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Abstract 

 The main purpose of this work can be divided in to three aspects. 

First, a study of the existence and uniqueness of the solution for special 

types of linear operator equations, namely the Lyapunov equation. 

Second, a discussion of the range for the quaii-Jordan*-derivation. 

Third, some special types of Lyapunov equation, namely stein equation. 

 



  Acknowledgment  
 My praise be to Allah the Almighty, for His uncountable blessing 

help, and conciliation. I would like to express my deep appreciation and 

gratitude to my supervisors professor Dr. Adil G. Naom, whose advice will 

live up with me, and thanks to him cannot be expressed in words, and Dr. 

Ahlam J. Khaleel Al-Klindar for their appreciable advice, patience, 

important comments, support and encouragement 

Also, I would like to extend my acknowledgment to the staff of the 

Department of Mathematics and Computer Applications of Al-Nhrain 

University.   

Sincere thanks are due to the head and all members of the mathematics 

Scieces Department in the University of Al-Qadisya for their consistent 

encouragement. 

A special appreciation is due to my friends, especially Mr. Ahmed Ayyoub, 

Miss Salwa Shaker and Miss Iman Abd Al-Wahab for all their cooperation 

and assistance that helped me to achieve the goal. 

Finally I would like to express my deep gratitude to all kind, helpful and 

lovely people who helped me directly or indirectly to complete this work. 

 
 
 
 
 
 
 
 
 
 
 
 



 - 1 - 

CCHHAAPPTTEERR  OONNEE  

  

TThhee  CCoonnttiinnuuoouuss--TTiimmee  LLyyaappuunnoovv  EEqquuaattiioonn  

  

II nnttrr oodduucctt iioonn    

  TThhee  ppuurrppoossee  ooff   tthhiiss  cchhaapptteerr  iiss  ttoo  rreeccaall ll   ssoommee  ddeeff iinnii ttiioonnss,,  bbaassiicc  

ccoonncceeppttss  aanndd  ssoommee  pprrooppeerrttiieess  wwhhiicchh  aarree  iimmppoorrttaanntt  ffoorr  tthhee  ddiissccuussssiioonn  ooff   

oouurr  llaatteerr  rreessuull ttss..  AAllssoo,,  wwee  ssttuuddyy  tthhee  nnaattuurree  ooff   tthhee  ssoolluuttiioonn  ooff   tthhee  

ccoonnttiinnuuoouuss--ttiimmee  LLyyaappuunnoovv  eeqquuaattiioonn  ffoorr  ssppeecciiaall   ttyyppeess  ooff   ooppeerraattoorrss  aass  wweell ll   

aass  tthhee  ssttuuddyy  ooff   tthhee  rraannggee  ooff   Aτ ,,  wwhheerree    (H)X ,XAXA)X( *
A β∈+=τ   

aanndd  AA  iiss  ff iixxeedd..    

  TThhiiss  cchhaapptteerr  ccoonnssiissttss  ooff   ff iivvee  sseeccttiioonnss..  IInn  sseeccttiioonn  oonnee,,  wwee  rreeccaall ll   tthhee  

ddeeff iinnii ttiioonn  ooff   aann  ooppeerraattoorr  eeqquuaattiioonn  aanndd  iinnttrroodduuccee  ssoommee  ttyyppeess  ooff   ooppeerraattoorr  

eeqquuaattiioonnss  nnaammllyy  tthhee  SSyyllvveessttoorr  ooppeerraattoorr  eeqquuaattiioonn,,  tthhee  ddiissccrreettee  aanndd  

ccoonnttiinnuuoouuss  ttiimmee  LLyyaappuunnoovv  eeqquuaattiioonnss  wwii tthh  tthheeii rr  ggeenneerraall iizzaattiioonn..  

  IInn  sseeccttiioonn  ttwwoo,,  wwee  ssttuuddyy  tthhee  nnaattuurree  ooff   tthhee  ssoolluuttiioonn  ooff   tthhee  ccoonnttiinnuuoouuss--

ttiimmee  LLyyaappuunnoovv  eeqquuaattiioonn  WXAXA * =+   ffoorr  ssppeecciiaall   ttyyppeess  ooff   ooppeerraattoorrss..  

  IInn  sseeccttiioonn  tthhrreeee,,  wwee  rreeccaall ll   tthhee  ddeeff iinnii ttiioonn  ooff   aann  iinnvvaarriiaanntt  ssuubbssppaaccee..  

AAllssoo  ggiivvee  ssoommee  rreemmaarrkkss  aanndd  eexxaammpplleess..  

  IInn  sseeccttiioonn  ffoouurr,,  wwee  ssttuuddyy  tthhee  rraannggee  ooff   Aτ ,,  wwhheerree    

  ,XAXA)X( *
A +=τ (H)X β∈ aanndd  AA  iiss  ff iixxeedd  aanndd  wwee  pprroovvee  tthhaatt  Aτ  is 

not a derivation and not a Jordan *-derivation. Also, we give some new 

theorems, corollaries, remarks and examples on the range of Aτ ..  

  IInn  sseeccttiioonn  ff iivvee,,  wwee  ssttuuddyy  tthhee  nnaattuurree  ooff   tthhee  ssoolluuttiioonn  ooff   mmoorree  ggeenneerraall   

ccoonnttiinnuuoouuss--ttiimmee  LLyyaappuunnoovv  eeqquuaattiioonnss  ffoorr  ssppeecciiaall   ttyyppeess  ooff   ooppeerraattoorrss..  
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11..11  SSoommee  ttyyppeess  ooff   OOppeerr aattoorr   EEqquuaatt iioonnss    

  IInn  tthhiiss  sseeccttiioonn,,  wwee  ggiivvee  tthhee  ddeeff iinnii ttiioonn  ooff   aann  ooppeerraattoorr  eeqquuaattiioonn..  AAllssoo,,  

ssoommee  ttyyppeess  ooff   ooppeerraattoorr  eeqquuaattiioonnss  aarree  iinnttrroodduucceedd..    
  

  

  WWee  ssttaarrtt  tthhiiss  sseeccttiioonn  bbyy  tthhee  ffooll lloowwiinngg  ddeeff iinnii ttiioonn    
  

DDeeff iinnii tt iioonn  ((11..11..11)),,  [[1122]] ::     

  AAnn  eeqquuaattiioonn  ooff   tthhee  ffoorrmm  

    C)X(L =                     ((11..11))  

iiss  ssaaiidd  ttoo  bbee  aann  ooppeerraattoorr  eeqquuaattiioonn,,  wwhheerree  LL  aanndd  CC  aarree  kknnoowwnn  ooppeerraattoorrss  

ddeeff iinneedd  oonn  aa  HHii llbbeerrtt  ssppaaccee  HH  aanndd  XX  iiss  tthhee  uunnkknnoowwnn  ooppeerraattoorr  tthhaatt  mmuusstt  bbee  

ddeetteerrmmiinneedd..  
  

RReemmaarr kk  ((11..11..11)),,  [[1122]] ::     

  IInn  eeqq..((11..11)),,  ii ff   tthhee  ooppeerraattoorr  LL  iiss  ll iinneeaarr  tthheenn  tthhiiss  eeqquuaattiioonn  iiss  ssaaiidd  ttoo  bbee  

ll iinneeaarr  ooppeerraattoorr  eeqquuaattiioonn..  OOtthheerrwwiissee,,  ii tt  iiss  nnoonn––ll iinneeaarr  ooppeerraattoorr  eeqquuaattiioonn..  
  

  NNooww,,  wwee  iinnttrroodduuccee  ssoommee  kkiinnddss  ooff   ll iinneeaarr  ooppeerraattoorr  eeqquuaattiioonnss    

((11))  AA  ssppeecciiaall   ttyyppee  ooff   tthhee    ll iinneeaarr  ooppeerraattoorr  eeqquuaattiioonn  ttaakkeess  tthhee  ffoorrmm    

          YXBAX =−             ((11..22))  

wwhheerree  AA,,  BB  aanndd  YY  aarree  ggiivveenn  ooppeerraattoorrss  ddeeff iinneedd  oonn  aa  HHii llbbeerrtt  ssppaaccee    HH  

aanndd  XX  iiss  tthhee  uunnkknnoowwnn  ooppeerraattoorr  tthhaatt  mmuusstt  bbee  ddeetteerrmmiinneedd..  TThhiiss  eeqquuaattiioonn  iiss  

ccaall lleedd  tthhee  SSyyllvveesstteerr  ooppeerraattoorr  eeqquuaattiioonn,,  [[66]]  aanndd  [[2222]]..  

  TThhee  aauutthhoorr  iinn  [[66]]  ddiissccuusssseedd  tthhee  nneecceessssaarryy  aanndd  ssuuff ff iicciieenntt  ccoonnddii ttiioonnss  

ffoorr  tthhee  ssoollvvaabbii ll ii ttyy  ooff   tthhiiss  eeqquuaattiioonn..  FFuurrtthheerrmmoorree,,  hhee  ggaavvee  eeqquuiivvaalleenntt  

ccoonnddii ttiioonnss  ffoorr  tthhee  ssoollvvaabbii ll ii ttyy  ooff   tthhiiss  eeqquuaattiioonn  ffoorr  ssppeecciiaall   ttyyppeess  ooff   

ooppeerraattoorrss  AA  aanndd  BB..  

((22))  TThhee  ooppeerraattoorr  eeqquuaattiioonn  ooff   tthhee  ffoorrmm  

QXFFX =− ∗           ((11..33))  
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  iiss  ccaall lleedd  tthhee  ddiissccrreettee––ttiimmee  LLyyaappuunnoovv  eeqquuaattiioonn,,  oorr  tthhee  SStteeiinn  eeqquuaattiioonn,,    

wwhheerree  FF  aanndd  QQ  aarree  kknnoowwnn  ooppeerraattoorrss  ddeeff iinneedd  oonn  aa  HHii llbbeerrtt  ssppaaccee  HH  aanndd  XX  iiss  

tthhee  uunnkknnoowwnn  ooppeerraattoorr  tthhaatt  mmuusstt  bbee  ddeetteerrmmiinneedd,,  [[55]]..  

((33))  TThhee  ooppeerraattoorr  eeqquuaattiioonn  ooff   tthhee  ffoorrmm    

          WXAXA * =+           ((11..44))  

iiss  ccaall lleedd  tthhee  ccoonnttiinnuuoouuss--ttiimmee  LLyyaappuunnoovv  eeqquuaattiioonn,,  wwhheerree  AA  aanndd  WW  aarree    

ggiivveenn  ooppeerraattoorrss  ddeeff iinneedd  oonn  aa  HHii llbbeerrtt  ssppaaccee  HH  aanndd  XX  iiss  tthhee  uunnkknnoowwnn  

ooppeerraattoorr  tthhaatt  mmuusstt  bbee  ddeetteerrmmiinneedd,,  [[44]]  aanndd  [[2233]]..  

((44))  TThhee  aauutthhoorr  iinn  [[77]]  ssttuuddiieedd  tthhee  nneecceessssaarryy  aanndd  ssuuff ff iicciieenntt  ccoonnddii ttiioonnss  

ffoorr  tthhee  ssoollvvaabbii ll ii ttyy  ooff   tthhee  ooppeerraattoorr  eeqquuaattiioonn  ooff   tthhee  ffoorrmm  

              WXAAX =+                                                                   ((11..55))  

wwhheerree  AA  aanndd  WW  aarree  kknnoowwnn  ooppeerraattoorrss  ddeeff iinneedd  oonn  aa  HHii llbbeerrtt  ssppaaccee  HH  aanndd  XX  

iiss  tthhee  uunnkknnoowwnn  ooppeerraattoorr  tthhaatt  mmuusstt  bbee  ddeetteerrmmiinneedd..  

((55))  TThhee  ooppeerraattoorr  eeqquuaattiioonnss  ooff   tthhee  ffoorrmmss  

WtXAXA =+∗           ((11..66))  

                                                                      WXAtAXAXA =++ ∗∗ 2/12/1

,,      ((11..77))  

aanndd  

                                                                            WtAXAXAXA =++ 22 ,,      ((11..88))  

    aarree  ggeenneerraall iizzaattiioonn  ooff   tthhee  ccoonnttiinnuuoouuss  ––  ttiimmee  LLyyaappuunnoovv  eeqquuaattiioonnss,,  wwhheerree  tt  

iiss  aannyy  ssccaallaarr,,[[55]]  aanndd  [[77]]..  

((66))  TThhee  ooppeerraattoorr  eeqquuaattiioonn  ooff   tthhee  ffoorrmm  

        WAXAX =+*         ((11..99))  

wwhheerree  AA  aanndd  WW  aarree  ggiivveenn  ooppeerraattoorrss  ddeeff iinneedd  oonn  aa  HHii llbbeerrtt  ssppaaccee  HH,,  aanndd  XX  

iiss  tthhee  uunnkknnoowwnn  ooppeerraattoorr  tthhaatt  mmuusstt  bbee  ddeetteerrmmiinneedd..  
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11..22  CCoonntt iinnuuoouuss––TTiimmee  LL yyaappuunnoovv  EEqquuaatt iioonnss::   

TThhee  ccoonnttiinnuuoouuss--ttiimmee  LLyyaappuunnoovv  eeqquuaattiioonnss,,  aarree  mmuucchh  ssttuuddiieedd  bbeeccaauussee  

ooff   ii ttss  iimmppoorrttaannccee  iinn  ddii ff ffeerreennttiiaall   eeqquuaattiioonnss  aanndd  ccoonnttrrooll   tthheeoorryy,,[[44]]..  

TThheerreeffoorree,,  ddeevvoottee  tthhee  ssttuuddyyiinngg  ooff   tthhee  ccoonnttiinnuuoouuss--ttiimmee  LLyyaappuunnoovv  

eeqquuaattiioonnss..  

  TThhee  qquueessttiioonn  nnooww  iiss  ppeerrttiinneenntt,,  ddooeess  eeqq..((11..44))  hhaavvee  aa  ssoolluuttiioonn??  II ff   yyeess,,  

iiss  ii tt  uunniiqquuee??..  

     To answer this question, recall the Sylvester–Rosenblum theorem, [6].  

Sylvester - Rosenblum Theorem (1.2.1):  

If AA  aanndd  BB  aarree  ooppeerraattoorrss  iinn  )H(β   ssuucchh  tthhaatt  φ=σ∩σ )B()A( ,,  tthheenn  

eeqq..((11..22))  hhaass  aa  uunniiqquuee  ssoolluuttiioonn  XX  ffoorr  eevveerryy  ooppeerraattoorr  YY..  
  

  AAccccoorrddiinngg  ttoo  tthhee  aabboovvee  tthheeoorreemm,,  wwee  hhaavvee  tthhee  ffooll lloowwiinngg  ccoorrooll llaarriieess..  
  

CCoorr ooll llaarr yy  ((11..22..11))::     

II ff   AA  iiss  aann  ooppeerraattoorr  ssuucchh  tthhaatt  φ=−σ∩σ ∗ )A()A( ,,  tthheenn  eeqq..((11..44))  hhaass  aa  

uunniiqquuee  ssoolluuttiioonn    XX  ffoorr  eevveerryy  ooppeerraattoorr  WW..  
  

CCoorr ooll llaarr yy  ((11..22..22))::   

  II ff   φ=−σ∩σ ∗ )A()A(   tthheenn  tthhee  ooppeerraattoorr  








−
−∗

A0

WA
  iiss  ddeeff iinneedd  oonn  

HH ⊕   iiss  ssiimmii llaarr  ttoo  tthhee  ooppeerraattoorr  








−

∗

A0

0A
  

PPrr ooooff ::     

  SSiinnccee  φ=−σ∩σ ∗ )A()A(   tthheenn  bbyy  SSyyllvveesstteerr––RRoosseennbblluumm  tthheeoorreemm,,  

eeqq..((11..44))  hhaass  aa    uunniiqquuee  ssoolluuttiioonn    XX..  AAllssoo    










I0

XI









−

∗

A0

0A
== 









−
−∗

A0

WA









I0

XI
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BBuutt    








I0

XI
  iiss  iinnvveerrttiibbllee  ssoo  









−

∗

A0

0A
  iiss  ssiimmii llaarr  ttoo  









−
−∗

A0

WA
..♦♦  

  

  TThhee  ccoonnvveerrssee  ooff   ccoorrooll llaarryy  ((11..22..22))  iiss  nnoott  ttrruuee  iinn  ggeenneerraall   aass  wwee  sseeee  iinn  

tthhee  ffooll lloowwiinngg  eexxaammppllee..  
  

