In electron optics it refers to the 

change in focal properties with kinetic energy of the charged-particles; 

lower-energy charged-particles penetrate less far into the field than do 

higher-energy charged-particles, and therefore spend less time in the field 

and are less strongly converged by the field. Consequently the focal 

distance is longer for low-energy charged-particles than for high-energy 

charged-particles [Rempfer 1990, Rempfer and Griffith 1992]. 
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The spherical and chromatic aberration coefficients are denoted by 

sC and cC respectively. In the present investigation the values of sC and 

cC have been computed for images formed by the combined electrostatic 

and magnetic lenses and normalized in terms of the image side focal 

length, i.e. the relative values of 
i

si
f

C and 
i

ci
f

C are investigated as figures 

of merit which are dimensionless.  The spherical aberration coefficient sC  

and the chromatic aberration coefficient cC  referred to the image side are 

calculated from the following formulas [Szilagyi et al 1987]: 
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where )( ii zVV = is the axial potential at the image where z= iz .  The 

integrations given in the above equations are executed by means of 

Simpson's rule.  It should be noted that sC and cC in the object plane can 

be expressed in a similar form of equations (2.7) and (2.8) where 2

1

iV and 

/
ir are replaced by 2

1

oV and /
or  respectively.  More details concerning 

spherical and chromatic aberrations in electron-optical instruments are 

found in many publications [see for example, Hawkes 1972, Hawkes and 

Kasper 1989].  

 

2.5 Definitions and Operating Conditions 

 

 Some definitions and operating conditions of charged-particle 

optical system are given in this section. 

 

Object side: The side of lens at which the charged particles enter. 

Image side: The side of lens at which the charged particles leave. 

The object plane ( 0z ): The plane at which the physical object is placed 

as shown in figure (2.3). 

The image plane ( iz ): The plane at which the real image of the object 

plane 0z  is formed on the image side as shown in figure (2.3). 

Focal point ( if ): A focal point is the image of a bundle of ray's incident 

on a lens parallel to the axis.  If these rays arrive at the lens from the 

object side, then these rays are collected at the image focal pointif . 
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Figure 2.3. The cardinal elements of an axially symmetric lens. 

 

Magnification (M): In any optical system the ratio between the 

transverse dimension of the final image and the corresponding dimension 

of the original object is called the lateral magnification: 

 

               
)(

)(

heightobject

heightimage
M

⋅
⋅=  

 

There are three magnification conditions in which a lens or 

deflector can operate, namely [Munro 1975]: 

 

a) Zero magnification condition: In this case of operating condition 

−∞=oz  as shown in figure 2.4.  The final probe-forming lens in a 

scanning electron microscope (SEM) is usually operated in this 

condition. 
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Figure 2.4. Zero magnification condition     

           

b) Infinite magnification condition: The operating condition is such 

that iz =+∞ as shown in figure 2.5.  The objective lens in a 

transmission electron microscope (TEM) is usually operated in this 

condition. 

 

 

Figure 2.5. Infinite magnification condition 

 

 

c) Finite magnification condition: the operating condition in this case is 

that 0z  and iz  are at finite distance, as shown if figure 2.6.  The 

electrostatic lens in field-emission gun is usually operated in this 

condition.  

+∞=iz 

axisz − 

oz 

−∞=oz 

axisz − 

iz 



١٩ 

 

  

  

figure 2.6. Finite magnification condition  

  

  

2.6 Computer program for computing the beam      

trajectory and optical properties.  

 

 A computer program with MathCAD Professional 2001, has been 

used for determining the trajectory of the electron with the aid of the 

Runge-Kutta method . By solving the paraxial ray equation of Gabor lens 

the trajectory and its first and second derivatives can be achieved, then 

the optical focal properties such as focal length can be computed.  The 

spherical aberration coefficient sC  and chromatic aberration coefficient 

cC  are computed by using the aberration integral formula given in 

equation (2.7), (2.8). Figure 2.5 illustrates a block diagram of this 

computer program. 

 

 

Z 
oz
  

iz  

Object side Image side 
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Figure (2.5) A block diagram of the MathCAD program for computing, 

the axial electric and magnetic flux distributions, the trajectory and the 

optical properties of Gabor lens.  