EExxaammppllee  ((11..22..11))::   

  LLeett  HH== )C(2l ,,  tthhaatt  iiss,,  ( ) ( )








∈∞<== ∑
∞

=
CxxxxXC i

i
i ,,,

1

2

212 Kl   DDeeff iinnee  

AA::HH → HH  bbyy  AA((xx11,,xx22,,……))==((xx11,,00,,00,,……))..  TThhuuss  AA * = ..  

CCoonnssiiddeerr  eeqq..((11..44)),,  wwhheerree  ,...)0,,0(,...),( 121 xxxW = ..  TThheenn  UX =   iiss  aa  

ssoolluuttiioonn  ooff   tthhiiss  eeqquuaattiioonn  ssiinnccee      

,...)x,x)(UAUA(,...)x,x)(XAXA( 2121
* +=+ ∗   

Wxx

xxUxxA

==
+=+∗

,...)0,0,,0(

,...)0,0,,0(,...)0,0,0(,...)0,0,(,...),,0(

1

1121   

OOnn  tthhee  ootthheerr  hhaanndd,,  UU  iiss  tthhee  ssoolluuttiioonn  ooff   eeqq..((11..44))  aanndd  


















−
−

=








−








I0

UI

A0

WA

A0

0A

I0

UI
  

TThheerreeffoorree,, 








−
−∗

A0

WA
iiss  ssiimmii llaarr  ttoo 









−

∗

A0

0A
,,  MMoorreeoovveerr  00  iiss  aann  

eeiiggeennvvaalluuee  ooff   AA  aanndd  ,...)x,0(X 2=   iiss  tthhee  aassssoocciiaatteedd  eeiiggeennvveeccttoorr..  

TThheerreeffoorree,,    )A(0 ∗σ∈ )A(−σ∩   aanndd  hheennccee  φ≠−σ∩σ ∗ )A()A( ..♦♦  

Remark (1.2.1): 

If the condition φ=−σ∩σ ∗ )A()A(   ffaaii llss  ttoo  bbee  ssaattiissff iieedd  tthheenn  eeqq..((11..44))  

mmaayy  hhaavvee  oonnee  ssoolluuttiioonn,,  aann  iinnff iinnii ttee  nnuummbbeerr  ooff   ssoolluuttiioonnss  oorr  ii tt  mmaayy  hhaavvee  nnoo  

ssoolluuttiioonn..  

  TToo  uunnddeerrssttaanndd  tthhiiss,,  ccoonnssiiddeerr  tthhee  ffooll lloowwiinngg  eexxaammpplleess..  
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EExxaammppllee  ((11..22..22))::     

  CCoonnssiiddeerr  eeqq..((11..44)),,  wwhheerree  AA==ii II   aanndd  WW==00..  CClleeaarrllyy  

φ≠−σ∩σ ∗ )A()A( ..  MMoorreeoovveerr,,  aannyy  XX∈∈ββ((HH))  iiss  aa  ssoolluuttiioonn  ooff   eeqq..((11..44))..  
  

EExxaammppllee  ((11..22..1122))::     

CCoonnssiiddeerr  eeqq..((11..44)),,  wwhheerree 






=
30

00
A  and .

00

03
W 







=  It is clear that 

)A(0 σ∈ . Therefore  φ≠−σ∩σ )A()A( ..  MMoorreeoovveerr,,  ii tt  iiss  eeaassyy  ttoo  cchheecckk  

eeqq..((11..44))  hhaass  nnoo  ssoolluuttiioonn..  
  

  NNooww,,  wwee  ssttuuddyy  tthhee  nnaattuurree  ooff   tthhee  ssoolluuttiioonn  ooff   eeqq..((11..44))  ffoorr  ssppeecciiaall   ttyyppeess  

ooff   ooppeerraattoorrss..    

  RReeccaall ll   tthhaatt  aann  ooppeerraattoorr  AA  iiss  ssAAaaiidd  ttoo  bbee  sseell ff––aaddjjooiinntt  ii ff   AA =∗   

,,[[99,,pppp..  114477]]..  TThhee  ffooll lloowwiinngg  rreemmaarrkk  iiss  vveerryy  uussffuull   hheerree..  
  

RReemmaarr kk  ((11..22..22))::     

II ff   AA  aanndd  WW  aarree  sseell ff––aaddjjooiinntt  ooppeerraattoorrss,,  tthheenn  eeqq..((11..44))  mmaayy  oorr  mmaayy  nnoott  

hhaavvee  aa  ssoolluuttiioonn..  MMoorreeoovveerr,,  ii ff   ii tt  hhaass  aa  ssoolluuttiioonn  tthheenn  ii tt  mmaayy  bbee  nnoonn  sseell ff––

aaddjjooiinntt..  TThhiiss  rreemmaarrkk  ccaann    eeaassii llyy  bbee  oobbsseerrvveedd  iinn  tthhee  mmaattrriicceess..  
  

NNeexxtt  ii ff   AA  aanndd  WW  aarree  sseell ff––aaddjjooiinntt  ooppeerraattoorrss,,  wwhhaatt  ccoonnddii ttiioonnss  ccaann  oonnee  

ppuutt  oonn  AA  ((oorr  WW))  ttoo  eennssuurree  tthhee  eexxiisstteennccee  ooff   sseell ff––aaddjjooiinntt  ssoolluuttiioonn  ffoorr  

eeqq..((11..44))??  

  TThhee  ffooll lloowwiinngg  tthheeoorreemm  ggiivveess  oonnee  ssuucchh  ccoonnddii ttiioonnss..  

TThheeoorr eemm  ((11..22..22))::     

  LLeett  WandA   bbee  sseell ff --aaddjjooiinntt  ooppeerraattoorrss  wwhhiicchh  aarree  aallssoo  ppoossii ttiivvee..  II ff   

)A(0 σ∉   tthheenn  tthhee  ssoolluuttiioonn  XX  ooff   eeqq..((11..44))  iiss  sseell ff   ––  aaddjjooiinntt..  
  

PPrr ooooff ::   

  SSiinnccee  )A(0 σ∉   tthheenn  ii tt  iiss  eeaassyy  ttoo  sseeee  tthhaatt  φ=−σ∩σ )A()A(   aanndd  

hheennccee  eeqq..((11..44))  hhaass  aa  uunniiqquuee  ssoolluuttiioonn  XX..  MMoorreeoovveerr,,  WAXAX =+ ∗∗   
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TThheerreeffoorree  ∗X   iiss  aallssoo  aa  ssoolluuttiioonn  ooff   eeqq..((11..44))..  BByy  tthhee  uunniiqquueenneessss  ooff   tthhee  

ssoolluuttiioonn  oonnee  ggeettss    ∗= XX ..♦♦  
  

  RReeccaall ll   tthhaatt  aann  ooppeerraattoorr  AA  iiss  ssaaiidd  ttoo  bbee  sskkeeww––aaddjjooiinntt  iinn  ccaassee  

AA −=∗ ,,  [[99,,  pppp..4488]]..  
  

RReemmaarr kk  ((11..22..33))::     

II ff   AA  iiss  aa  aasskkeeww––aaddjjooiinntt  ooppeerraattoorr,,  tthheenn  )A()A()A( −σ=−σ∩σ ∗   aanndd  

hheennccee  eeqq..((11..44))  mmaayy  hhaavvee  aa  ssoolluuttiioonn  oorr  mmaayy  nnoott..  II ff   ii tt  hhaass  aa  ssoolluuttiioonn  tthheenn  ii tt  

mmaayy  bbee  aasskkeeww––aaddjjooiinntt  oorr  mmaayy  nnoott..  
  

  TToo  ii ll lluussttrraattee  tthhiiss  rreemmaarrkk,,  ccoonnssiiddeerr  tthhee  ffooll lloowwiinngg  eexxaammppllee    
  

EExxaammppllee  ((11..22..44))::   

II ff   AA  iiss  aa  aasskkeeww––aaddjjooiinntt  ooppeerraattoorr  aanndd  WW  iiss  aa  zzeerroo  ooppeerraattoorr  tthheenn  

eeqq((11..44))  hhaass  aann  iinnff iinnii ttee  nnuummbbeerr  ooff   ssoolluuttiioonnss..  FFoorr  eexxaammppllee,,  XX==AA  iiss  aa  sskkeeww--

aaddjjooiinntt  ssoolluuttiioonn  ooff   eeqq..((11..44))..  OOnn  tthhee  ootthheerr  hhaanndd  XX==II   iiss  nnoott..  

  NNooww,,  tthhee  ffooll lloowwiinngg  pprrooppoossii ttiioonn  sshhoowwss  tthhaatt  ii ff   AA  aanndd  WW  aarree  sskkeeww––

aaddjjooiinntt  aanndd  ii ff   eeqq..  ((11..44))  hhaass  aa  uunniiqquuee  ssoolluuttiioonn  tthheenn  tthhiiss  ssoolluuttiioonn  iiss  aa  sskkeeww––

aaddjjooiinntt..      
  

PPrr ooppoossii tt iioonn  ((11..22..11))::   

II ff   AA  aanndd  WW  aarree  sskkeeww––aaddjjooiinntt  ooppeerraattoorrss  aanndd  eeqq..((11..44))  hhaass  oonnllyy  oonnee  

ssoolluuttiioonn  tthheenn  tthhiiss  ssoolluuttiioonn  iiss  aallssoo  sskkeeww––aaddjjooiinntt..  
  

PPrr ooooff ::   

  SSiinnccee  AA * −=   aanndd  WW* −=  then it is easy that to check  

WA)X()X(A *** =−+−  and since the equation has only one solution 

then XX * −= ..♦♦  
  

  NNeexxtt,,  rreeccaall ll   tthhaatt  aann  ooppeerraattoorr  A   iiss  ssaaiidd  ttoo  bbee  nnoorrmmaall   iinnccaassee  

∗∗ = AAAA ,,  [[99,,  ppppPP115544]]..  
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  TThhee  ffooll lloowwiinngg  rreemmaarrkk  iiss  uusseeffuull   hheerree..    
  

RReemmaarr kk  ((11..22..44))::     

CCoonnssiiddeerr  eeqq..((11..44)),,  wwhheerree  tthhee  ssoolluuttiioonn  ooff   ii tt  eexxiissttss..  II ff   AA  aanndd  WW  aarree  

nnoorrmmaall   ooppeerraattoorrss  tthheenn  tthhiiss  ssoolluuttiioonn  iiss  nnoott  nneecceessssaarrii llyy  nnoorrmmaall ..  

  TThhiiss  ffaacctt  ccaann  eeaassii llyy  bbee  sseeeenn  iinn  tthhee  ffooll lloowwiinngg  eexxaammppllee..  

EExxaammppllee  ((11..22..55))::  

LLeett  HH= )(2 Cl , ccoonnssiiddeerr eeqq.(1.4), wwhheerree A=iI and W=0. Therefore, 

0=+ XiIiIX . It is easy to check the unilateral shift operator defined by 

U(x1, x2,…)=(0,x1, x2,…)                                     )(,...),( 221 Cxx l∈∀  
IIss  aa  ssoolluuttiioonn  ooff     tthhee  aabboovvee  eeqquuaattiioonn  wwhhiicchh  iiss  nnoonn  nnoorrmmaall   ooppeerraattoorr..  
  

  TThheerree  aarree  ccaasseess  iinn  wwhhiicchh  tthhee  ccoonnvveerrssee  ooff   ccoorrooll llaarryy  ((11..22..22))  hhoollddss  bbuutt  

ff ii rrsstt  wwee  nneeeedd  ssoommee  pprreell iimmiinnaarriieess..  
  

PPuuttnnaamm––FFuugglleedd  TThheeoorr eemm  ((11..22..33))      

  AAssssuummee  tthhaatt  )H(T,N,M β∈ ,,  wwhheerree  NandM   aarree  nnoorrmmaall ..  II ff   

TNMT =   tthheenn  ∗∗ = TNTM ..  
  

PPrr ooooff ::   

  SSeeee  [[1177,,  pppp..330000]]..  

  NNeexxtt  rreeccaall ll   tthhaatt  aann  ooppeerraattoorr  MM  iiss  ssaaiidd  ttoo  bbee  ddoommiinnaanntt  ii ff   

x)zT(Mx)zT( z
* −≤− ,,  for all )T(z σ∈  and Hx ∈ ..  OOnn  tthhee  ootthheerr  

hhaanndd,,  ooppeerraattoorr  MM  iiss  ccaall lleedd  MM--hhyyppoonnoorrmmaall   ooppeerraattoorr  ii ff   

x)zT(Mx)zT( * −≤− ,,  ffoorr    Cz∈  and Hx ∈ ,[15].    

IInn  [[1155]],,  tthhee  aabboovvee  tthheeoorreemm  wwaass  ggeenneerraall iizzeedd  aass  ffooll lloowwss..    
  

TThheeoorr eemm  ((11..22..44))::   

  LLeett  MM  bbee  aa  ddoommiinnaanntt  ooppeerraattoorr  aanndd  ∗N   iiss  aann  MM--hhyyppoonnoorrmmaall   ooppeerraattoorr..  

AAssssuummee    TNMT =   ffoorr  ssoommee  )H(T β∈   tthheenn  ∗∗ = TNTM ..  
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WWee  aallssoo  nneeeedd  tthhee  ffooll lloowwiinngg  lleemmmmaa..  
  

LL eemmmmaa  ((11..22..11))  [[2200]] ::   

  II ff   








TS

RQ
  iiss  aann  iinnvveerrttiibbllee  ooppeerraattoorr  oonn  tthhee  ddii rreecctt  ssuumm  21 HH ⊕   ooff   

HHii llbbeerrtt  ssppaacceess  21 HandH   tthheenn  ∗∗ + TTSS   iiss  iinnvveerrttiibbllee  oonn  2H ..  
  

  LLeett  uuss  ssaayy  tthhaatt  ooppeerraattoorrss  MM  aanndd  NN  ssaattiissffyy  PPuuttnnaamm--  FFuugglleedd  ccoonnddii ttiioonn  

ii ff     TNMT =   ffoorr  ssoommee  )H(T β∈   iimmppll iieess  tthhaatt  ∗∗ = TNTM ..  

  TThhee  ffooll lloowwiinngg  tthheeoorreemm  wwaass  pprroovveedd  iinn  [[2211]]  ii ff   BandA   aarree  nnoorrmmaall   

ooppeerraattoorrss  ,,  wwee  pprroovvee  ii tt  ffoorr  mmoorree  ggeenneerraall   ccaasseess..  
  

TThheeoorr eemm  ((11..22..55))::     

  LLeett  BandA   bbee  ttwwoo  ooppeerraattoorrss  tthhaatt  ssaattiissffyy  PPuuttnnaamm--  FFuugglleedd  ccoonnddii ttiioonn..  

TThhee  ooppeerraattoorr  eeqquuaattiioonn  CXBAX =−   hhaass  aa  ssoolluuttiioonn  X   ii ff ff   








B0

0A
  aanndd  










B0

CA
aarree  ssiimmii llaarr  ooppeerraattoorr  oonn  HH ⊕ ..  

AAss  aa  ccoorrooll llaarryy,,  wwee  hhaavvee    
  

CCoorr ooll llaarr yy  ((11..22..33))::   

  II ff   AA  iiss  nnoorrmmaall   ooppeerraattoorr  tthheenn  eeqq..((11..44))  hhaass  aa  ssoolluuttiioonn  ii ff   aanndd  oonnllyy  ii ff   










−

∗

A0

0A
  iiss  ssiimmii llaarr  ttoo  









−
−∗

A

WA

0
..  