Axial potential distribution 
)(zV [Equation 3.1] 

Axial magnetic flux 
density )(zB =constant 

Using 
MathCAD 

First and second derivatives 
of the axial potential 

)(),( ''' zVzV  

Using Runge-Kutta method 

Solve the paraxial ray equation and get 
the trajectory )(zr [Equation 2.4] 

Using the values of 
'''' ,,,, rrVVV  and B  

Got the spherical and 
chromatic aberration 
coefficient cs CC ,  

Using the values 
of '',VV  and B  

Calculate the 
focal length f  

Using Simpson's 
Rule 

Using Simpson's 
Rule  
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3. RESULTS AND DISCUSSION  

 

3.1. The Behaviour of the Axial Electrostatic Potential 

Distribution of an Immersion Lens at Different Separation 

Distances 

 

          The axial electrostatic potential distribution of the immersion lens used 

in the present work is given by[Myers. 1939]:     

      

       where  )(zV is the axial electrostatic  potential distribution along the optical 

axis z , oV , V∆  and b are given as below respectively:    
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where R ( = 4 cm) is the radius of the electrodes and s is the separation 

distance between the two electrodes (see figure 2.2).  Equation (3.1), gives the 

potential along the optical axis in terms of the potential of the first and second 

electrodes 1V  and 2V  respectively, the difference of potential of the two 

electrodes and a variable parameter b which depends on the geometrical 
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disposition of the two electrodes.  It was found that the variation of the 

parameter b for various sizes and separations of the electrodes was adequately 

expressed in equation (3.2). 

 

 Figure (3.1) shows the axial potential distribution V(z) based on the 

expression given in equation (3.1).  The axial potential field have two different 

constant values at the lens terminals. The voltage applied on the electrode 

positioned at the right-hand side of the lens is higher than the electrode on the 

left-hand side (accelerating lens).  Constant potential field means zero electric 

field since
dz

dV
V =/ , and this is appears clearly in figure (3.2), where the 

electric field is zero at the lens terminals.  Therefore, the charged-particles 

move in straight line outside the lens, since there is no force affect the 

charged-particle beams.                                                                                                 
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Figure 3.1. The axial electrostatic potential field distribution of the two 

electrodes immersion lens when 1V = 50 kV, 2V = 110  kV,s = 2 cm and R = 4 

cm    
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Figure 3.2. The first derivative V' (z) of the two electrodes immersion lens 

when 1V = 50 kV, 2V = 110 kV, s = 2 cm and R = 4 cm.    

   

 The axial potential distributions at three values of the separation 

distance s are shown in figure (3.3).  These potentials are similar in their 

general form.  All curves intersect at a common point situated at the center of 

the separation irrespective of the relative separation distance s.  The potential 

V (z) at this common point of intersection (z=0) equals to 80kV, which is the 

average of the potentials applied on the two electrodes. This result is valid at 

all values of the applied voltage.  Furthermore, this common point can be used 

as a criterion for the classification of the lens whether it is symmetrical or 

asymmetrical.  The potential on the side of the lower voltage electrode 

penetrates the hollow cylindrical electrode and its gradient diminishes at a 

common point (z = -10 cm) irrespective the separation distance s.  The value 

of the potential at this point is equal to the voltage applied on the 

corresponding electrode (i.e. )(zV  = 50 kV).  On the other hand, the potential 
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on the side of the higher voltage electrode penetrates the hollow cylindrical 

electrode region and its gradient diminishes at common point (z = 10 cm) 

where its value equals to that of the applied voltage (i.e. )(zV  = 110 kV).                                                                                         
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Figure 3.3. The axial potential distribution of the two electrodes immersion lens 

at various values of the separation distance s.  
 

3.2. Electron Beam Trajectory Under Zero Magnification 

Condition  

    

 The electron beam path along the electrostatic and magnetic fields 

under zero magnification condition and accelerating mode of operation has 

been considered. 

 

  Figure (3.4) shows the trajectories of an electron beam traversing 

Gabor lens field at various values of both voltage ratio 
1

2

V

V and separation 

distance s, at constant values of both current-turn NI = 1250 (A-t) and lens 
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length L = 20 cm . These trajectories have been computed with the aid of the 

paraxial ray equation (2.4) of the combined electrostatic and magnetic lens 

and the axial potential field distribution )(zV  given in equation (3.1). The 

trajectories are similar in their general form.  The effect of the separation 

distance s is seen clearly on the trajectories that intersects the optical axis.  

The gradient of the beam trajectory decreases with increasing the separation 

distance s when the voltage ratio 22
1

2 =
V

V , the radial displacement of the 

electron beams r = - 0.58 cm when the separation distance    s =2 cm, while 

when     s = 5 and 8 cm the radial displacement r = -0.4 cm and -0.22 cm 

respectively.  This is due to the fact that the electron beam travel in the gap 

region between the two electrodes where the effect of the electrode potential is 

less in this region on the electron beam.   Furthermore, the trajectories of the 

beam at the exit side increases with increasing voltage ratio irrespective of the 

separation distance s. The beam is in the state of convergence at all points on 

the image side beyond the center of the separation.  

  

 Figure (3.5) shows the trajectories of an electron beam traversing Gabor 

lens field at various values of both current-turn NI and lens length L, and at 

constant values of both voltage ratio 
1

2

V

V =8 and separation distance s= 8 cm . 

These trajectories have been computed with the aid of the paraxial ray 

equation (2.4) of the combined magnetic and electrostatic lens.  The effect of 

the lens length L is seen clearly on the trajectories that intersect the optical 

axis.  The gradient of the beam trajectory decreases with increasing the lens 

length L. Furthermore, the gradient of the beam trajectories at the image side 

increases with increasing current-turn NI irrespective of the lens length L.  

The beam is in the state of convergence at all points on the image side beyond 

the center of the length.                                                                                                                      
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Figure 3.4. The electron beam trajectories in Gabor lens under zero 

magnification condition at various values of separation distance s and voltage 

ratio 
1

2

V

V , and at constant current-turn NI = 1250 (A-t) and lens length L = 20 

cm.  
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Figure 3.5. The electron beam trajectories in Gabor lens under zero 

magnification condition at various values of lens length L, and current-turn 

NI and at constant voltage ratio 
1

2

V

V = 8 and separation distance s =8 cm. 
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3.3. Relative Aberration Coefficients Under Zero Magnification 

Condition 

 

 The spherical and chromatic aberration coefficients have been given 

considerable attention in the present work since they are the two most 

important aberrations in electron optical systems. The present investigation 

has been focused on their effect on the image side and has been normalized in 

terms of the image side focal length, i.e. the relatives values of 
i

si

f

C and 
i

ci

f

C are 

investigated as figures of merit which are dimensionless.                          

 

 

3.3.1 Image-side relative spherical aberration coefficient  

 

 The relative spherical aberration coefficient 
i

si

f

C  in the image-side of the 

Gabor lens as a function of the voltage ratio at various values of the separation 

distance s and at constant values of both the current- turn NI=1250(A-t) and 

lens length L=20cm when the lens operated in accelerating mode and under 

zero magnification condition is shown in figure (3.6).  The trajectories shown 

in figure (3.4) with the aid of equation (2.4) have been used for computing the 

image-side relative spherical aberration coefficients.  The image-side relative 

spherical aberration coefficients have minima values as shown in Table (3.1).  

The minimum value of 
i

si

f

C decreases with increasing the separation distance s.  

One can notice from Table (3.1) that there is no need to increase the voltage 

ratio since the values of the relative aberration coefficients are small and from 

the electron-optical point of view all these values are acceptable.  It is possible 

to decrease the separation distance between the electrodes to obtain the low 

value for the relative spherical aberration coefficient, but one should be 
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careful since any reduction in the lens axial length is, of course, limited by the 

voltage ratio at which no electrical breakdown would occur.  Under normal 

operational vacuum pressure in electron microscopy the limiting electric field 

at which breakdown would occur is about 15 kV/mm.  This is due to the fact 

that the sparking potential decreases with the increase of the product (ps) of 

gas pressure p and gap length s; this relation is known as Paschen's law 

[Kuffel and Abdullah 1979].     
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Figure 3.6. The image-side relative spherical aberration coefficient 
i

si

f

C as a 

function of the voltage ratio 
1

2

V

V at various values of the separation distance s 

and at constant current-turn NI = 1250 (A-t) and lens length L = 20 cm. 
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Table (3.1). The minimum value of the image-side relative spherical 

aberration coefficient and corresponding focal length for different values of 

both the separation distance s and voltage ratio  
1

2

V

V  (NI = 1250 A-t, L = 20 

cm) 