PPrr ooooff ::   

    SSuuppppoossee  tthhaatt  eeqq..((11..44))  hhaass  aa  ssoolluuttiioonn,,    tthheenn  bbyy  tthhee  ccoorrooll llaarryy  ((11..22..22))  

tthhee  ooppeerraattoorr  








−

∗

A0

0A
  iiss  ssiimmii llaarr  ttoo  









−
−∗

A

WA

0
..  
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CCoonnvveerrsseellyy,,  aassssuummee  ssiimmii llaarrii ttyy,,  tthheenn  tthheerree  eexxiissttss  aann  iinnvveerrttiibbllee  

ooppeerraattoorr  








TS

RQ
  ssuucchh  tthhaatt    


















−
−=









−






 ∗∗

TS

RQ

A0

WA

A0

0A

TS

RQ
,,  

SSoo  ASSA,WTRARA,WSQAQA −==−−=− ∗∗∗∗   aanndd  

ATTA −=− ..  II tt  ffooll lloowwss  tthhaatt  A−   ccoommmmuutteess  wwii tthh  bbootthh    ∗∗ TTandSS ..  

NNooww  

  
),())((

)()(

)()()(

∗∗∗∗∗

∗∗∗∗∗∗∗

∗∗∗∗∗∗∗

+−−+=
+−−=

−−+−=+−

RTQSAARTQS

RTAQSARATSQA

TRARASQAQATTSSW

  

bbyy  lleemmmmaa  ((11..22..11)),,  ∗∗ + TTSS   iiss  iinnvveerrttiibbllee,,  mmoorreeoovveerr  ii ttss  iinnvveerrssee  

ccoommmmuutteess  wwii tthh  )A(−   ssoo  eeqq..((11..44))  hhaass  tthhee  ssoolluuttiioonn    

1))(( −∗∗∗∗ ++−= TTSSRTQSX ..♦♦  

  TThhee  ffooll lloowwiinngg  ccoorrooll llaarryy  ffooll lloowwss  ddii rreeccttllyy  ff rroomm  tthheeoorreemm  ((11..22..44))    

CCoorr ooll llaarr yy  ((11..22..44))::     

  II ff   AA  iiss  ddoommiinnaanntt  oorr  aa  MM--hhyyppoonnoorrmmaall   ooppeerraattoorr  tthheenn  tthhee  ooppeerraattoorr  

eeqquuaattiioonn  ddeeff iinneedd  bbyy  eeqq..((11..44))  hhaass  aa  ssoolluuttiioonn  ii ff ff   








−

∗

A0

0A
  aanndd    









−
−∗

A

WA

0
  

aarree  ssiimmii llaarr  ooppeerraattoorrss  oonn  HH ⊕ ..  

  RReeccaall ll   tthhaatt  aann  ooppeerraattoorr  TT  oonn  aa  HHii llbbeerrtt  ssppaaccee  HH  iiss  ssaaiidd  ttoo  bbee  bbiinnoorrmmaall   

ii ff   TT∗   ccoommmmuutteess  wwii tthh  ∗TT ,,  qquuaassiinnoorrmmaall   ii ff   TT  ccoommmmuutteess  wwii tthh  TT∗ ,,  aanndd  

−θ ooppeerraattoorr  ii ff   0]TT,TT[ =+ ∗∗ ,,  wwhheerree      

  TT)TT()TT(TT]TT,TT[ ∗∗∗∗∗∗ +−+=+ ,,[[2255]]..  

IInn  eexxaammppllee  ((11..22..33)),,  ii tt  iiss  cclleeaarr  tthhaatt  AA  aanndd  WW  aarree  bbiinnoorrmmaall   

((qquuaassiinnoorrmmaall ,,  −θ ooppeerraattoorr))..OOnn  tthhee  ootthheerr  hhaanndd,,  tthhee  uunnii llaatteerraall   sshhii ff tt  

ooppeerraattoorr  iiss  aa  ssoolluuttiioonn  wwhhiicchh  iiss  nnoott    
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  NNeexxtt,,  wwee  rreeccaall ll   tthhee  ddeeff iinnii ttiioonn  ooff   aannootthheerr  ttyyppee  ooff   ooppeerraattoorrss,,  nnaammeellyy  

tthhee  ccoommppaacctt  ooppeerraattoorrss..      
  

DDeeff iinnii tt iioonn  ((11..22..22)),,  [[99]] ::   

  AAnn  ooppeerraattoorr  A   iiss  ssaaiidd  ttoo  bbee  ccoommppaacctt  iinn  ccaassee,,  ggiivveenn  aannyy  sseeqquueennccee  ooff   

vveeccttoorrss  }x{ n   ssuucchh  tthhaatt  nx   iiss  bboouunnddeedd,,  }Ax{ n   hhaass  aa  ccoonnvveerrggeenntt  

ssuubbsseeqquueennccee..    

  CClleeaarrllyy,,  aann  ooppeerraattoorr  AA  iiss  ccoommppaacctt  ii ff ff   1x ≤   iimmppll iieess  }Ax{ n   hhaass  aa  

ccoonnvveerrggeenntt  ssuubbsseeqquueennccee..  

  NNooww,,  tthhee  ffooll lloowwiinngg  rreemmaarrkk  sshhoowwss  tthhaatt  tthhee  ssoolluuttiioonn  XX  ooff   eeqq..((11..44))  iiss  

nnoott  nneecceessssaarrii llyy  aa  ccoommppaacctt  ooppeerraattoorr  iinn  ccaassee  AA  ((oorr  WW))  iiss  ccoommppaacctt..  
  

RReemmaarr kk  ((11..22..55))      

  II ff   AA  ((oorr  WW))  iiss  ccoommppaacctt  aanndd  tthhee  ssoolluuttiioonn  ooff   eeqq..((11..44))  eexxiissttss  tthheenn  ii tt  iiss  

nnoott  nneecceessssaarrii llyy    ccoommppaacctt    

  AAss  aann  ii ll lluussttrraattiioonn  ttoo  tthhiiss  rreemmaarrkk,,  ccoonnssiiddeerr  tthhee  ffooll lloowwiinngg  eexxaammpplleess..  
  

  

EExxaammppllee  ((11..22..66))::     

  CCoonnssiiddeerr  tthhee  eeqquuaattiioonn  AAXAXA +=+ ∗∗ ,,  wwhheerree  AA  iiss  aa  ccoommppaacctt  

ooppeerraattoorr  oonn  aann  iinnff iinnii ttee  ddiimmeennssiioonnaall   HHii llbbeerrtt  ssppaaccee  HH..  II tt  iiss  cclleeaarr  tthhaatt  IX =   

iiss  aa  ssoolluuttiioonn  ooff   tthhee  aabboovvee  ooppeerraattoorr  eeqquuaattiioonn  wwhhiicchh  iiss  nnoott  ccoommppaacctt..  
  

EExxaammppllee  ((11..22..77))::   

  CCoonnssiiddeerr  eeqq..((11..44))  wwhheerree  WW==00..  II tt  iiss  cclleeaarr  tthhaatt  tthhee  zzeerroo  ooppeerraattoorr  iiss  

ccoommppaacctt..  GGiivveenn  AA==ii II ,,  tthheenn  XX==II   iiss  aa  ssoolluuttiioonn  ooff   eeqq..((11..44))  wwhhiicchh  iiss  nnoott  

ccoommppaacctt..  
  

11..33  II nnvvaarr iiaanntt   SSuubbssppaacceess    

  IInn  tthhiiss  sseeccttiioonn,,  wwee  rreeccaall ll   tthhee  ddeeff iinnii ttiioonn  ooff   aann  iinnvvaarriiaanntt  ssuubbssppaaccee..  

AAllssoo  ggiivvee  ssoommee  pprrooppoossii ttiioonnss  aanndd  rreemmaarrkkss  wwii tthh  ssoommee  eexxaammpplleess    

MMoorreeoovveerr,,  iinn  tthhiiss  sseeccttiioonn,,  wwee  ssttuuddyy  ii ff   tthhee  ooppeerraattoorr  eeqquuaattiioonn  ggiivveenn  bbyy  

eeqq..((11..44))  hhaass  aa  ssoolluuttiioonn,,  wwhheenn  ddooeess  tthhiiss  ssoolluuttiioonn  hhaass  aa  nnoonn--ttrriivviiaall   iinnvvaarriiaanntt  
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ssuubbssppaaccee..  AAllssoo,,  wwee  ssttuuddyy  tthhee  eexxiisstteennccee  ooff   nnoonn--ttrriivviiaall   iinnvvaarriiaanntt  ssuubbssppaacceess  

ffoorr  tthhee  ooppeerraattoorrss  XX  aanndd  WW  wwhhiicchh  aarree  ddeeff iinneedd  iinn  tthhee  ooppeerraattoorr  eeqquuaattiioonn  

ggiivveenn  bbyy    eeqq..((11..44))  iinn  ccaassee  tthhee  ooppeerraattoorr  AA  aanndd  AA **   hhaavvee  rreedduucciinngg  ssuubbssppaacceess..  
  

  WWee  ssttaarrtt  tthhiiss  sseeccttiioonn  bbyy  rreeccaall ll iinngg  tthhaatt  aa  nnoonn--eemmppttyy  sseett  HM ⊆   iiss  ssaaiidd  

ttoo  bbee  aa  ll iinneeaarr  mmaannii ffoolldd  ooff   H   ii ff   ii tt  iiss  cclloosseedd  uunnddeerr  aaddddii ttiioonn  aanndd  ssccaallaarr  

mmuull ttiippll iiccaattiioonn  wwhhiicchh  aarree  ddeeff iinneedd  oonn  H   aanndd  ii ff   tthhiiss  ll iinneeaarr  mmaannii ffoolldd  iiss  

cclloosseedd  iinn  tthhee  nnoorrmm  ttooppoollooggyy,,  tthheenn  ii tt  iiss  ccaall lleedd  aa  ssuubbssppaaccee,,[[33]] ..  
  

DDeeff iinnii tt iioonn  ((11..33..11)),,  [[33]] ::     

  LLeett  HH:T →   bbee  aa  bboouunnddeedd  ll iinneeaarr  ooppeerraattoorr  oonn  aa  HHii llbbeerrtt  ssppaaccee  HH..  AA  

ssuubbssppaaccee  HM ⊆ iiss  aann  iinnvvaarriiaanntt  uunnddeerr  T ((oorr  −T iinnvvaarriiaanntt))  ii ff   MTM ⊆ ..  
  

  

TThhee  ttwwoo  ttrriivviiaall   ssuubbssppaacceess  HH  aanndd  {{ 00}}   aarree  iinnvvaarriiaanntt  ssuubbssppaacceess  uunnddeerr  

eevveerryy  bboouunnddeedd  ll iinneeaarr  ooppeerraattoorr  TT..  SSoo,,  aa  nnoonn--ttrriivviiaall   iinnvvaarriiaanntt  ssuubbssppaaccee  ooff   aa  

bboouunnddeedd  ll iinneeaarr  ooppeerraattoorr  TT  iiss  aa  ssuubbssppaaccee  MM  ssuucchh  tthhaatt  HM0 ≠≠   aanndd  

MTM ⊆ ..  TThhee  sseett  ooff   aall ll   iinnvvaarriiaanntt  ssuubbssppaacceess  ooff   aa  bboouunnddeedd  ll iinneeaarr  ooppeerraattoorr  

T   iiss  ccaall lleedd  tthhee  LLaattttiiccee  ooff   TT  aanndd  iiss  ddeennootteedd  bbyy  LLaatt  TT..  II tt  iiss  cclleeaarr  tthhaatt  tthhee  

ttrriivviiaall   ssuubbssppaacceess  aarree  iinn  LLaatt  TT  ffoorr  eevveerryy  bboouunnddeedd  ll iinneeaarr  ooppeerraattoorr  TT..  
  

  NNeexxtt,,  tthhee  ddeeff iinnii ttiioonn  ooff   tthhee  ccoommmmoonn  iinnvvaarriiaanntt  ssuubbssppaaccee  ffoorr  aa  ppaaii rr  ooff   

bboouunnddeedd  ll iinneeaarr  ooppeerraattoorrss  iiss  ggiivveenn  bbeellooww  
  

DDeeff iinnii tt iioonn  ((11..33..22)),,  [[33]] ::   

  LLeett  )H(B,A β∈ ..  AA  ssuubbssppaaccee  HM ⊆   iiss  ssaaiidd  ttoo  bbee  aa  ccoommmmoonn  

iinnvvaarriiaanntt  ssuubbssppaaccee  ooff   AA  aanndd  BB  ii ff   MAM ⊆   aanndd  MBM ⊆ ..    

  II tt  iiss  cclleeaarr  tthhaatt  HH  aanndd  }0{   aarree  ccoommmmoonn  iinnvvaarriiaanntt  ssuubbssppaacceess  ooff   aannyy  ppaaii rr  

ooff   bboouunnddeedd  ll iinneeaarr  ooppeerraattoorrss..  SSoo,,  bbyy  aa  ccoommmmoonn  nnoonn––ttrriivviiaall   iinnvvaarriiaanntt  

ssuubbssppaaccee,,  wwee  mmeeaann    aa  ssuubbssppaaccee  MM  ssuucchh  tthhaatt  HM0 ≠≠   aanndd  iiss  aann  

iinnvvaarriiaanntt  ssuubbssppaaccee  uunnddeerr  bbootthh  AA  aanndd  BB..  
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  NNooww,,  tthhee  nneexxtt  rreemmaarrkk  sshhoowwss  tthhaatt  ii ff   AA  aanndd  WW  hhaavvee  aa  ccoommmmoonn  nnoonn--

ttrriivviiaall   iinnvvaarriiaanntt  ssuubbssppaaccee  MM  aanndd  tthhee  ssoolluuttiioonn  XX  ooff   eeqq..((11..44))  eexxiissttss  tthheenn  ii tt  iiss  

nnoott  nneecceessssaarryy  tthhaatt  MM  iiss  aann  iinnvvaarriiaanntt  ssuubbssppaaccee  uunnddeerr  ssoolluuttiioonn  XX..  
  

RReemmaarr kk  ((11..33..11))::     

  CCoonnssiiddeerr  eeqq..((11..44)),,  ii ff   tthhee  ooppeerraattoorrss  AA  aanndd  WW  hhaavvee  aa  ccoommmmoonn  nnoonn--

ttrriivviiaall   iinnvvaarriiaanntt  ssuubbssppaaccee  MM  tthheenn  MM  iiss  nnoott  aa  nneecceessssaarryy  iinnvvaarriiaanntt  uunnddeerr  tthhee  

ssoolluuttiioonn  ooff   tthhiiss  eeqquuaattiioonn  ii ff   ii tt  eexxiissttss..  
  

  TToo  sseeee  tthhiiss,,  ccoonnssiiddeerr  tthhee  ffooll lloowwiinngg  eexxaammppllee..  
  

EExxaammppllee  ((11..33..11))::     

  CCoonnssiiddeerr  22:A ℜ→ℜ ,,  wwhheerree  







=

20

12
A ..  WW==II ..  II tt  iiss  eeaassyy  ttoo  

cchheecckk  tthhaatt  












ℜ∈







= 1

1 x 
0

x
M iiss  aa  ccoommmmoonn  nnoonn--ttrriivviiaall   iinnvvaarriiaanntt  

ssuubbssppaaccee  uunnddeerr  tthhee  ooppeerraattoorrss  AA  aanndd  WW..  AAff tteerr  ssiimmppllee  ccoommppuuttaattiioonnss,,  tthhee  

ssoolluuttiioonn  ooff   eeqq..((11..44))  iinn  tthhiiss  ccaassee  ttaakkeess  tthhee  ffoorrmm  
















−

−
=

32
9

16
1

16

1

4

1

X ..  OOnn  tthhee  

ootthheerr  hhaanndd,,  

M
x

xx
XM ⊄

















−=
























−

−
=

1

1
1

16

1
4

1

0
32

9

16

1
16

1

4

1

,,  tthheerreeffoorree  MM  iiss  aa  nnoonn  iinnvvaarriiaanntt  

ssuubbssppaaccee  uunnddeerr  tthhee  ssoolluuttiioonn  XX..  
  

MMoorreeoovveerr,,  tthhee  ffooll lloowwiinngg  rreemmaarrkk  iiss  vveerryy  uusseeffuull   hheerree..  
  