1

2

V

V
 cm)(if 

min









i

si

f

C
 

s 

(cm) 

8 21.2  .015 2 

7 22.37 .011 5 

7 23.85 .0085 8 

 

Figure (3.7) shows the image-side relative spherical aberration 

coefficient 
i

si

f

C of the Gabor lens as a function of the number of the current-

turn at various values of the lens length L and at constant values of both the 

voltage ratio 
1

2

V

V  = 8 and separation distance s = 8 cm under zero magnification 

condition with the aid of the trajectories shown in figure (3.5) and equation 

(2.4).  In general the values of 
i

si

f

C  are electron-optically acceptable since they 

are less than one, even for high value of the current-turn NI the relative 

spherical aberration coefficient increases but still have acceptable values. 

 

Although the minimum value of 
i

si

f

C  decreases with increasing L as 

shown in Table (3.2), but the decrement is small in comparison with the 

increase in the current-turn, which it is not preferable.  Therefore, one can 

chose the suitable value of the lens length L with small value for the      

current-turn NI. 
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Figure 3.7. The image-side relative spherical aberration coefficient 
i

si

f

C as a 

function of the current-turn NI at various values of lens length L and at 

constant voltage ratio 
1

2

V

V = 8 and separation distance s = 8 cm. 

 

Table (3.2).  The minimum value of the image-side relative spherical 

aberration coefficient and the corresponding focal length for different values 

of both lens length L, and current-turn NI (s = 8 cm , 
1

2

V

V = 8  ) 

 

NI(A-t)  cm)(if  

min









i

si

f

C  
L (cm) 

1000 22 .004 15 

1250 23.9 .0031 20 

1500 25 .00078 25 
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3.3.2 Image-side relative chromatic aberration coefficient  

  

The voltage of the trajectories shown in figure (3.4) and equation (2.4) 

have been used for computing the image-side relative chromatic aberration 

coefficient 
i

ci

f

C  as a function of voltage ratio 
1

2

V

V at various values of the 

separation distance s and constant values of NI and L.  Figure (3.8) shows that 

i

Ci

f

C  increases with increasing  
1

2

V

V  irrespective of the value of s.  In general the 

value of 
i

ci

f

C  is greater that 
i

si

f

C  for the same value of the voltage ratio 
1

2

V

V  . 

  

The relative chromatic aberration coefficient 
i

ci

f

C  have minima values as 

shown in Table (3.3).  The Table shows that when s = 2 cm  
i

ci

f

C  has a 

minimum value at voltage ratio 
1

2

V

V  = 3.66, which is the same value for the 

minimam relative spherical aberration coefficient (see Table 3.1).  

 

 The relative chromatic aberration coefficient referred to the image-side 

when the lens operated under zero magnification condition has been 

investigated as a function of current-turn NI, for different values of the lens 

length L, and at constant values of both the voltage ratio 
1

2

V

V  = 8 and 

separation distance s = 8 cm as shown in figure (3.9).  The relative chromatic 

aberration coefficient  
i

ci

f

C  increases with increasing NI irrespective of L. 
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Figure 3.8.  The image-side relative chromatic aberration coefficient 
i

ci

f

C as a 

function of the voltage ratio 
1

2

V

V  at various values of  the separation distance s 

and at constant current-turn NI = 1250 (A-t) and lens length L = 20 cm. 

 

Table (3.3).  The minimum value of the image-side relative chromatic 

aberration coefficient and the corresponding voltage ratio 
1

2

V

V  for different 

values of the separation distance s (NI = 1250 A-t, L = 20 cm).  

 

1

2

V

V
  

min









i

ci

f

C  
s 

(cm) 

3.66 .063 2 

2.2 .06 5 

2.2 .09 8 
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   From the figure (3.9) the relative chromatic aberration coefficient has 

minima values as shown in Table (3.4).  The minima values increases with 

increasing the lens length.  The increase of 
i

ci

f

C  is very small in comparison 

with increase in the current-turn NI.  Therefore, it is preferable to chose low 

value for the current-turn NI with electron-optically acceptable value for
i

ci

f

C . 
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Figure 3.9. The relative image-side chromatic aberration coefficient 
i

ci

f

C  as a 

function of the current-turn NI, at various values of lens length L and constat 

value of the voltage ratio 
1

2

V

V  = 8 and separation distance s = 8 cm. 
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Table (3.4).  The minimum value of the image-side relative chromatic 

aberration coefficient and the corresponding current-turn NI for different 

values of the lens length L (
1

2

V

V  = 8, s = 8 cm). 

 

L (cm) 

min









i

ci

f

C  
NI (A-t) 

15 0.046 1000 

20 0.062 1250 

25 0.066 1750 

 

  

3.3.3 Image-side focal length  

 

         The image-side focal length of an electrostatic and magnetic lens can 

be determined from the following equation [Myers.l.M 1939]: 

 

 

  

where )(/
izr  is the first derivative of the radial displacement at the image-side.  

Under zero magnification condition, the image-side focal length if  of Gabor 

lens are studied as a function of  the voltage ratio 
1

2

V

V  as shown in figure (3.10) 

for different values of the separation distance s, and at constant values of the 

both current-turn NI = 1250 (A-t) and lens length L = 20 cm.  Figure (3.10) 

shows that if  decreases with increasing voltage ratio 
1

2

V

V  and increases with 

increasing the separation distance s.              
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Figure 3.10. The image-side focal length as a function of  the voltage ratio 
1

2

V

V  

at various values of the  separation distance s and at constant value of both 

current-turn NI = 1250 (A-t) and lens length L = 20 cm. 

      

  

 Figure (3.11) shows that the variation of the image-side focal length if  

as a function of NI at various values of the lens length L and at constant values 

of both the voltage ratio 
1

2

V

V  = 8 and separation distance s = 8 cm. It is seen 

that if  decreases with increasing NI, this is due to the increase of the lens 

refractive power with increasing magnetic field.  Figure (3.11) shows also that 

the image-side focal length if  increases with increasing the lens length L.                                           
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Figure 3.11. The image-side focal length as a function of the current-turn NI 

at various values of the lens length L and at constant values of both the 

voltage ratio
1

2

V

V  = 8  and separation distance s = 8 cm. 

3.4 Electron Beam Trajectory Under Infinite Magnification 

Condition 

 

         The electron beam path along Gabor lens fields under infinite   

magnification condition has been considered. Figure (3.12) shows the 

trajectories of an electron beam traversing Gabor lens field operated under 

infinte magnification condition at various values of both voltage ratio 
1

2

V

V  and 

separation distance s and at constant values of both the current-turn              

NI = 1250 (A-t) and lens length L = 20 cm. These trajectories have been 

computed with the aid of the paraxial ray equation (2.4) of the combined 

electrostatic and magnetic lens and the axial potential field distribution )(zV  

given in equation (3.1).  Figure (3.12) shows that as s increases the gradient 

of the radial displacement of the beam decreases.   
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Figure 3.12. The electron beam trajectory in Gabor lens operated under 

infinite magnification condition at various values of separation distance s and 

voltage ratio 
1

2

V

V  and at constant current-turn NI = 1250(A-t) and lens length 

L=20 cm 
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         Figure (3.13) shows the trajectories of the electron beam traversing 

Gabor lens field operated under infinite magnification condition at various 

values of both current-turn NI and diagonal length L,  and at constant values 

of both voltage ratio 
1

2

V

V  = 8 and separation distance s = 8 cm.  Figure (3.13) 

shows that as L increases the gradient of the radial displacement r of the beam 

decreases. Each trajectory represents a lens of specific current-turn NI.  The 

gradient of the radial displacement increases with increasing the current-turn 

NI. 