RReemmaarr kk  ((11..33..22))::     

  CCoonnssiiddeerr  eeqq..((11..44))..  II ff   tthhee  ooppeerraattoorrss  AA  aanndd  WW  hhaavvee  nnoonn--ttrriivviiaall   

iinnvvaarriiaanntt  ssuubbssppaacceess  aass  1M   aanndd  2M  rreessppeeccttiivveellyy  tthheenn  1M   aanndd  2M   mmaayy  
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nnoott  bbee  nnoonn--ttrriivviiaall   iinnvvaarriiaanntt  ssuubbssppaacceess  uunnddeerr  tthhee  ssoolluuttiioonn  ooff   eeqq..((11..44))  ii ff   ii tt  

eexxiissttss..  
  

  TToo  eexxppllaaiinn  tthhiiss  rreemmaarrkk,,  ccoonnssiiddeerr  tthhee  ffooll lloowwiinngg  eexxaammppllee..  

  

  

EExxaammppllee  ((11..33..22))::   

  CCoonnssiiddeerr  22:A ℜ→ℜ ,,  wwhheerree  






=
20

12
A ..  







=
20

01
W ..  II tt  iiss  

eeaassyy  ttoo  nnoottee  tthhaatt  












ℜ∈






= 1
1

1 x 
0

x
M aanndd  













ℜ∈







= 2

2
2 x 

x

0
M   aarree  

nnoonn--ttrriivviiaall   iinnvvaarriiaanntt  ssuubbssppaacceess  uunnddeerr  ooppeerraattoorrss  AA  aanndd  WW  rreessppeeccttiivveellyy..  

AAff tteerr  ssiimmppllee  ccoommppuuttaattiioonnss,,  tthhee  ssoolluuttiioonn  ooff   eeqq..((11..44))  iinn  tthhiiss  ccaassee  ttaakkeess  tthhee  

ffoorrmm  
















−

−
=

64

34

16

1
16

1

4

1

X ..  OOnn  tthhee  ootthheerr  hhaanndd,,    

1

1

1
1

1 M
x

16

1

x
4

1

0

x

64

34

16

1
16

1

4

1

XM ⊄
















−=
























−

−
=   ii ff   0x1 ≠ . TThheerreeffoorree,,  1M   iiss  aa  

nnoonn  iinnvvaarriiaanntt  ssuubbssppaaccee  uunnddeerr  ssoolluuttiioonn  XX..    

AAllssoo,,  2

2

2

2
2 M

x
64

34

x
16

1

x

0

64

34

16

1
16

1

4

1

XM ⊄














−

=
























−

−
=   ii ff   0x2 ≠ ..  TThheerreeffoorree,,  

2M   iiss  aa  nnoonn  iinnvvaarriiaanntt  ssuubbssppaaccee  uunnddeerr  ssoolluuttiioonn  XX..  
  

The qquueessttiioonn  nnooww  aarriisseess::  ii ff   tthhee  ooppeerraattoorr  eeqquuaattiioonn  ggiivveenn  bbyy  eeqq..((11..44))  

hhaass  aa  ssoolluuttiioonn,,  wwhheenn  ddooeess  tthhiiss  ssoolluuttiioonn  hhaavvee  aa  nnoonn--ttrriivviiaall   iinnvvaarriiaanntt  

ssuubbssppaaccee..  TThhee  ffooll lloowwiinngg  pprrooppoossii ttiioonn  ggiivveess  aann  aannsswweerr..  
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PPrr ooppoossii tt iioonn  ((11..33..11))::   

    LLeett  φ=−σ∩σ ∗ )A()A( ..  II ff   AA  aanndd  ∗A   hhaavvee  aa  ccoommmmoonn  nnoonn--

ttrriivviiaall   iinnvvaarriiaanntt  ssuubbssppaaccee  MM,,  tthheenn  ffoorr  eeaacchh  )H(W β∈ ,,  WW  hhaass  MM  aass  aa  nnoonn--

ttrriivviiaall   iinnvvaarriiaanntt  ssuubbssppaaccee  ii ff ff     XX  hhaass  MM  aass  aa  nnoonn--ttrriivviiaall   iinnvvaarriiaanntt  ssuubbssppaaccee  

wwhheerree  XX  iiss  aa  ssoolluuttiioonn  ooff   tthhee  ooppeerraattoorr  eeqquuaattiioonn  WXAXA =+∗ ..  

  

PPrr ooooff ::     

SSiinnccee  AA  aanndd  ∗A   hhaavvee  aa  ccoommmmoonn  nnoonn--ttrriivviiaall   iinnvvaarriiaanntt  ssuubbssppaaccee  MM,,  

tthheenn  tthhee  aabboovvee  ooppeerraattoorr  eeqquuaattiioonn  ccaann  bbee  wwrrii tttteenn  aass    

)(,,,

,,,,,,,
00

4321

4321421
43

21

4

21

43

21

43

21

4

21

HWandWWW

XXXXAAAwhere
WW

WW

A

AA

XX

XX

XX

XX

A

AA

β∈









=
















+















∗

∗∗

  

TThheerreeffoorree,,  

31334

242214221

1113211

WAXXA

WAXAXXAXA

WAXXAXA

=+

=+++

=++

∗

∗∗

∗∗

  

aanndd         

4442344 WAXAXXA =++∗   

SSiinnccee  φ=−σ∩σ ∗ )A()A( ,,  tthhuuss  φ=−σ∩σ ∗ )A()A( 14     

aanndd  bbyy  uussiinngg  SSyyllvveesstteerr––RRoosseennbblluumm  tthheeoorreemm  oonnee  ccaann  ggeett  0W3 =   ii ff ff   

0X3 = ..  TThhiiss  ccoommpplleetteess  tthhee  pprrooooff ..  ♦♦  
  

  NNeexxtt  rreeccaall ll   tthhaatt,,  aa  ssuubbssppaaccee  MM  iiss  ssaaiidd  ttoo  rreedduuccee  tthhee  ooppeerraattoorr  TT  ii ff   MM  

aanndd  ⊥M   aarree  bbootthh  iinnvvaarriiaanntt  ssuubbssppaacceess  uunnddeerr  TT  aanndd  iinn  tthhiiss  ccaassee,,  tthhee  

ooppeerraattoorr  TT  ccaann  bbee  rreepprreesseenntteedd  aass  aa  ddiiaaggoonnaall   mmaattrriixx  







=

4

1

T0

0T
T   wwhheerree  

MM:T1 →   aanndd  ⊥⊥ → MM:T4 ,[[1166]]..  
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  NNooww,,  wwee  ssttuuddyy  tthhee  eexxiisstteennccee  ooff   nnoonn--ttrriivviiaall   iinnvvaarriiaanntt  ssuubbssppaaccee  ffoorr  tthhee  

ooppeerraattoorrss  XX  aanndd  WW  wwhhiicchh  aarree  ddeeff iinneedd  iinn  tthhee  aabboovvee  ooppeerraattoorr  eeqquuaattiioonn  iinn  

ccaassee  tthhee  ooppeerraattoorrss  AA  aanndd  ∗A   hhaavvee  rreedduucciinngg  ssuubbssppaacceess..  

  

PPrr ooppoossii tt iioonn  ((11..33..22))::   

  LLeett  φ=−σ∩σ ∗ )A()A( ..  II ff   AA  aanndd  ∗A   hhaavvee  aa  ccoommmmoonn  aa  nnoonn--ttrriivviiaall   

rreedduucciinngg  ssuubbssppaaccee  MM  tthheenn  ffoorr  eeaacchh  )H(W β∈ ,,  WW  hhaass  MM  aass  aa  nnoonn--ttrriivviiaall   

iinnvvaarriiaanntt  ssuubbssppaaccee  ii ff ff   XX  hhaass  MM  aass  aa  nnoonn--ttrriivviiaall   iinnvvaarriiaanntt  ssuubbssppaaccee  wwhheerree  

XX  iiss  aa  ssoolluuttiioonn  ooff   tthhee  ooppeerraattoorr  eeqquuaattiioonn  WXAXA =+∗ ..  MMoorreeoovveerr  MM,,  iiss  

aa  rreedduucciinngg  ssuubbssppaaccee  ooff   WW  ii ff ff   ii tt  iiss  aa  rreedduucciinngg  ssuubbssppaaccee  ooff   XX..  

PPrr ooooff ::     

SSiinnccee  AA  aanndd  ∗A   hhaavvee  aa  ccoommmmoonn  nnoonn--ttrriivviiaall   rreedduucciinngg  ssuubbssppaaccee  MM  

tthheenn  tthhee  aabboovvee  ooppeerraattoorr  eeqquuaattiioonn  ccaann  bbee  wwrrii tttteenn  aass    









=
















+
















∗

∗

43

21

4

1

43

21

43

21

4

1

WW

WW

A0

0A

XX

XX

XX

XX

A0

0A
  

TThheerreeffoorree  

31334

24221

11111

WAXXA

WAXXA

WAXXA

=+

=+

=+

∗

∗

∗

  

aanndd             

 44444 WAXXA =+∗   

SSiinnccee  φ=−σ∩σ ∗ )A()A( ,,  tthhuuss  φ=−σ∩σ ∗ )A()A( 41   aanndd  

φ=−σ∩σ ∗ )A()A( 14 . TThheerreeffoorree  bbyy  uussiinngg  SSyyllvveesstteerr––RRoosseennbblluumm  tthheeoorreemm  

oonnee  ccaann  ggeettss  0W2 =   ii ff ff   0X 2 =   aanndd  0W3 =   ii ff ff   0X 3 = ..  TThhiiss  ccoommpplleetteess  

tthhee  pprrooooff ..  ♦♦  
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NNeexxtt,,  rreeccaall ll   tthhaatt  aann  ooppeerraattoorr  AA  oonn  aa  HHii llbbeerrtt  ssppaaccee  iiss  ssaaiidd  ttoo  bbee  

iissoommeettrryy  iinn  ccaassee  IAA * = ,,  aann  aallggeebbrraaiicc  ooppeerraattoorr  ii ff   tthheerree  eexxiissttss  aa  nnoonn--zzeerroo  

ppoollyynnoommiiaall   PP  ssuucchh  tthhaatt  PP((AA))==00  aanndd  nnii llppootteenntt  ii ff   tthheerree  eexxiissttss  aa  ppoossii ttiivvee  

iinntteeggeerr  nn  ssuucchh  tthhaatt  0A n = ;;  [[99,,  pppp..114400]]..  WWee  iinnttrroodduuccee  tthhee  ffooll lloowwiinngg  

ccoorrooll llaarryy..  
  

CCoorr ooll llaarr yy  ((11..33..11))::     

  LLeett  φ=−σ∩σ ∗ )A()A(   aanndd  aassssuummee  tthhaatt  AA  iiss  nnoorrmmaall ..  II ff   oonnee  ooff   tthhee  

ffooll lloowwiinngg  ccoonnddii ttiioonnss  iiss  ssaattiissff iieedd,,  tthheenn  ffoorr  eeaacchh  ),H(W β∈   WW  aanndd  XX  hhaavvee  

aa  ccoommmmoonn  nnoonn--ttrriivviiaall   iinnvvaarriiaanntt  ssuubbssppaaccee  wwhheerree  X   iiss  aa  ssoolluuttiioonn  ooff   

eeqq..((11..44))..  

11..    ∗A   iiss  nnii llppootteenntt  ooppeerraattoorr..  

22..    AA    hhaass  aann  eeiiggnnvvaalluuee  ..  

33..    AA  aanndd  ∗A   aarree  aallggeebbrraaiicc  ooppeerraattoorrss..  

44..    ∗A   iiss  aa  nnoonn--ssccaallaarr  iissoommeettrryy  ooppeerraattoorr..  
  

PPrr ooooff ::     

IInn  ccaassee  11,,22,,33  aanndd  44,,  tthhee  ooppeerraattoorrss  AA  aanndd  ∗A   hhaavvee  aa  ccoommmmoonn  nnoonn--

ttrriivviiaall   iinnvvaarriiaanntt  ssuubbssppaaccee,,  sseeee  [[33]]..  

      RReeccaall ll   tthhaatt  aann  ooppeerraattoorr  TT∈∈  ββ((HH))  iiss  ssaaiidd  ttoo  bbee    hhyyppoonnoorrmmaall   ii ff     TT**TT≥≥  TT  TT** ..  

[[99,,  pppp..116611]]  

  NNooww,,  ccoonnssiiddeerr  tthhee  ffooll lloowwiinngg  pprrooppoossii ttiioonn..  
  

PPrr ooppoossii tt iioonn  ((11..33..33))::   

  LLeett  φ=−σ∩σ ∗ )A()A( ..  II ff   AA  iiss  aa  hhyyppoonnoorrmmaall   ooppeerraattoorr  tthheenn  ffoorr  eeaacchh  

),H(W β∈ WW  aanndd  XX  hhaavvee  aa  ccoommmmoonn  iinnvvaarriiaanntt  ssuubbssppaaccee  ,,  wwhheerree  XX  iiss  aa  

ssoolluuttiioonn  ooff   eeqq..((11..44))..  
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PPrr ooooff ::     

  SSiinnccee  AA  iiss  aa  hhyyppoonnoorrmmaall   ooppeerraattoorr  tthheenn  tthhee  nnuull ll   ssppaaccee  ooff   A   iiss  

ccoommmmoonn  iinnvvaarriiaanntt  ssuubbssppaaccee  ooff     AA  aanndd  ∗A ,,  [[1166,,  pppp..111177]]  aanndd  tthhee  rreessuull tt  

ffooll lloowwss  ff rroomm  pprrooppoossii ttiioonn  ((11..33..11))..  ♦♦  

11..44  OOnn  tthhee  RRaannggee  ooff   ττAA   

  IInn  tthhiiss  sseeccttiioonn,,  wwee  ddiissccuussss  tthhee  iinnjjeeccttiivvii ttyy  ooff   tthhee  mmaapp  

)H()H(:A β→βτ   aanndd  sshhooww  tthhaatt  iinn  ggeenneerraall ,,  tthhee  mmaapp  ττAA  iiss  nnoott  

nneecceessssaarryy  oonnee--ttoo--oonnee..  AAllssoo,,  wwee  ssttuuddyy  tthhee  rraannggee  ooff   ττAA  wwhheenn  AA  iiss  

hhyyppoonnoorrmmaall ..  

  RReeccaall ll   tthhaatt,,  aa  ll iinneeaarr  mmaappppiinngg  τ   ff rroomm  aa  rriinngg  RR  ttoo  ii tt  sseell ff   iiss  ccaall lleedd  aa  

ddeerriivvaattiioonn,,  ii ff   b)a()b(a)ab( τ+τ=τ ,,  ffoorr  aall ll   b,a   iinn  R ,,[[1122]]..  

DDeeff iinnee  tthhee  mmaappppiinngg  )H()H(: β→βτ   bbyy    

XAXA)X()X( A +=τ=τ ∗ ,,  )(HX β∈ ..  

wwhheerree  AA  iiss  aa  ff iixxeedd  ooppeerraattoorr  iinn  ββ((HH))..    

II tt  iiss  cclleeaarr  tthhaatt  tthhee  mmaapp  Aτ   iiss  aa  ll iinneeaarr  mmaapp,,  iinn  ffaacctt  

).X()X(    

A)XX()XX(A)XX(

2A1A

212121A

βτ+ατ=
β+α+β+α=β+ατ ∗

  

AAllssoo,,  tthhee  mmaapp  Aτ   iiss  bboouunnddeedd,,  ssiinnccee  

[ ]AAXXAXAXAXA *
A +≤+≤+=τ ∗∗ ..  

BBuutt  )H(A β∈   aanndd  AA =∗ ,,  tthhuuss  XM)X(A ≤τ   wwhheerree  A2M = ,,  ssoo  

Aτ   iiss  bboouunnddeedd..  

  TThhee  ffooll lloowwiinngg  rreemmaarrkk  sshhoowwss  tthhaatt  tthhee  mmaappppiinngg  Aτ   iiss  nnoott  aa  ddeerriivvaattiioonn..  
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RReemmaarr kk  ((11..44..11))::   

  SSiinnccee  A)XY()XY(A)XY(A +=τ ∗   ffoorr  aall ll   )H(Y,X β∈   aanndd  

XYAYXA)Y(X A +=τ ∗ ..  AAllssoo  XAYXYAY)X(A +=τ ∗ ..  TThheenn  oonnee  

ccaann  ddeedduuccee  tthhaatt  Y)X()Y(X)XY( AAA τ+τ≠τ ..    
  

  TToo  pprroovvee  tthhiiss,,  lleett  2H l= ((CC))  aanndd  AA==UU  wwhheerree  UU  iiss  aa  uunnii llaatteerraall   sshhii ff tt  

ooppeerraattoorr..  TThheenn  ,XUBX)X(U +=τ   wwhheerree  BB  iiss  tthhee  bbii llaatteerraall   sshhii ff tt  ooppeerraattoorr..  

IInn  tthhiiss  ccaassee  Uτ  is not derivation. To see this, consider       

           2
UU UBU)U()IU( +=τ=τ aanndd   

  
2

2

22

)(

)()()()(

UBU

UUBUBU

UIUUIUI UUUU

+=
+++=

+=+ ττττ
  

  NNooww,,  lleett  RR  bbee  aa  rriinngg..  RReeccaall ll   tthhaatt,,  aa  JJoorrddaann  ddeerriivvaattiioonn  RR:f →   

iiss  ddeeff iinneedd  ttoo  bbee  aann  aaddddii ttiivvee  mmaappppiinngg  ssaattiissffyyiinngg  a)a(f)a(af)a(f 2 += ..  

NNooww,,  lleett  RR  bbee  ∗∗--rriinngg,,  ii ..ee,,  aa  rriinngg  wwii tthh  iinnvvoolluuttiioonn  ∗∗..  AA  ll iinneeaarr  mmaappppiinngg  

RR →:τ   iiss  ccaall lleedd  JJoorrddaann  ∗∗--ddeerriivvaattiioonn,,  ii ff   ffoorr  aall ll   Rb,a ∈   aanndd  

∗τ+τ=τ a)a()a(a)a( 2 ,,[[22]]..  II ff   RR  iiss  aa  rriinngg  wwii tthh  tthhee  ttrriivviiaall   iinnvvoolluuttiioonn,,  

aa =∗ ,,  tthheenn  tthhee  sseett  ooff   aall ll   JJoorrddaann  ∗∗--ddeerriivvaattiioonnss  iiss  eeqquuaall   ttoo  tthhee  sseett  ooff   aall ll   

JJoorrddaann  ddeerriivvaattiioonnss..  
  

  II tt  iiss  eeaassii llyy  sseeeenn  tthhaatt  tthhee  mmaappppiinngg  )H()H(: β→βτ   ddeeff iinneedd  bbyy    

XAXA)X()X( A +=τ=τ ∗ ,,  )H(X β∈   iiss  nnoott  JJoorrddaann  ∗∗--ddeerriivvaattiioonn..  TToo  sseeee  

tthhiiss,,  sseeee  tthhee  aabboovvee  eexxaammppllee..  

  

NNeexxtt,,  wwee  ddiissccuussss  tthhee  iinnjjeeccttiivvii ttyy  ooff   tthhee  mmaapp  Aτ   aanndd  sshhooww  tthhaatt,,  iinn  ggeenneerraall ,,  

tthhee  mmaapp  )H()H(:A β→βτ   iiss  nnoott  nneecceessssaarryy  oonnee--ttoo--oonnee..    
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PPrr ooppoossii tt iioonn  ((11..44..11))::     

  CCoonnssiiddeerr  tthhee  mmaapp  XAXA)X(A +=τ ∗ ..  II ff   AA  iiss  aa  sskkeeww--aaddjjooiinntt  

ooppeerraattoorr  tthheenn  Aτ   iiss  nnoott  oonnee  ttoo  oonnee..  
  

PPrr ooooff ::     

            SSiinnccee  A   iiss  aa  sskkeeww--aaddjjooiinntt  ooppeerraattoorr,,  tthheenn  }XAAX:)H(X{ker =β∈=τ ..  

TThheerreeffoorree  AkerI τ∈   aanndd  tthhuuss  Aτ   iiss  nnoott  oonnee  ttoo  oonnee..  ♦♦  
  

  NNooww,,  wwee  hhaavvee  tthhee  ffooll lloowwiinngg  ssiimmppllee  pprrooppoossii ttiioonn..  

PPrr ooppoossii tt iioonn  ((11..44..22))::   

11..  RRaanngg  )(Rang)( AA τ=τ ∗   

22..  α   RRaanngg  )( Aτ ==  RRaanngg  )( Aτ   
  

PPrr ooooff ::     

11..  SSiinnccee  { }(H)X ,)( **** βτ ∈+= XAAXRang A ..  TThheenn  ,,  

{ }(H)X  ,)( 111
** βτ ∈+= AXXARang A   wwhheerree  *

1 XX = ..  TThheerreeffoorree    

)()(Rang AA Rang ττ =∗ ..  

22..  α   RRaanngg )( Aτ == )}H(X),XAXA({ β∈+α ∗   

                                            )}H(X,XAXA{ β∈α+α= ∗   

LLeett  XX1 α= ,,  tthheenn  

α   RRaanngg )(Rang)}H(X,AXXA{)( A111A τ=β∈+=τ ∗ ..♦♦  

  

          NNeexxtt  wwee  ssttuuddyy  tthhee  rraannggee  ooff   Aτ   wwhheenn  A   iiss  hhyyppoonnoorrmmaall ..  

NNooww,,  wwee  pprroovvee  tthhee  ffooll lloowwiinngg  tthheeoorreemm..  
  

CCoorr ooll llaarr yy  ((11..44..55))::   

  LLeett  )H(A β∈   ssuucchh  tthhaatt  ∗A   iiss  aa  hhyyppoonnoorrmmaall   ooppeerraattoorr  aanndd  lleett  

01
1n

1n
n

n aXa...XaXa)X(p ++++= −
− ..  II ff   )(Rang)A(p Aτ∈∗   tthheenn  ffoorr  eeaacchh  
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)A()A( −σ∩σ∈λ ∗   ssuucchh  tthhaatt  λ   iiss  aann  aapppprrooxxiimmaattee  eeiiggnnvvaalluuee  ooff   --AA  aanndd  

∗A   wwii tthh  tthhee  ssaammee  ccoorrrreessppoonnddiinngg  aapppprrooxxiimmaattee  eeiiggeennvveeccttoorr  tthheenn  0)(p =λ ..  
  

  

PPrr ooooff ::     

  LLeett  0∈>   aanndd  lleett  )A()A( −σ∩σ∈λ ∗ ,,  ssuucchh  tthhaatt  λ   iiss  aann  aapppprrooxxiimmaattee  

eeiiggeennvvaalluuee  wwii tthh  tthhee  ssaammee  aapppprrooxxiimmaattee  eeiiggeennvveeccttoorr..  TThheenn  tthheerree  eexxiissttss  aa  

uunnii tt  vveeccttoorr  Hf ∈   ssuucchh  tthhaatt  

                                                                      
4

ffA
∈<λ−∗             ((11..1100))  

aanndd  

                                                                      
4

fAf
∈<λ−             ((11..1111))  

ssiinnccee  λ   iiss  aann  aapppprrooxxiimmaattee  eeiiggnnvvaalluuee  ffoorr  ∗A   tthheenn  )(p λ   iiss  aann  aapppprrooxxiimmaattee  

eeiiggnnvvaalluuee  ffoorr  )A(p ∗   wwii tthh  tthhee  ssaammee  ccoorrrreessppoonnddiinngg  eeiiggnnvveeccttoorr,,  [[1188]]..  

TThhuuss  
4

f)(pf)A(p
∈<λ−∗ ..  HHeennccee,,  

4
)()(

∈<−∗ ffpfAp λ ..  

SSoo  bbyy  SScchhwwaarrttzz  iinneeqquuaall ii ttyy    

                        
4

)(pf,f)A(p
∈<λ−>< ∗               ((11..1122))  

AAnndd  ssiinnccee  )(Range)A(p Aτ∈∗ ,,  tthheenn  tthheerree  iiss  )H(X β∈   ssuucchh  tthhaatt  

0)XAXA()A(p =+− ∗∗ ..  SSoo  HgggXAXAAp ∈∀>=+−< ∗∗   0,))()(( ..    

IInn  ppaarrttiiccuullaarr  0,))()(( >=+−< ∗∗ ffXAXAAp ..  TThhuuss    

0f,fXAf,fXAf,f)A(p >=<−><−>< ∗∗           ((11..1133))  

SSiinnccee  ∈   iiss  aarrbbii ttrraarryy,,  tthheenn  wwee  ccaann  aassssuummee  iinn  eeqq..((11..1111))  tthhaatt  

4
XfAf

∈<λ− ∗   

BByy  SScchhwwaarrttzz  iinneeqquuaall ii ttyy  wwee  ggeett    
4

fX,ffX,Af
∈<><λ−>< ∗∗   

oorr    
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4
fX,AffX,f

∈<><−><λ ∗∗           ((11..1144))  

NNooww  tthhee  hhyyppoonnoorrmmaall ii ttyy  ooff   ∗A   iimmppll iieess  tthhaatt  yAAy ∗≤   ffoorr  eeaacchh  Hy ∈ ..  

HHeennccee,,  
4

fAfX
∈<λ− ..  AAggaaiinn  bbyy  SScchhwwaarrttzz  iinneeqquuaall ii ttyy  wwee  ggeett    

4
,,

∈<><−>< fXfAfXf λ   

oorr    

4
fX,ff,,XfA

∈<><λ−>< ∗∗       ((11..1155))  

BByy  aaddddiinngg  tthhee  eeqquuaattiioonn  ((11..1133))  aanndd  tthhee  iinnqquuaall ii ttiieess  ((11..1122)),,  ((11..1144))  aanndd  ((11..1155))  

wwee  ggeett  0 
4

3
 )( ∈>∀∈<λp ..  SSoo  .0)( =λp ♦♦  

  

RReemmaarr kk  ((11..44..22))::     

  WWee  ccaann  sshhooww  tthhaatt  uunnddeerr  tthhee  ssaammee  ccoonnddii ttiioonnss  aanndd  tthhee  ssaammee  aarrgguummeenntt  

ii ff   )(Rang)A(p Aτ∈   tthheenn  0)(p =λ ..  

CCoorr ooll llaarr yy  ((11..44..11))::   

  LLeett  )H(A β∈   ssuucchh  tthhaatt  ∗A   iiss  aa  hhyyppoonnoorrmmaall   ooppeerraattoorr  aanndd  lleett  

01
1n

1n
n

n aXa...XaXa)X(p ++++= −
− ..  II ff   )A()A( −σ∩σ ∗   ccoonnttaaiinnss  aa  

nnuummbbeerr  ooff   aapppprrooxxiimmaattee  eeiiggnnvvaalluueess  wwii tthh  tthhee  ssaammee  ccoorrrreessppoonnddiinngg  

aapppprrooxxiimmaattee  eeiiggeennvveeccttoorrss,,  ggrreeaatteerr  tthhaann  tthhee  ddeeggrreeee  ooff   pp,,  tthheenn  ii ff     

).(0)(,)()( HXXpRangAp A βτ ∈∀=∈∗ ..  

 

Proof:  

 SSuuppppoossee  tthhaatt  )(Range)A(p Aτ∈∗   tthheenn  uussiinngg  tthheeoorreemm  ((11..44..11))  ffoorr  eeaacchh  

)A()A( −σ∩σ∈λ ∗   ssaattiissffyyiinngg  tthhee  hhyyppootthheessiiss  iinn  tthhee  tthheeoorreemm,,  0)(p =λ   

wwhhiicchh  mmeeaannss  tthhaatt  tthhee  nnuummbbeerr  ooff   zzeerrooss  ooff   )X(p   iiss  ggrreeaatteerr  tthhaann  ii ttss  ddeeggrreeee  

ssoo  0)X(p = ..♦♦  
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  LLeett  ff   bbee  aa  ccoommpplleexx  aannaallyyttiicc  ffuunnccttiioonn  ddeeff iinneedd  oonn  aa  bbaall ll   rB   ooff   cceenntteerr  

zzeerroo  aanndd  rraaddiiuuss  rr  ,,  ssoo  bbyy  TTaayylloorrss  tthheeoorreemm  ∑
∞

=
=

0n

n
nza)z(f   aanndd  tthhiiss  sseerriieess  

ccoonnvveerrggeess  uunnii ffoorrmmaall llyy  iinn  rz < ..  LLeett  AA  bbee  aann  eelleemmeenntt  iinn  )H(β   ssuucchh  tthhaatt  

rA < ,,  tthhee  sseerriieess  ∑
∞

=0n

n
n )A(a   ccoonnvveerrggeess  iinn  )H(β ,,  [[1166]]..  DDeeff iinnee  

∑
∞

=

∗∗ =
0n

n
n )A(a)A(f ..  SSiinnccee  ∗∗ ≤σ A)A( ,,  tthheenn  rB)A( ⊆σ ∗ ..  

  

  NNooww,,  wwee  pprroovvee  tthhee  ffooll lloowwiinngg  ccoorrooll llaarryy..  
  

CCoorr ooll llaarr yy  ((11..44..22))::   

    LLeett  )H(A β∈   ssuucchh  tthhaatt  ∗A   iiss  aa  hhyyppoonnoorrmmaall   ooppeerraattoorr  aanndd  lleett  f   bbee  aa  

ccoommpplleexx  aannaallyyttiicc  ffuunnccttiioonn  ddeeff iinneedd  oonn  aa  bbaall ll   rB   ooff   cceenntteerr  zzeerroo  aanndd  rraaddiiuuss  rr  

ssuucchh  tthhaatt  rA <∗ ..  II ff   )(Rang)A(f Aτ∈∗   tthheenn  ii ff   λ   iiss  aann  aapppprrooxxiimmaattee  

eeiiggnnvvaalluuee  ooff   --A   aanndd  ∗A   wwii tthh  tthhee  ssaammee  ccoorrrreessppoonnddiinngg  aapppprrooxxiimmaattee  

eeiiggnnvveeccttoorr,,  tthheenn  0)(f =λ ..  

TThhee  pprrooooff   ooff   tthhiiss  ccoorrooll llaarryy  iiss  ssiimmii llaarr  ttoo  tthheeoorreemm((11..44..11))..  
  

RReemmaarr kk  ((11..44..33))::     

  OOnnee  ccaann  sshhooww  tthhaatt  uunnddeerr  tthhee  ssaammee  ccoonnddii ttiioonnss  iinn  ccoorrooll llaarryy  ((11..44..22))  aanndd  

bbyy  tthhee  ssaammee  wwaayy,,  ii ff   )(Rang)A(f Aτ∈∗   tthheenn  0)(f =λ ..  
  

PPrr ooppoossii tt iioonn  ((11..44..33))::   

  LLeett  )H(A β∈   ssuucchh  tthhaatt  ∗A   iiss  aa  hhyyppoonnoorrmmaall   ooppeerraattoorr  aanndd  lleett  f   bbee  aa  

ccoommpplleexx  aannaallyyttiicc  ffuunnccttiioonn  ddeeff iinneedd  oonn  aa  bbaall ll   rB   ooff   cceenntteerr  zzeerroo  aanndd  rraaddiiuuss  rr    

ssuucchh  tthhaatt  rA <∗ ..  II ff   )A()A( −σ∩σ ∗   ccoonnttaaiinnss  aa  sseeqquueennccee  ooff   aapppprrooxxiimmaattee  

eeiiggnnvvaalluueess  { }∞
=λ 1nn     wwii tthh  tthhee  ssaammee  ccoorrrreessppoonnddiinngg  eeiiggnnvveeccttoorrss,,  ffoorr  bbootthh  
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A−   aanndd  ∗A   ssuucchh  tthhaatt  λ→λn   aanndd  r<λ   tthheenn  ii ff   )()( ARangAf τ∈∗ ,,  

ff ((zz))==00,,  ∀∀    zz∈∈BBrr..  
 

Proof:   

LLeett    )(Rang)A(f Aτ∈∗   tthheenn  bbyy  ccoorrooll llaarryy  ((11..44..22))  ii ff   { }∞
=λ 1nn   iiss  aa  

sseeqquueennccee  aapppprrooxxiimmaattee  ooff   eeiiggeennvvaalluueess  wwii tthh  tthhee  ssaammee  ccoorrrreessppoonnddiinngg  

eeiiggeennvveeccttoorrss  ffoorr  bbootthh  AA  aanndd  ∗A   tthheenn    0)(f n =λ   ffoorr  eeaacchh  nn  aanndd  ssiinnccee  

λ→λn   aanndd  r<λ   ssoo  bbyy  TTaayylloorr’’ ss    tthheeoorreemm,,  ff ((zz))==00  Brz∈∀ ..  