  

3.5 Relative Aberration Coefficients of Gabor Lens when 

Operated under Infinite Magnification Condition 

 

         The aberration coefficients of each lens have been computed with the aid 

of the corresponding trajectory of the electron beam shown in figure (3.12) 

and (3.13) and equation (2.4).  The spherical and chromatic aberration 

coefficients sC and cC respectively have been normalized in terms of object-

side focal length.  The coefficients sC and cC have been given considerable 

attention since they are the two most important aberrations in electron optical 

systems.                                

 

3.5.1 Object-side relative spherical aberration coefficient 

 

         The relative spherical aberration coefficient has been computed as a 

function of the voltage ratio 
1

2

V

V  for various values of the separation distance s 

and at constant value of both current-turn NI and lens length L under infinite 

magnification condition. The trajectories in figure (3.13) have been used for 
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Figure 3.13. The electron beam trajectory in Gabor lens under infinite 

magnefication condition at various values of lens length L and current-turn NI 

and constant value of voltage ratio 
1

2

V

V  = 8 and separation distance s =8 cm. 
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computing the relative spherical aberration coefficient at the values of s = 2, 5 

and 8 cm. 

 

         Figure (3.14) shows the variation of 
o

so

f

C  with 
1

2

V

V  for different values of 

the separation distance s.  The values of NI and L are constant at 1250 A-t and 

20 cm respectively.  In general the values of  
o

so

f

C  are small from the electron-

optics of view, even for low value of
1

2

V

V .  There are minima values for 
o

so

f

C  as 

shown in Table (3.5).  One can observe from the Table that there are two 

minima values, when s = 2 and 5 cm respectively, and there is no minimum 

value when s = 8 cm.  The values of  
o

so

f

C  are electron-optically acceptable, 

therefore there is no need to take high value for the voltage ratio
1

2

V

V .   
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Figure 3.14. The object-side relative spherical aberration coefficient

o

so

f

C  as a 

function of the voltage ratio 
1

2

V

V  at various values of the separation distance s 

and at constant current-turn NI = 1250 (A – t) and lens length L = 20 cm 
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Table (3.5).  The minima values of the object-side relative spherical 

aberration coefficient and the corresponding voltage ratio 
1

2

V

V  for different 

values of the separation distance s (NI = 1250 A-t, L = 20 cm) 

 

1

2

V

V if  
(cm) 

min









o

so

f

C  
s 

(cm) 

6 16.3 0.0012 2 

8 14.6 0.00139 5 

          

           

         The object-side relative spherical aberration coefficient 
o

so

f

C  has been 

studied as a function of current-turn NI for different values of lens length, and 

at constant values of both voltage ratio 
1

2

V

V  = 8 and separation distance             

s = 8 cm, as shown in figure (3.15).  One can observe from the figure that the 

relative spherical aberration coefficient 
o

so

f

C  have small values 
o

so

f

C  increases 

with increasing lens length L. 

 

         
o

so

f

C  have minima values as shown in Table (3.6).  These minima values 

are very small, therefore there is no need to increase the current-turn NI, or 

even lens length, since the high value for 
o

so

f

C  are electron-optically are 

acceptable. 
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Figure 3.15. The object-side relative spherical aberration coefficient 
o

so

f

C  as a 

function of the current-turn NI at various values of lens length L and at 

constant voltage ratio 
1

2

V

V  = 8 and separation distance s = 8 cm.  

  
  
Table (3.6).  The minima values of the object-side relative spherical 

aberration coefficient and the corresponding current-turn NI for different 

values of the lens length L (
1

2

V

V  = 8, s = 8 cm). 

 

L 

(cm) min









o

so

f

C  if  

(cm) 

NI 

(A-t) 

15 0.00037 14.3 1100 

20 0.00092 15.2 1400 
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3.5.2 Object-side relative chromatic aberration coefficient  

 

         The relative chromatic aberration coefficient 
o

co

f

C  in the object-side is 

shown in figure (3.16) as a function of the voltage ratio 
1

2

V

V  under infinite 

magnification condition, and for different values of the separation distance s.  

The values of the relative chromatic aberration coefficient 
o

co

f

C  in general are 

low, even if one increases the voltage ratio 
1

2

V

V  or increase the separation 

distance s.      