  FFooll lloowwiinngg  [[44]],,  wwee  ssaayy  tthhaatt  aann  ooppeerraattoorr  TT  iiss  ppsseeuuddoonnoorrmmaall   ii ff   xTx λ=   

ffoorr  ssoommee  Hx ∈ ,,  C∈λ   tthheenn  xxT* λ= ,,  aanndd  ffooll lloowwiinngg  [[2211]]  wwee  ssaayy  tthhaatt  aann  

ooppeerraattoorr  TT  iiss  ** --ppaarraannoorrmmaall   ii ff   xTxT 22* ≤   ffoorr  eevveerryy  uunnii tt  vveeccttoorr  xx  iinn  HH..  

RReemmaarr kkss  ((11..44..44))::     

((11))  EEvveerryy  ddoommiinnaanntt  ooppeerraattoorr,,  iinn  ppaarrttiiccuullaarr,,  eevveerryy  MM  hhyyppoonnoorrmmaall ,,  

hhyyppoonnoorrmmaall ,,  nnoorrmmaall   ooppeerraattoorr  iiss  aa  ppsseeuuddoonnoorrmmaall   ooppeerraattoorr  [[1144]]..  

((22))  EEvveerryy  ** --ppaarraannoorrmmaall   iiss  aa  ppsseeuuddoonnoorrmmaall   ooppeerraattoorr  [[1144]]..  

  

NNooww,,  wwee  ccaann  pprroovvee  bbyy  tthhee  ssaammee  wwaayy  aanndd  tthhee  ssaammee  ccoonnddii ttiioonn  tthhaatt  ii ff     )()( ARangAp τ∈   

tthheenn  2

,2
)(

f

fXf
p

><= λλ ..  

TThheeoorr eemm  ((11..44..22))::   

  LLeett  )H(A β∈   ssuucchh  tthhaatt  ∗A   iiss  aa  ppsseeuuddoonnoorrmmaall   ooppeerraattoorr  iinn  )(Hβ   aanndd  

lleett  01
1n

1n
n

n aXa...XaXa)X(p ++++= −
− ..  II ff   )(Rang)A(p A

* τ∈   tthheenn  ii ff   λ   

iiss  aann  eeiiggeennvvaalluuee  ooff     A−   aanndd  ∗A   wwii tthh  tthhee  ssaammee  eeiiggeennvveeccttoorr  ff ,,  tthheenn  

 ,
f

f,Xf2
)(p

2

><λ=λ wwhheerree    )(Hx β∈ ..  
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Proof:  

 LLeett    λ   iiss  aann  eeiiggeennvvaalluuee  ooff   A   aanndd  ∗A   wwii tthh  tthhee  ssaammee  eeiiggeennvveeccttoorr  ff ,,  

tthheenn  0ffA* =λ−   aanndd  0fAf =λ−   aanndd  ssiinnccee  ∗A   iiss  ppsseeuuddoonnoorrmmaall   tthheenn  

0fAf =λ− ..  

  SSiinnccee  )(Rang)A(p A
* τ∈   tthheenn  tthheerree  eexxiissttss  )H(X β∈   ssuucchh  tthhaatt  

XAXA)A(p ** +=   ssoo  H.g ,0,)()(( ** ∈∀>=+−< ggXAXAAp  IInn  ppaarrttiiccuullaarr  

0f,f)XAXA()A(p( ** >=+−<      (1.16)  

BBuutt  λ   iiss  aann  eeiiggeennvvaalluuee  ooff   ∗A   tthheenn  pp((λ ))  iiss  eeiiggeennvvaalluuee  ooff   )A(p *   wwii tthh  tthhee  

ssaammee  eeiiggeennvveeccttoorr  f)(pf)A(p * λ=   ..  SSoo  eeqq..((11..1166))  bbeeccoommeess    

0f,XAff,XfAf,f)A(p ** >=<−><−><   

TThhaatt  iiss  

0,,,)( >=<−><−>< fXffXfffp λλλ   

TThhuuss    

0f,Xff,Xff,f)(p >=<λ−><λ−><λ   

TThheerreeffoorree,,    2

,2
)(

f

fXf
p

><= λλ ..♦♦  

FFiinnaall llyy,,  tthhee  ffooll lloowwiinngg  rreemmaarrkk  iiss  eesssseennttiiaall   hheerree..  
  

RReemmaarr kk  ((11..44..55))::   

  TThhee  ppeerrvviioouuss  rreessuull ttss  ggiivveenn  iinn  sseeccttiioonn((11..22)),,((11..33))  aanndd  ((11..44))  ooff   tthhiiss  

cchhaapptteerr  ccaann  bbee  eeaassii llyy  ggeenneerraall iizzeedd  ttoo  iinncclluuddeess  tthhee  ggeenneerraall iizzaattiioonn  ooff   tthhee  

ccoonnttiinnuuoouuss  ––  ttiimmee  LLyyaappuunnoouu  eeqquuaattiioonn  ggiivveenn  bbyy  eeqq..((11..66))..  
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CHAPTER THREE 
 

OOnn  tthhee  DDiissccrreettee--TTiimmee  LLyyaappuunnoovv  EEqquuaattiioonn  

    

Introduction  

Recall that, the operator equation of the form  

QXFFX * =− , 

is called the discrete-time Lyapunov equation, or the Stein equation, [5]. 

 In general this equation may have one solution, infinite set of solutions or 

no solution. 

 This chapter consists of three sections:  

In section one, we study the nature of the solution of this equation has a 

unique solution and we study the nature of it for special type of operators. 

In section two, we study some of the properties of   µF(X)=X-F*XF, 

X∈β(X). 

Also, we prove that the range of µF is linear manifold of operators in β(H) 

and show that the inverse of Q isn’t necessary in Range (µF), in case 

Q∈Range (µF) and Q is invertible. 

In section three, we introduce some notation, theorems, corollaries and 

remarks about the spectrum of µF. Also we study the relation of the spectra 

of LF and RF* with the spectra F and F* respectively. 
 

3.1 The Discrete-Time Lyapunov Equation  

 Recall that, the operator equation  

    X−F*XF=Q        (3.1) 
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is said to be the discrete-time Lyapunov equation, where F and Q are known 

operators in β(H) and X is an unknown operator that must be determined,[5].  
 

 In general this equation may have one solution, infinite set of solutions, 

or no solution . 
 

 To see this, consider the following examples. 
 

Example (3.1.1): 

Let H= )C(2l . The unilateral shift operator U on )C(2l  is defined by  

U(x1, x2,…)=(0,x1, x2,…) 

Consider eq.(3.1) where F=U and Q=0. Therefore eq.(3.1) reduces to the 

operator equation 

      X-BXU=0 

Where B is the bilateral shift operator which defined by 

     B (x1,x2,…)=(x2, x3, x4,…) 

and U*=B. The above discrete-time Lyapunov equation has infinite 

solutions, say X=0, X=U and X=cI where c is an arbitrary constant. 

The following example shows that eq.(3.1) may have no solution. 
 

Example (3.1.2): 

 Consider eq.(3.1), where F= 








0    0

2    1
and Q= 









3    1

0    1
. It is easy to check 

that eq.(3.1) has no solution. 
 

The following example shows that the solution of eq.(3.1) may be 

unique. 
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Example (3.1.3):  

Consider eq.(3.1), take F= 








0     0

0     2
 and Q= 









1-    3

2     1
. After simple 

computations, one gets  X=












−

1-       3

2     
3

1
, therefore, in this case eq.(3.1) has 

only one solution. 

Now, we study the nature of the solution of eq.(3.1) for special types of 

operators.  
 

Proposition (3.1.1): 

 Let Q and F be self adjoint operators. Assume that eq.(3.1) has a unique 

solution X then this solution is self adjoint. 
 

Proof: 

 Consider eq.(3.1). Therefore X*−F*X*F=Q* . Since Q and F are self 

adjoint operator, thus X*−F*X*F=Q . Also X−F*XF=Q. but eq.(3.1) has a 

unique solution , thus, X=X*, hence X is a self-adjoint operator.♦ 
 

 Next, we study the nature of the solution of eq.(3.1) for normal 

(binormal, quasi normal, θ-operator). 
 

 The following example shows that the solution of eq.(3.1) is not 

necessarily normal (binormal, quasi normal, θ -operator) in case the known     

operators F and Q are normal (binormal, quasi normal, θ -operators). 
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Example (3.1.4):  

 Consider eq.(3.1).Take F=iI, Q=0. It is clear that this equation has the 

following solutions X=0, X=cI, X=U , where c is an arbitrary number and U 

is non normal (nonbinormal, nonquasi normal, non θ-operator). 
 

Next, we study the nature of the solution of eq.(3.1) when it exists for 

another type of operators, namely the compact operators. 
 

 The following example shows that the solution of eq.(3.1), if it exists, is 

not necessarily compact  operator incase the known operator Q is compact. 
 

Example (3.1.5): 

 Consider eq.(3.1). Take F=U and Q=0. Clearly, the solution of this 

equation is X=cI, where c is an arbitrary number and I is not compact 

operator in infinite dimensional space. 
 

Remark (3.1.1): 

 The following example shows that the subspace M is not necessarily 

invariant subspace under a solution of eq. (3.1) in case the operator, F and Q 

have common nontrivial invariant subspace M. 
 

Example (3.1.6): 

Consider eq.(3.1), and put Q=0, F=U. we get X-BXU=0. we have the 

following solutions X=0, X=cI, X=0 where c is an arbitrary numbers. 
 

Remark (3.1.2): 

 Consider eq.(3.1). If the operator F has nontrivial invariant subspace M1 

and the operator Q has also nontrivial invariant subspace M2 then a solution 

of this equation may have no invariant subspace.  

To explain this remark, see example (1.3.2). 
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3.2 The Map µF  

 Let β(H) denote the algebra of all bounded operators on an infinite 

dimensional separable complex Hilbert space H. For F in β(H),                     

let µF:β(H) → β(H) be a mapping defined by  µF(X)=X−F*XF, X∈β(H) 

then   Rang (µF)={X −F*XF: X∈β(H)}. 

 In this section, we study some of the properties of µF. It is clear that µ 

is a linear map, in fact µ(αX1+βX2)=(α X1+β X2)-F*(αX1+βX2)F 

             =αX1+βX2−αF*X 1F−βF*X 2 F 

           =αµ(X1)+βµ(X2). 

Now, we have the following simple proposition. 
 

Proposition (3.2.1): 

(1) Rang (µF)*=Rang(µF) 

(2) αRang (µF)=Rang(µF)  ∀ α∈C 

(3) The operator µF  is bounded. 
 

Proof: 

(1)  Rang(µF)*={(X −F*XF)*, X ∈β(H)} 

           ={X*−F*X*F, X ∈β(H)}. 

      Let X1=X*, then   (Rang(µF))* ={ X 1-F* X1F, X1∈β(H)}=Rang(µF). 

(2)  α Rang(µF)={ α(X−F*XF), X∈β(H)} 

                         ={αX−F*αXF, X∈β(H)}.  

      Let X1=αX, then α Rang(µF)={X 1-F*X1 F, X1∈β(H)}=Rang (µF). 
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(3) )X(Fµ = XFFX *− ≤ X + XFF* ≤ X ( )2F1+ . But F∈β(H), thus  

)X(Fµ ≤ M X , where  M=( )2F1+ , so Fµ  is bounded.♦ 

 

        Now, we prove that the range of µF is linear manifold of the operators 

in β(H). 
 

Proposition (3.2.2):  

 Rang(µF) is a linear mainfold of operators in β(H).  
 

Proof: 

  It is known that Rang(µF(X))={Q µF(X)=Q, X∈β(H)}  

(1) 0∈Rang(µF) since )(0 HX β∈=  and 0)0( =Fµ . 

 

(2) Let Q1, Q2∈Rang(µF)  we must prove Q1−Q2∈Rang(µF) 

     Therefore,  ∃ X1∈β(H) such that µFX1=Q1 and  ∃ X2∈β(H) such that 

µF X2=Q2. Thus,  µF(X1−X2)=(X1−X2)−F*(X 1−X2)F 

But,         =X1−X2-F*X 1F+F*X2F 

          =( X1−F*X1F)−(X2−F*X 2F)=Q1−Q2. 
 

Then X1−X2∈β(H) such that µF(X1−X2)=Q1−Q2. So Q1−Q2∈Rang(µF). 

Therefore, Rang (µF) is a linear manifold of operators.♦ 

Now, we state the following proposition. 
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Proposition (3.2.3):  

 If Q∈Rang(µF) then  so does  Q*. 

Proof:  

 Let  Q∈Rang(µF) so ∃X∈β(H) such that µF(X)=Q. To prove 

Q*∈Rang(µF) so ∃ y∈β(H) such that µF(y)=Q*. But µF(X)=Q, thus 

(X−F*XF)*=Q*. Hence  X*−F*X*F=Q*. Since X∈β(H) then X*∈β(H) so 

Q*∈Rang(µF). ♦ 

 The following example shows that the inverse of Q (denoted by Q-1) is 

not necessarily in Rang (µF) in case Q ∈Rang (µF) and Q is invertible. 

 

Example (3.2.1): 

 Consider eq.(3.1) Q= 








1      2

2     0
 and F= 









0      0

2      1
. Therefore 

1Q− = 






−
0       2

2-     1

4

1
. After simple computations one can get X= 









1       2

2      0
 is 

solution of eq.(3.1). In fact every matrix of the form X= 








+ 4a1      b

b      a
 is a 

solution, where a and b are any numbers. 

Now, if Q∈Rang(µF) then Qn does not necessarily belong to Rang(µF), 

for all n∈Z+. This fact can easily be shown in matrices. 
 

Remark (3.2.1): 

  If Q1, Q2∈Rang(µF) then Q1Q2 is not necessarily in Rang(µF), this can 

be seen in the following example. 
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Example (3.2.2): 

 Take Q1= 








1     1

1    0
, therefore Q1∈Rang(µF) where F= 









0      0

2       1
,  

Q2= 








1      2

2      0
, therefore Q2∈ Rang(µF). After simple computations one gets 

Q1Q2= 








3           2

1           2
, but Q1Q2∉Rang (µF). 

Remark (3.2.2): 

 Rang(µF) is not a subalgebra of β(H). 
 

Recall that µF(X) is one-to-one iff ker(µF)={0}. Let X∈ker(µF) so 

µF(X)=0, then X=F*XF also if F is an isometric operator so X=I then      

ker(µF)≠{0}. Therefore, µF is not one-to-one and thus it is non invertible. 
 

To illustrate this fact, consider the following example. 
 

Example (3.2.3): 

      Consider eq.(3.1) so µF=I−RF*LF, where XFR
F

*
* =  and XFLF = µF(X)=0 

therefore X=0.  

X−F*XF=0so X=F*XF. Let F=U so I=BIU=I and 0=BOU=0. F*F=BU=I. 

then U is an isometric operator, therefore F is an isometric operator and µF is 

not one-to-one and so is non invertible. 
 

 Recall that, an operator T on a Hilbert space H is said to be projection 

operator in case T2=T and T*=T, [9,pp. 147]. 
 

Proposition (3.2.1): 

  If F is a non zero projection operator then µF is not one to one  and so 

is not invertible. 
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Proof:  

    The prove µF is not one to one, we must prove that if x1-x2=F*(x1-x2)F 

then x1-x2=0 take x1-x2=F therefore F=F. 
 

The following example shows that µF is not onto in general 
 

Example (3.2.4): 

 Take F= 








2     0

0     1
 so F*F≠I. Then F is not isometric. Assume  X=F*XF, 

Let X= 








d     c

b    a
. Then  























=








2      0

0      1

d      c

b     a

2     0

0     1

d      c

b     a
 After simple 

computation one gets  X= 








0        0

0        1
 ∈ker(µF ). Therefore µF is not one-to-

one and is not onto. 
 

 We state the following remark. 
 

Remark (3.2.3): 

  If F is a non isometric operator then µF may not be one-to-one. 
 

 To see this fact, consider the above example.  
 

Remark (3.2.4): 

 Recall that, )(Rang Fµ  is self-adjoint where the closure is in the norm 

topology, if )(Rang Fµ =Rang(µF*) 

But we observed, in proposition (3.2.1), that Rang(µF)*= )(Rang Fµ  so 

)(Rang Fµ  is self-adjoint if )(Rang Fµ = *
F )(Rangµ  
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3.3 The Spectrum of µF:  

 In this section, we study the relation between the sepectra of  LF and 

RF* with the sepactra of  F and F* respectively. 
 

Notation (3.3.1):  

 For A, B∈β(H). X is any Banach space. Let 

 σ(A)+σ(B)={ α+β : α∈σ(A), β∈σ(B)} 

σπ(A)+σπ(A)={ α+β: α∈σπ (A), β∈σπ (B)} 

σπ(A)σπ(B)={ α β: α∈σπ (A), β∈σπ (B)} 

σδ (A)+σδ(B)={ α+β:α∈σδ (A), β∈σδ  (B)} 

σδ (A)σδ(B)={ αβ: α∈σδ (A), β∈σδ  (B)} 

In the following lemma we give the relation between the parts of 

spectrum of the sum of two operators A and B defined on a Banach space X 

and the sum of the spectrum. 
 

Lemma (3.3.2), [10]: 

      If A, B ∈β(H), and AB=BA, then  

(i) σπ(A+B)⊆σπ(A)+σπ (B). 

 (ii) σπ(AB)⊆σπ(A)σπ (B). 

 We have this immediate corollary. 
 

Corollary (3.3.1), [10]: 

      If A, B ∈β(H) and AB=BA then 

(i) σδ(A+B)⊆σδ(A)+σδ(B). 

(ii)  σδ(AB)⊆σδ(A) σδ(B). 
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In [26] Herro,D.A. proved that if X is a Hilbert space then corollary 

(3.3.1) becomes  

Remark (3.3.1) 

       Let A,B ∈β(H)and AB=BA then  

(1) σπ(A+B)=σπ(A)+σπ(B), σπ(AB)=σπ(A)σπ(B). 

(2) σδ (A+B)=σδ (A)+σδ(B), σδ (AB)⊆σδ (A)σδ(B). 

 Let β(β(H)) be the Banach algebra of operators on β(H) considerd as a 

Banach space. Define the mappings LF and RF from β(H) into β(β(H)) such 

that   LF(X)=XF,  RF*(X)=F*X. It is clear that for all F∈β(H), LF RF*=LF RF*. 

 Now, we return to our problem, we want to relate the spectra of LF and 

RF*with the spectra of F and F* respectively. 
 

Theorem (3.3.1):  

       Let F∈β(H), then  

(1) σπ(RF*)=σπ (F*) and  σπ (LF)=σδ (F) 

(2) σδ (RF*)=σδ (F*) and  σδ (LF)=σπ(F). 

 

Proof:  

 To prove this theorem, we have to look several possibilities, but we 

prove some of them and the rest can be proved by similar ways. To prove  

σπ(RF*)=σπ(F*) we have to show that σπ(F*)⊆σπ(RF*) and          

σπ(RF*)⊆σπ (F*). 

 Let λ∈σπ(F*), without loss of generality, we may take λ =0. Suppose 

that F* is not bounded below on H, but RF* is bounded below on β(H). This 

means that there exists m>0 such that Xm)X(R *F
≥   for all X∈β(H). 
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Since F* is not bounded below, one can choose a unit vector f∈H such that 

mfF* < . Now we set X=f⊗g where g is a unit vector and f⊗g represents 

the operator on H which is defined by (f⊗g)h=<h,g>f for all h in H. It is 

easily checked that g fgf =⊗ . Thus 1g fgfX ==⊗= . On the 

other hand, Xmmg fFgfF)gf(F XF **** =<=⊗=⊗ , a contradiction. 

To prove that o∈σδ (LF ) implies o∈σπ (F). If o∉σπ(F), then F maps H, 

1-1 and invertibly onto rang(F). Then the equation XF=C has a unique 

solution in β(H) for any C∈β(H), that is X= 1CF− , where 1F−  is the operator 

whose restriction to rang(F) is the inverse of F and whose restriction to 

⊥)F(Rang  is zero. This means that Rang(LF)=β(H) so 0∉σδ (LF ). 

 Now, let F∈β(H), RF*LF=LF RF* and RF* and LF ∈β(H). So  

σπ(µF) =σπ(I−RF*LF)=σπ(I)−σπ(RF*LF) (by spectral mapping theorem) 

  =σπ(I)−σπ(RF*)σπ(LF)  by remark (3.3.1) 

=1−σδ (F*)σπ(F). 

Also σδ(µF)=σδ(I−RF*LF)=σδ(I)−σδ(RF*LF) by remark (3.3.1) 

            =1−σπ(F*)σδ (F) . 

and this completes the proof.♦ 
 

Corollary (3.3.2): 

(1) σπ(µF)=1−σδ(F*)σπ(F). 

(2) σδ(µF)=1−σπ(F*)σδ(F). 
 

 Now, we state the main theorem  
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Theorem (3.3.2):  

 σ(µF)=1−σ (F*)σ(F) 

Proof: 

 Since β(β(H)) is the Banach algebra of endmorphisms on a 

Banach space β(H) then σ(µF)=σ(I−RF*LF)=1−σ(RF*)σ(LF). Since 

σ(RF*)=σ(F*) and σ(LF)=σ(F) so σ(µF)=1−σ(F*)σ(F). ♦ 
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CCHHAAPPTTEERR  TTWWOO  
  

OOnn  TThhee  RRaannggee  OOff  ρρAA  

 

Introduction 

Assume that )H()H(:A β→βρ  is amapping which is defined by 

AXAX)X(A +=ρ ∗ , )H(X β∈ . The range of ρA is denoted by RA and 

defined by }(H)X :AXAX{R *
A β∈+= .This mapping is said to be  

quasi-Jordan *-derivation. 

In this chapter, we study the range of the quasi-Jordan *-derivation 

ρA, when A is either normal or compact operator. Furthermore, we study 

some properties of ρA, like, surjectivity and density . 

This chapter consists of four sections. 

In section one, a study of the surjectivity of the map ρA is 

introduced. We prove that ρA is not surjective in general. In fact if 

*AA −  or *AA +  is non invertible then )H(RA β≠ . 

In section two, a study of the range of ρA when A is either a normal 

or compact operator. We prove that, if A is a self-adjoint operator, (skew- 

adjoint) which is an invertable operator then the range of ρA is equal to 

the set of all skew-adjoint (self-adjoint)  operators. Moreover, if A is a 

skew-adjoint operator, we prove that the range of ρA is equal to the set of 

all self-adjoint operators. 

In section three, we define the quasi-commutator of two operators in 

)H(β . Also, if H is a complex Hilbert space, then )H()H(* β=ϑ . And in 

case infinite dimensional real Hilbert space, we show that every operator 

in )H(β  can be written as a sum of two quasi-commutators. 
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In section four, we study the density of the range of ρA with respect 

to the norm topology.  

In fact, we show that }adjoint-skew a is  X :AXXA{R *
A +=  is 

not a norm dense in )H(β . 

 We start this chapter by studying the surjectivity of the map ρA.  

 

2.1 Surjectivity of the map  

 For each )H(A β∈ , let )H()H(:A β→βρ  be a mapping which is 

defined by AXAX)X(A +=ρ ∗ ,. For every )H(A β∈ , we call ρA a quasi-

Jordan*-derivation. Let AR  denote the range of the quasi–Jordan *-

derivation ρA, that is, )}H(X :AXAX{RA β∈+= ∗ . 

 In this section we study the surjectivity of the map ρA. 

 First the following simple proposition is given. 

 

Proposition (2.1.1): 

(1) ∗
∗ =

AA R)R( . 

(2) )}H(X:AXAX{R i A β∈−= ∗  

 

Proof 

(1) )}H(X :)AXAX{()R( A β∈+= ∗∗∗              

)}H(X :AXXA{ ** β∈+= ∗ )}H(X :XAAX{ *** β∈+= *A
R=  

(2) i )}H(X :)AXAX(i{RA β∈+= ∗  

     )}H(X :)iX(AA)iX{( β∈+= ∗  

      )}H(X :)iX(AA)iX({ β∈+−= ∗ )}H(X :AXAX{ 111 β∈+−= ∗  

Aρ
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      )}H(X :AXAX{ 1
*

11 β∈−=  where iXX1 = . ♦ 

The question that may be asked is, whether the map Aρ  is 1-1 for any 

fixed operator A in β(H). 

 The following proposition gives an answer. 

 

Proposition (2.1.2): Aρ  is not 1-1.  

Proof:  

 It is known that }0XA :)({ *
A =+∈= AXHXKer βρ . If XX * −= , then 

}0AXXA- :)H(X{ Ker A =+β∈=ρ . It is clear that A KerI ρ∈ .♦ 

 The following theorems shows that ρA is not generally surjective. 

Theorem (2.1.1): 

 Let )H(A β∈  such that ∗− AA  is non invertible, then ARiI ∉  and 

hence )H(RA β≠  . 

 

Proof:  

Assume that there exists an operator X∈β(H) such that 

 iIAXAX =+∗          (2.1) 

Hence  

 iIAXXA −=+ ∗∗∗          (2.2) 

By subtracting eq.(2.2) from eq.(2.1), one can get   

 

iI2AXXAAXAX =−−+ ∗∗∗∗ . 

It follows that 

iI2X)AA()AA(X =−+− ∗∗∗ . 

Thus  

iI2))AA(X()AA(X =−−− ∗∗∗∗∗ . 
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By assuming that ∗−= AAB , then it is easily seen that B is skew-

adjoint and iI2)BX(BX =− ∗∗∗ . Therefore  [ ] iI)BX(iIBX ++= ∗∗∗ .Let 

∗∗+= )BX(iIC  then iIBXC −= ∗ . Also, [ ] CBXiI)BX(iIC
*

=+−=+= ∗∗∗∗ . 

Thus the spectrum of C, shown by )C(σ , consists of real numbers 

only. On the other hand, since B is non invertible, so is BX∗ , and hence 

)BX(0 ∗σ∈ . But iIBXC −= ∗ , hence )C(i σ∈−  which is a 

contradiction.♦ 

 

Theorem (2.1.4): 

Let )H(A β∈  such that ∗+ AA  is non invertible, then ARI ∉  , and 

hence )H(RA β≠  . 

 

Proof:  

 Assume that there exists an operator  X∈β(H) such that  

 IAXAX =+∗           (2.3) 

Hence  

 IAXXA =+ ∗∗∗          (2.4) 

By adding eq.(2.3) and eq.(2.4), one can get   

I2))AA(X()AA(X =+++ ∗∗∗∗∗ . 

By assuming that ∗+= AAB , then it is clear that B is self-adjoint and 

[ ] I)BX(IBX +−= ∗∗∗ . Let  ∗∗−= )BX(IC  then IBXC −= ∗ . Also,  

[ ] CBXI)BX(IC
*

−=−=−= ∗∗∗∗ . 

Thus )C(σ  consists of the pure imaginary numbers only. On the other 

hand, since B is non invertible, so is BX ∗ , and hence )BX(0 ∗σ∈ . But 



CChhaapptteerr  TTwwoo                          OOnn  tthhee  RRaannggee  OOff  ρρAA  

 - 34 -

IBXC −= ∗ , hence )C(1 σ∈−  which is a contradiction. Therefore 

RA≠β(H). ♦ 

 

2.2 On the Range of ρA  

 In this section, we study the range of ρA for special types of operator 

A. This study includes the compact operators and the normal operators. 

 

2.2.1 On The Range Of ρA In Case A Is A Normal Operator  

 This section given a study of the range of ρA in case A is a special 

type of operators, namely the normal operator. 

 We start this section by the following proposition. 

 

Proposition (2.2.1): )(HRI ζ= where )(Hζ  is the set of all self-adjoint 

operators defined on H. 

Proof:  

 It is clear that { })H(XXXR *
I β∈+= . Since X*+X is self-adjoint 

operator then RI⊆ζ(H). 

Conversely let Y∈ζ(H), by assuming X=½Y then X*+X=Y∈ RI. 

Therefore RI=ζ(H). 

 

Next, we give a generalization of the above proposition to include 

another special type of normal operators, namely the self-adjoint operator. 

 

Proposition (2.2.2):  

 Let A be self-adjoint operator, then )H(RA ζ⊆ . 
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Proof: 

 Let ARY ∈ , then there exists an operator )H(X β∈  such that 

AXAXY += ∗ . Hence ∗∗∗∗ += AXXAY . Since A is self-adjoint, one 

can get YAXAXY =+= ∗∗ . Thus Y is self-adjoint. Therefore 

)H(RA ζ⊆ .♦ 

The question now is pertinent, does ARH ⊆)(ζ for fixed operator 

)(HA β∈  ? 

The answer is negative, in fact, if A=0 where 0 is the zero operator 

then Ro={0} and hence ξ(H)≠{0}.  

 On the other hand the following proposition shows that if A is any 

self-adjoint operator, then one can get the same result that is ζ(H)⊄ AR . 

 

Proposition (2.2.3): 

 If A is a self-adjoint operator which is non–invertible, then 

ξ(H)⊄RA. 

 

Proof:  

 Since A is self-adjoint, then A2AA =+ ∗ , and since A  is non-

invertible, then so does ∗+ AA . Thus by theorem (2.1.4), ARI∉ .But 

I∈ξ(H) therefore ξ(H)⊄RA.♦ 

 Next, what conditions can one put it on the self-adjoint operator A 

that gives the relation  ζ(H)=RA? 

The following proposition gives one of the such conditions. 

 

Proposition (2.2.4): 

 If A is a self-adjoint operator which is invertible, then )(HRA ζ= . 
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Proof: 

  Let )H(Y ζ∈ .To prove ARY ∈ , take YA
2

1
X 1−= , then 

( ) YAA
2

1
AAY

2

1
AXAX 11* −∗−∗ +=+ . Since Y is self-adjoint operator, then 

YAA
2

1
A)A(Y

2

1
AXAX 11 −∗−∗ +=+ . But A is self-adjoint, then 

YYAA
2

1
AYA

2

1
AXAX 11 =+=+ −−∗ . Thus AR)H( ⊆ζ  and by using 

proposition (2.2.2), one can get )H(RA ζ= .♦ 

Now, we study the nature of RA in case A is another special type of 

normal operators, namely the skew-adjoint operator. 

 

Proposition (2.2.5): 

 If A is a skew-adjoint operator, then )H(RA γ⊆ . Where γ(H) 

denoted the set of all skew-adjoint operator. 

Proof:  

Let ARY =  . Then there exist an operator )(HX β∈  such that 

AXAXY += ∗ . Hence *** AXXAY += ∗ .Since A is a skew-adjoint , one can 

get )()( ** AXXAY −+−= . Therefore , AXAXY +=− ∗*  . Thus YY =− *  and 

hence  is a skew-adjoint operator. Therefore, )(HY γ∈  .♦ 

 Now, we study AR  in case A is a normal operator. But before that, 

we need the following definition and remarks. 

 

Definition (2.2.1), [2]:  A nonempty subset )H(S β⊆  is said to be self-

adjoint set if for each SA ∈  implies SA * ∈ .  

 

Remarks (2.2.1), [2]: 
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 (1) A nonempty set )H(S β⊆  is self-adjoint iff *SS= . 

 (2) If S is a self-adjoint subset of )H(β then so does S. 

The next theorem is a modification of a theorem proved by Molnar 

L. in [13]. It shows that if A  is a normal operator and AR is a self-adjoint 

subset of β(H), then so does RA.  

 

Theorem (2.2.1):  

 If )H(A β∈ is a normal operator, then the following statements are 

equivalent : 

 

(1) AR  is a self-adjoint subset of β(H). 

 (2) AR  is a self-adjoint subset of β(H).  

(3) ℜ∪ℜ⊆σ i)A(  

 

Proof:  

(1) ⇒  (2): follows from remarks (2.2.7). 

(2) ⇒ (3):  it is clear that ∞→→






 ++






 +
∗

nasA
n

1
I

2

1
AA

n

1
I

2

1
. 