  
 The relative chromatic aberration coefficient has minima values as 

shown in the Table (3.7).  This table shows that when s = 5 and 8 cm the 

minima values of the relative chromatic aberration coefficient approximately 

equal and occurred at the same value of the voltage ratio 
1

2

V

V  = 6, while when  

s = 2 cm the  value of the  relative chromatic aberration coefficient 

approximately half the value of that when   s = 5 cm, therefore, it is preferable 

to operate the lens under the condition    s = 2 cm especially, the voltage ratio  

1

2

V

V  doesn't increase very much. 
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Figure 3.16. The object-side relative chromatic aberration coefficient 

o

co

f

C as a function of the voltage ratio 
1

2

V

V  at various values of the separation 

distance s and at constant current-turn NI = 1250 (A – t) and lens length    

L = 20 cm. 

 

Table (3.7).  The minima values of the object-side relative chromatic 

aberration coefficient and the corresponding voltage ratio 
1

2

V

V  for different 

values of the separation distance s (NI = 1250 A-t, L = 20 cm). 

 

1

2

V

V  
min









i

ci

f

C  
 s (cm ) 

7.33 

6 

6  

0.125 

0.2 

0.277  

2 

5 

8 
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         Under infinite magnification condition the object-side relative 

chromatic aberration coefficient 
o

co

f

C  has been studied as a function of the 

current-turn NI for various values of the lens length L, and at constant 

values of both voltage ratio 
1

2

V

V  = 8 and separation distance s = 8 cm. Figure 

(3.17) shows that the values of the relative chromatic aberration are 

acceptable from the electron-optical point of view.  Although the behaviors 

of the curves in figure (3.17) are different, but one can expect that if the 

current-turns NI increases (greater than 2000 A-t) the relative chromatic 

aberration coefficient have the same behavior for the three lens lengths.  

The relative chromatic aberration coefficients have minima values for each 

value of the lens length as shown in Table (3.8). 
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Figure 3.17. The object-side relative chromatic aberration coefficient 
o

co

f

C as a 

function of the current-turn NI at various values of the lens length L and at 

constant voltage ratio 
1

2

V

V  = 8 and separation distance s = 8 cm. 
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Table (3.8).  The minima values of the object-side relative chromatic 

aberration coefficient and the corresponding current-turn NI for different 

values of the lens length L (
1

2

V

V  = 8, s = 8 cm). 

  

NI (A-t) 
min









i

ci

f

C L (cm)  

1250 0.038 15 

1500  0.024  20  

  
  

  
3.5.3 Object-side focal length  

  
The object-side focal length of an electrostatic and magnetic lens can be 

determined from the following equation [Myers.l.M 1939]: 

 

)4.3...(..........................................................................................
)(

1
/

o
o zr

f =    

  
Under infinite magnification condition, the object-side focal length of  

of Gabor lens are computed from equation (3.3) by replacing 2V  by 1V  (first 

electrode voltage), as a function of  the voltage ratio 
1

2

V

V  as shown in figure 

(3.18) for different values of the separation distance s, and at constant values 

of both the current-turn NI = 1250 (A-t) and lens length L = 20 cm,  Figure 

(3.18) shows that of  decreases with increasing voltage ratio 
1

2

V

V  and increases 

with increasing the separation distance s. 
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Figure 3.18. The object-side focal length as a function of  the voltage ratio 
1

2

V

V  

at various values of the  separation distance s and at constant value of both 

current-turn NI = 1250 (A-t) and lens length L = 20 cm. 

      

  

 Figure (3.19) shows that the variation of the object-side focal length of  

as a function of NI at various values of the lens length L and at constant values 

of both the voltage ratio 
1

2

V

V  = 8 and separation distance s = 8 cm. It is seen 

that of  decreases with increasing NI, this is due to the increase of the lens 

refractive power with increasing magnetic field.  Figure (3.19) shows also that 

the object-side focal length of  increases with increasing the lens length L.                                           
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Figure 3.19. The object-side focal length as a function of the current-turn NI 

at various values of the lens length L and at constant values of both the 

voltage ratio
1

2

V

V  = 8  and separation distance s = 8 cm. 
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