Thus by proposition (2.1.1), ARiA ∈  and hence ARiA ∈− .On the other 

hand, since AR  is self-adjoint, then ∗= )R(R AA . Hence == ∗))R((R AA  

*AR , thus ∗= AA RR and ∗∈− ARiA , hence ∗∈ ARiA . 

 Next, let 0>ε  and let )A(σ∈λ . Then λ  is an approximate 

eigenvalue for A , thus there exists a unit vector Hy ∈ such that 

 1y,
4

yAy =ε<λ−        (2.5) 

This implies that 
4

y yAy
ε<λ− . Thus by Schwarz inequality  



CChhaapptteerr  TTwwoo                          OOnn  tthhee  RRaannggee  OOff  ρρAA  

 - 38 -

 
4

y,yAy
ε<>λ−< . 

Hence  

4
y,yy,Ay

ε<><λ−>< .  

Thus  

 
4

y,Ay
ε<λ−><          (2.6) 

Moreover, since ∗∈ ARiA ,then there exists X  in )(Hβ  such that  

4
)XAAX(A

ε<+− ∗∗∗ . 

Hence  

4
y XAAXA

ε<−− ∗∗∗
 

So by Schwarz inequality,  

4
y,y)XAAXA(

ε<>−−< ∗∗∗
. 

Thus 

4
Ay,XyXy,yAy,Ay

ε<><−><−>< ∗     (2.7) 

Note that, since ε  is arbitray, then we may assume in eq.(2.5) that 

 
4

yAyX
ε<λ−∗          (2.8) 

Since A  is normal, then zAAz ∗=  for all Hz∈ . 

It follows that  

 
4

XyyA
ε<λ− ∗∗          (2.9) 

From ineq.(2.8) and ineq.(2.9) one can get  

4
yAy,yX

ε<>λ−< ∗  
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and 
4

yX,yyA
ε<>λ−< ∗∗  

Hence  

4
yX,yAy,Xy

ε<><λ+>< ∗       (2.10) 

and  

4
Xy,yXy,yA

ε<><λ+>< ∗       (2.11) 

By adding the inequalities (2.6), (2.7), (2.10) and (2.11) and after simple 

computations one can have   

ε<><+><λ+λ−>< )Xy,yy,Xy(y,Ay2 . 

Note that ><+>< Xy,yy,Xy =r and >< y,Ay2 = 1r . Hence 

ε<λ+λ− rr1  for each 0>ε . 

Now, we check that ℜ∪ℜ∈λ i . In fact, let iba+=λ .Thus  

ε<−++− r)iba()iba(r1  

It follows that,  

ε<−+−− ibraribar1 , 

ε<+−−+ b)r1(ia)1r(r1  

since ε  arbitrary, then 

0b)r1(ia)1r(r1 =+−−+  

Hence  

0a)1r(r1 =−+  

and 

0b)r1( =+− . 

It is clear that if 0≠b  then then (1+r)=0 which implies that 1−=r  which 

is absurd. Thus either 0a =  or  0b =  and hence ℜ∪ℜ∈λ i .♦ 

Now, we study the range of Aρ  in case A is compact. 
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2.2.3 On The Range Of ρA In Case A Is A Compact Operator 

 This section gives a study of AR  in case A is a compact operator.  

 We start this section by the following proposition. 

 

Proposition (2.2.6),[13]: 

 AR  cannot contains a non trivial ideal of )(Hβ . 

From this result we can deduce that AR  does not contain the ideal 

of compact operators and hence AR  does not contain the ideal of finite 

rank operators, But there exists a compact operator A such that 

AR)H( ⊆℘  and thus )H(RA ℘= , where )(H℘  denote the set of all 

compact operators defined on H. 

 Before giving the definition of this operator we need the following 

definition  and lemma,[13]. 

 

Lemma (2.2.1),[13]: 

 Let  }x{ i  and }y{ i  be two orthonormal sequence of vectors, and 

}{ iλ  be a sequence of complex numbers that converges to 0. Then 

operator ∑ ⊗λ=
i

iii yxT  is compact. 

Proof: 

 Let ,...2,1n ,yxT
n

1i
iiin =⊗λ=∑

=
. Since nT  is a finite rank operator 

n∀ , then nT  is compact n∀ . Also,  

∑∑
=

⊗λ−⊗λ=−
n

1i
iiiii

i
in yxyxTT  

            i
nini

iii supyx λ=⊗λ=
>>

∑  
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But }{ iλ  converges to 0, thus ∞→→− nas0TT n . Hence T is 

compact being a limit of a sequence of finite rank operators. ♦ 
 

     Next, we give the definition of the operator A  such that AR)H( ⊆℘ . 
 

Definition (2.2.3),[13]: 

 Let Nn,}e{ n ∈ , be a complete orthonormal set in H. For a real 

number 1q,q < , define the operator A as follows 

∑ ⊗= +
n

n1n
n eeqA  

      The following result gives some properties of operator A. 

 

Proposition (2.2.7),[13]: 

 (1) A  is compact. 

(2) ARH ⊆)(γ . 

 The following proposition shows that if operator A is compact then I 

does not belong to the range of Aρ .  
 

Proposition (2.2.8):  

 If A is a compact operator. In )H(β , then ARI ∉ . 
 

Proof: 

 Since A is compact, this implies that AXAX +∗  is compact for each  

)H(X β∈ . Therefore, if  ARI ∉  , then this implies that I is compact 

which is contradiction. Thus ARI ∉ . ♦ 
  

2.3 Quasi-Commutator Operators 

 In this section, we give a definition of the quasi-commutator 

operator. Also we prove that )()( * HH ϑβ =  where *ϑ is the set of all quasi-

commutator operators on H.   

We start this section by the following definitions 



CChhaapptteerr  TTwwoo                          OOnn  tthhee  RRaannggee  OOff  ρρAA  

 - 42 -

Definition (2.3.1): 

 Let A, X∈β(H). The quasi-commutator of A and X is defined to be 

the operator AXAX +∗ .  
 

Definition (2.3.2): 

 An operator Y∈β(H) is said to be quasi-commutator on H if there 

exists two operators X and A in β(H) such that AXAYY * += . 

 The following remarks are useful.  

Remarks (2.3.3):  

(1) If Y is a quasi-commutator, then Yα and Y* are also, where C∈α . 

(2) If Y is a quasi-commutator on H, then YY ⊕  is a quasi-commutator 

on HH ⊕ . In fact, if AXAXY += ∗   

then  

















+
















∗

∗

X0

0X

A0

0A

A0

0A

X0

0X
 

                           YY
Y0

0Y
⊕=







= . 

 

Now, the following proposition shows that every operator in β(H) is 

quasi-commutator. 
 

Proposition (2.3.4): 

 β(H)=ϑ*(H) where ϑ*(H) denoted the set of all quasi-commutator 

opertors on H. 
 

Proof: 

 Let Y∈β(H). Define operators X and A as I
2

1
X −=  and YA −= , 

then  

=+∗ AXAX  +−






− )Y(I
2

1
YI

2

1
)Y( =







−−  
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Hence )H()H( ∗ϑ=β .♦ 

2.4 Density Of RA In the Norm Topology 

 In this section we study the density of the range of )( AA Rρ with 

respect to the norm topology. 

 We start this section by recalling the following definitions: 

 

Definitions (2.4.1), [13]:  

(1) A family S of operators in )H(β  is said to be dense in the operator 

norm topology, or uniformally dense, if for each operator )H(A β∈ , 

there exists a sequence of operators SAn ∈  such that AAn →  in the 

norm of )H(β , that is ∞→→− nas0AA n . 

 (2) A family S of operators in )H(β  is said to be dense in the strong 

topology, or strongly dense, if for each operator )H(A β∈ , there 

exists a sequence of operators SAn ∈  such that, AXXA n →  

strongly for all HX ∈ , that is 0AXXA n →−  as ∞→n  for all 

HX ∈ . 

(3) A family S of operators in )H(β  is said to be dense in the weak 

topology, or weakly dense, if for each operator )H(A β∈ , there exists 

a sequence of operators SAn ∈  such that, AXXA n → weakly for all 

HX ∈ , that is ∞→→><−>< nasyAxyxAn 0,,  for all Hyx ∈, . 
 

Remark (2.4.1): 

 It is obvious that the density in the norm topology ⇒  density in the 

strong topology ⇒  density in the weak topology. 

 Now, we show that the range  is X (H)X:AXXA{RA β∈+= ∗  

operator}adjoint -skew a  is never dense in the norm topology.  
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Theorem (2.4.1): 

 Let )H(A β∈ , and  is X (H)X:AXXA{RA β∈+= ∗ -skew a  

operator}adjoint ,then AR , can not be dense in )H(β  with respect to the 

operator norm topology. 
 

Proof: 

  Assume the contrary, that is assume AR  is dense in )H(β .Let 1A  

and 2A   be the real and imaginary parts of A respectively in the 

Cartesian decomposition of A, thus ( )∗+= AA
2

1
A1  and 

( )∗+= AA
i2

1
A2 . It is known that decomposition 21 iAAA +=  is 

unique,[13]. 

Now, let 21 B,B  be any pair of  skew-adjoint operators on H, and let 

21 iBBB += . Since AR  is dense in )H(β , then there exists a sequence 

of operators {Xn} in )H(β  such that  21 iBBBAXAX nn +=→+ ∗ .Since X is 

a skew-adjoint therefore: 

21nn iBBBAXAX +=→− ∗  

Thus, 

21n212n iBBX)iAA()iAA(X +→+−+  

since each of 1A  and 2A  is self-adjoint then by proposition (2.2.2) each 

of n11n XAAX −  and n22n XAAX −  is askew-adjoint for each Ν∈n  . It 

is clear that each of the sequences }XAAX{ n11n −  and }XAAX{ n22n −  

converges and by the closeness of a askew-adjoint operator, there limits 

are skew-adjoints, call these limits by 1C  and 2C . Thus,  

21n22nn11n iCC)XAAX(i)XAAX( +→−+−  
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Because of the uniqueness of converging points, one can get 

2121 iBBiCC +=+ . The uniqueness of the Cartesian decomposition implies 

11 BC =  and 22 BC = . It is easily seen from the Cartesian decomposition, 

that the space )H(β  is generated by skew-adjoint operators over C . Thus 

the complex linear subspaces generated by the ranges 
1AR  and 

2AR  are 

dense in )H(β . Hence each of 1A  and 2A  has a left or a right inverse in 

)H(β . 

 Next, let )H(B β∈ be an arbitrary skew-adjoint operator and apply 

the last paragraph to the pair of the operators B and θ , to get the 

existence of a sequence {Xn}  in )H(β  such that BXAAX n11n →−  

and . θ→− n22n XAAX . If 2A  has a right inverse then  

1
2

1
2n1

1
21n ABAXAAAX −−− →−     (2.12) 

and  

θ→− −1
2n2n AXAX  

Thus,  

θ→− ∗−∗
2n

1
2n AXAX  

and  

θ→− ∗−−∗
n

1
2

1
2n XAAX  

Hence,  

0XAAAXA n
1

21
1

2n1 →− ∗−−∗       (2.13) 

 

Therefore,  

1
2n

1
21

1
21n BAX)AA()AA(X −∗−−∗ →+ , 
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which shows that the range of the map ∗−− +→ X)AA()AA(XX 1
21

1
21  

is dense in )H(β  and this is  a contradiction. A similar argument applies if 

2A  has a left inverse.♦ 
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Introduction 
The operator equations (linear and non-linear) play an important rule 

in differential equations, integral equations and control theory, [4], [11] and 

[19]. 

The operator equation is an equation of the form LX=C, where L and 

C are known operators defined on a Hilbert space H and X is an operator 

that must be determined. If L is linear then the above equation is said to be 

linear operator equation, [12]. Otherwise, it is non-linear operator 

equation,[12]. 

Many authors studied the operator equations for example Goldstein J. 

in 1978 studied the existence and uniqueness of the solution for the linear 

operator equation of the form AX+XB=Q, where A,B and Q are known 

operators defined on a Hilbert space H, and X is the operator that must be 

determined, Lin S. in 1988 discussed the nature of the solution for the linear 

operator equations of the forms AX=Q and AX - XQ=W, where A,Q and W 

are known operators defined on a Hilbert space H, and X is the operator that 

must be determined. Bahatia and Rosenthal. in 1997 illustrate the 

importance of the study of the previous linear equations. Also, in 2001 

Bahatia studied a special type of linear operator equations of the form 

A*X+XA+tA *  A½=W, where A and W are known operators defined on a 

Hilbert space H, t is any scalar and X is the operator that must be 

determined. 

This work concerns with special types of the linear operation 

equations namely, the Lyapunov equations. 

These types of linear operator equations have many real life 

applications in physics, weather, and atmospheric models [4],[8] and [25]. 
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The Lyapunov equations are of two types, the first type is the 

continuous-time Lyapunov equation which takes the form A*X+XA=W; 

were A and W are known operators defined on a Hilbert space H, and X is 

the unknown operator that must be determined, [8] and [23]. 

The second type is the discrete-time Lyapunov equation which takes 

the form X-A*XA=W, where A and W are known operator defined on a 

Hilbert space H, and X is the unknown operator that must be determined, 

[5]. 

This work is a study of the nature of the solution for the linear 

Lyapunov equation of two types with simple generalization. 

This thesis consists of three chapters. 

In chapter one, we modify some theorems to ensure the existence and 

uniqueness of the solution for the continuous-time Lyapunov equation. Also, 

some study is presented to include the more general continuous-time 

Lyapunov equation. 

This chapter consists of four sections: 

In section one; some types of linear operator equations are presented.  

In section two, we give some modification for the Sylvester 

Rosenblum theorem to guarantee the existence and uniqueness for the 

solution of the continuous-time Lyapunov equation. 

In section three the invariant subspace problem is studied of the 

continuous-time Lyapunov equation. 
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In section four, the range of the map τA:β(H)→β(H) which is defined 

by τA(X)=A *X+XA is discussed. This discussion includes the injectivity, 

surjectivity for some special types of operators A. 

In chapter two, a study of the range of the quasi-Jordan *-derivation 

ρA:β(H)→β(H) such that ρA(X)=X*A+AX is presented. 

This chapter consists of four sections: 

In section one, we discuss the injectivity, surjectivity of ρA. 

In section two, we study the range of ρA in case A is normal or 

compact operator. 

In section three, we defined the quasi-commutator operator for any 

pair of operators. Also, we proved that any operator in β(H) can be written 

as a sum of two quasi-commutator operators. 

In section four, we study the density of the range ρA with respect to 

the norm topology. 

Chapter three concerns with the study of the discrete-time Lyapunov 

equation. This chapter consists of three sections: 

In section one, the nature of the solution for the discrete-time 

Lyapunov equation is discussed. 

In section two, we study the map µA:β(H)→β(H) defined by 

µA(X)=X-F*XF. 

In section three, the nature of the spectrum of µF with its parts is 

studied. 
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To the best of our knowledge, theorem (1.4.1), theorem (2.1.1) 

theorem (2.1.2),  theorem (2.4.1) and proposition (3.2.2) seem to be new. 
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 II

Table of Notation 
 
 
 

ℜ The field of real numbers. 

¢ The field of complex numbers. 

H Infinite dimensional complex separable Hilbert space. 

β(H) The Banach algebra of all bounded linear operators defined on H. 

σ(T) Spectrum of the operator T. 

σπ(T) The approximate point spectrum of T. 

σδ(T) The defect spectrum of T. 

Rang(T) The range of the operator T. 

<  ,   > Inner product. 

 Norm. 

T* The adjoint of the operator T. 

Ker(X) The kernel of  the operator X. 
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  الاهداء

  الى من علمني ورباني وادخل السرور الى قلبي 
  الى من افكر فيه دائماً ولن انساه ابداً 

  )أمي(
  الى من كنت اتمنى ان يكون معي في هذه اللحظات 

  مه االله حالى والدي العزيز ر 
  الى البحر الذي يغمرني بحنانه 

  الى الشمس التي تنير لي الطريق
  مهما االلهرح) أخي اياد، أختي هيفاء(

  الى من شجعني وضحى من اجلي 
  الى أعز الناس الى قلبي  

  )تياأخو  و أخوتي(
  الى كل من أحبني ورسم على شفتي ابتسامة أمل
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